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PREFACE TO THE THIRD EDITION. 



Some time after the publication of an Octavo Edition of Euclid's 
Elements with Geometrical Exercises, &c., designed for the use of 
Academical Students ; at the request of some schoolmasters of emi- 
nence, a duodecimo Edition of the Six Books was put forth on the 
same plan for the use of Schools. Soon after its appearance, Pro- 
fessor Christie, the Secretary of the Royal Society, in the Preface to 
his Treatise on Descriptive Geometry for the use of the Royal Military 
Academy, was pleased to notice these works in the following terms : — 
" When the greater Portion of this Part of the Course was printed, 
and had for some time been in use in the Academy, a new Edition of 
Euclid's Elements, by Mr. Robert Potts, M.A., of Trinity College, 
Cambridge, which is likely to supersede most others, to the extent, at 
least, of the Six Books, was published. From the manner of arrang- 
ing the Demonstrations, this edition has the advantages of the 
symbolical form, and it is at the same time free from the manifold 
objections to which that form is open. The duodecimo edition of this 
Work, comprising only the first Six Books of Euclid, with Deductions 
from them, having been introduced at this Institution as a text-book, 
now renders any other Treatise on Plane Geometry unnecessary in 
our course of Mathematics." 

For the very favourable reception which both Editions have met 
with, the Editor's grateftd acknowledgements are due. It has been his 
desire in putting forth a revised Edition of the School Euclid, to render 
the work in some degree more worthy of the favour which the former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes : 
the questions on each book have been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted : 
and lastly, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use and importance of the Mathematical 
Sciences. 

On the subject of Education in its most extensive sense, an ancient 
writer "directs the aspirant after excellence to commence with the 
Science of Moral Culture; to proceed next to Logic j next to Mathe- 
matics; next to Physics; and lastly, to Theology." Another writer 
on Education would place Mathematics before Logic, which (he 
remarks) " seems the preferable course : for by practising itself in th* 
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former, the mind becomes stored with distinctions ; the faculties of 
constancy and firmness are established; and its rule is always to dis- 
tinguish between cavilling and investigation— between close reasoning 
and cross reasoning ; for the contrary of all which habits, those are for 
the most part noted, who apply themselves to Logic without studying 
in some department of Mathematics ; taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
of a doubt. This will explain the inscription placed by Plato over the 
door of his house : * Whoso knows not Geometry, let him not enter 
here.* On the precedence of Moral Culture, however, to all the other 
Sciences, the acknowledgement is general, and the agreement entire.** 
The same writer recommends the study of the Mathematics, for the 
cure of "compound ignorance.** " Of this,** he proceeds to say, " the 
essence is opinion not agreeable to fact; and it necessarily involves 
another opinion, namely, that we are already possessed of knowledge. 
So that besides not knowing, we know not that we know not ; and 
hence its designation of compound ignorance. In like manner^ as of 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body : of this, no cure can be effected by 
physicians of the mind : for with a pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of farther knowledge is not 
to be looked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.) ; for in such pursidts 
the true and the false are separated by the clearest interval, and no 
room is left for the intrusions of fancy. From these the mind nuty 
discover the delight of certainty; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discov^ their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and vilrtue^ be^ 
obtained.** 

Lord Bacon, tfee founder of Inductive Philosophy, was not insen-^ 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on " The Advancement of 
Learning.** 

" The Mathematics are either pure or mixed. To the pure Mathe- 
matics are those scieaoes belonging which handle quantity determinate, 
merely severed from any axioms of natural; philosophy; and these are 
two. Geometry, and A>£bhmetic; the one handling quantity continued, 
and the other dissevervd. Mixed hath for subject some axioms or 
pMTts of naturd philoso^y^ and conSidereth quantity determined, as it 
is auxiU^ a^A inojii!^]^ nnt^^ibfim* for many parts of nature c«nL 
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neither be inyented with sufficient subtlety, nor demonstrated with 
sufficient perspicuity, nor accommodated unto use with sufficient 
dexterity, without the aid and intervening of the Mathematics : of 
which sort are perspective, music, astronomy, cosmography, archi- 
tecture, enginery, and divers others. 

" In the Mathematics I can report no deficience, except it be that 
men do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and cure many defects in the 
wit and faculties intellectual. For, if the wit be dull, they sharpen it ; 
if too wandering, they fix it ; if too inherent in the sense, they abstract 
it So that as tennis is a game of no use in itself, but of great use in 
respect that it maketh a quick eye, and a body ready to put itself into 
all postures ; so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
prediction, that there cannot fail to be more kinds of them, as nature 
grows further disclosed." 

How truly has this prediction been fulilled in the subsequent 
advancement of the. Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his ** Thoughts on the Study of Mathematics," 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
Kason : and that *^ the object of a liberal education is to develope the 
whole mental system of man; — to make his speculative inferenee^ 
eoincide with his praetieal eoBvictiens ; — te eaaMe Him to render a 
reason for the beliief that is in Mm, and not t<» leave him in the con- 
ation of Soliomon's sluggard; who is; wi^er in his own eoneeit than 
seven men tlmt can render a reason.'' And- in his more recent work 
entitled, " Of a liberajt Edhication, &c^" he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 55 he thus proceeds : — " But 
besides the value of Mathematical Studies in Education, as a perfect 
example and complete exercise of demonstrative reasoning; Mathe- 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
and cultivated men, as examples of truth and of demonstration ; and 
h,ye thus become standard points of reference, among cultivated men, 
whenever they. speak of truth, knowledge, or proof. Thus Mathe- 
matics has not only a disciplinal but an historical interest. This is 
peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the 
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nature of reasoning, in the earliest speculations on this subject, the 
Dialogues of Plato; we find geometrical pioof one of the main sub- 
jects of discussion in some of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man's power of arriving 
at truth. Other branches of Mathematics have, in like manner, 
become recognized examples, among educated men, of man's powers 
of attaining truth." 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton's 
Discoveries, makes mention of the circumstance, " that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of Descartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve." 

To these we may 8ubjt>in the opinion of Mr. John Stuart Mill, 
which he has recorded in his invaluable System of Logic, (Vol. Ii. 
p. 180) in the following terms. " The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physiology, 
sodety, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the mos^ 
perfect type of the Deductive Method in general; and the appKcation^ 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one. who is ay««MfT/OTjTos, as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
a more important place in the Examinations both for Honors and 
for the Ordinary Degree in this University. 

Trinity College, R. P. 

March 1, 1850. 

This Edition (the fifth), has been augmented by about fifty pages 
of additional Notes, Questions and Geometrical Exercises. 
Trinity College, R. P. 

November o^ 18591 
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The University Edition. 



EUCLID'S ELEMENTS OF GEOMETRY, 

Chiefly from the Text of Dr. SImson, with Explanatory Notes; togethei 
with a Selection of Geometrical Exercises from the Senate- House and 
College Examination Papers ; to which is prefixed an Introduction^ 
containing a brief outline of the History of Geometry. 

Designed for the use of the Higher Forms in Public Schools and Students 
in the Universities, 

By ROBERT POTTS, M.A., Trinity College. 



The Appendix contains some additional Notes on the Elements 
and on the Classification of Propositions, a more full account of the 
Geometrical Analysis, and a short Tract on Transversals, together with 
Remarks, Hints, &c., on those properties of Theoretic and Constructive 
Geometry, which have relation to the solution of the Problems, &c 
in the Geometrical Exercises. 



*' In my opinion Mr. Potts has made a valuable addition to Geometrical lite 
rature by his Editions of Euclid's Elements.'' fV, fFhewell, D.D,, Master of 
Trinity College, Cambridge. 

" Mr. Potts' Editions of Euclid's Geometry arefiharacterized by a due appre- 
ciation of the spirit and exactness of the Greek Geometry and an acquaintance 
with its history, as well as by a knowledge of the modern extensions of the 
Science. The Elements are given in such a form as to preserve entirely the 
spirit of the ancient reasoning, and having been extensively used in Colleges 
and Public Schools, cannot fail to have the effect of keeping up the study of 
Geometry in its original purity." James Challis, M.A., Plumian Professor of 
Astronomy and Experimental Philosophy in the University of Cambridge, 

" By the publication of these works, Mr. Potts has done very great service to 
the cause of Geometrical Science : I have adopted Mr. Potts' work as the text- 
book for my own Lectures in Geometry, and I believe that it is recommended 
by all the Mathematical Tutors and Professors in this University." Robert 
Walker, M.A., F.R.S., Reader in Experimental Philosophy in the University, 
and Mathematical Tutor of Wadham College, Oxford* 
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ELEMENTS OF GEOMETRY. 



BOOK L 

DEFINITIONS, 



I. 

A POINT is that which has no parts, or which has no magnitude. 

n. 

A line is length without breadtL 

HL 
The extremities of a line are points. 

IV. 
A straight line is that which lies evenly between its extreme points. 

V. 
A superficies is that which has only length and breadth. 

VI. 
The extremities of a superficies are lines. 

vn. 

A phine superficies is that in which any two points being taken, the 
idaight line between them lies wholly in that supsrficies. 

vm. 

A plane angle is the inclination of two lines to each other in a 
fime, which meet togetheri but are not in the same straight line. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
tt another, which meet together, but are not in the same sSaight line. 
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N.B. If there be only one angle at a point, it may be expressed by 
a letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed hj three letters, of which 
the letter tnat is at the vertex of the angler4hat is, at>the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is sopiewti^e upon one of 
these straight lines, and the other upon the other lihe. ^ Thus the angle 
-which, is contained by the straight lines AB, CB, is named the angle 

ABC, or CBA ; that which is contained hj AB, DB, is named the angle 

ABD, or DBA ; and that which is contamed by DB, CB, is called the 
angle DBC, or CBD. 



When a straight line standing on anoOier straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is called 
a perpendicular to it, \ 



XL 

An obtuse ang^e is that which is ^eater than aright angle. 



XII. 
An acute angle is that which is less than a ri^t angle. 



xm. 

A term or boundary is the extremity of any thing. 

XIV. 
A figure is that which is enclosed by opie or more boundaries. 
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xv. 

A oiide is a i^ane figure contained by one line, which ii called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 




XVL 

And this point is called the center of the circle. 

xvn. 

A diameter of a circle is a strai^^ht line drawn through the center, 
and terminated both ways by the circumference. 




xvm. 

A semicircle is the figure contained by a diameter and the part of 
b circumference cut on by the diameter* 



XIX. 
The center of a semicircle is the same with that of the circle. 

XX. 

Beetilmeal figures are those \diich are contained by straight lines. 

XXL 
Trilateral figures, or triangles, by three straight lines. 

xxn. 

Quadrilateral, by four straight lines. 

xxm. 

Multilateral figures, or polygons, by more than four straight lines. 

b2 
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XXIV. 

Of three-fiided figures, an equilateral triangle is that which has 
ihree equal sides. 




XXV. 



An isosceles triangle is that which has two sides equal 




XXVL 
A scalene triangle is that which has three unequal sides. 



xxvn. 

A right-angled triangle is that which has a right angle. 




xxvm. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 

An acut&-angled triangle is that which has three acute angles. 




XXX. 



Of quadrilateral or four-sided figures, a square has all its sides equid 
and all its angles right angles. 
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XXXI. 



An oblong is that which has all its angles right angles^ but has not 
til its sides equal. 



xxxn. 

A rhombus has all its sides equal, but its angles are not right angles. 



xxxm. 



A rhomboid has its opposite sides equal to each other, but all its 
I sides are not equal, nor its angles right angles. 



a 



XXXIV. 

AH other four-sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 



A. 

A parallelogram is a four-sided figure, of which the opposite sides 
tre parallel : and the diameter, or uie diagonal is the straight line 
joining two of its opposite angles. 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point. 

n. 

That a terminated straight line may be produced to any length in 
a straight line. 

m. 

And that a curcle may be described from any center, at any distance 
from that center. 
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AXIOMS. 
I. 
Thinos which are equal to the same thing are equal to one another. 

n. 

If equals be added to equals, the wholes are equal. 

m. 

If equals be taken from equals, the remainders are equaL 

rv. 

If equals be added to unequals, the wholes are unequal. 

If equals be taken from unequals, the remainders are unequaL 

VI. 

Things which are double of the same, are equal to one another. 

vn. 

lliings which are halves of the same, are equal to one another. 

vm. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 
The whole is greater than its part 

X. 

Two straight lines cannot enclose a space. 

XL 
All right angles are equal to one another. 

xn. 

If a straight Hne meets two* straight lines, so as to make the two 
interior angles on the same side of it taken together less than two 
right angles ; these straight lines being continuafiy produced, shall at 
length meet upon that side on which are the angles which are less than 
two right angles. 
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BOOK I. PROP. I, II. 

PROPOSITION I. PROBLEM. 

To describe an equilateral triangle upon a given finite ttraight line. 

Let ABhe the given straight line. 
It is required to describe an equilateral triangle upon AB» 




From the center A, at the distance AB, describe the cirde BCD; 

(post. 3.) 

from the center B, at the distance BA, describe the circle ACE\ 

and from C, one of the points in which the circles cut one another, 

draw the straight lines CAy CB to the points A^ B. (post 1.) 

Then ^ J? C shall be an equilateral triangle. 

Because the point A is the center of the circle BCD, 

therefore ^Cis equal to AB; fdef. 16.) 

and because the point B is the center oi the circle ACE, 

therefore -BC is equal to AB ; 

but it has been proved that ^ C is equal to AB ; 

therefore AC, B Care each of them equal to AB ; 

but things which are equal to the same thing are equal to one another ; 

therefore -4 C is equal to -B&; (ax. 1.) 

wherefore AB, BC, CA are equal to one another: 

and the triangle ABC is therefore equilateral, 
and it is described upon the given straight line AB. 
Which was required to be done. 

PROPOSITION IL PROBLEM. 
From a given point, to draw a straight line equal to a given straight line. 

Let A be the given point, and J?Cthe given straight line. 
It is required to draw from the point A, a straight line equal to BC. 




From the point ^ to ^ draw the straight line AB ; (post. 1.) 

upon ^^ describe the eqxiilateral triangle ABD, (l. 1.) 

and produce the straight lines DA, DB to B and F; (post. 2.) 

from the center B, at the distance BC, describe the circle CGH, 

(post. 3.) cutting DF in the point G : 
and from the center D, at the distance DO, describe the circle GKZ, 
cutting AB in the point L. 
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Then the straight line AL shall be equal to BC. 

Because the point B is the center of the circle COH, 

therefore BCk equal to BO ; (def. 15.) 

and because D is the center of the circle OKL, 

therefore DL is equal to DO, 

and DA, DB parts of them are equal ; (l. IJ 

therefore the remainder AL is equal to the remainder BO ; (ax. 3.) 

but it has been shewn that BC is equal to BO, 

wherefore AL and BCare each of them equal to BO; 

and things that are equal to the same thing are equal to one another ; 

therefore the straight line AL is e^ual to JBC. (ax. 1.) 

Wherefore from the given point A, a straight line AL has been drawn 

equal to the given straight Ime BC, Which was to be done. 

PROPOSITION III. PROBLEM. 

From the greater of two given straight lines to cut off apart equal to the less. 

Let AB and Cbe the two given straight lines, of which AB is the 
greater. 
It is required to cut off from ABthe greater, a part equal to C, the less. 

D 




£B 

From the point A draw the straight line AD equal to C; (l. 2.) 
and from the center A, at the distance AD, describe the circle DJSF 
(post. 3.) cutting AB in the point E, 

. Then AE shall be equal to C. 
Because A is the center of the circle DEF, 
therefore AEis equal to AD; (def. 15.) 
but the straight line C is equal to AD; (constr.) 
whence AE and C are each of them equal to AD ; 
wherefore the straight line AE is equal jo C. (ax. 1.) 
And therefore from AB the greater of two straight lines, a part AE 
has been cut off equal to C, the less. Which was to be done. 

PROPOSITION rV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise the angles contained by those sides equal to 
each other; they shall likewise have their bases or third sides eqital, and 
the two triangles sliall be equal, and their other angles shall be equal, each 
to each, viz. those to which the equal sides are opposite. 

Let ABC, DEF be two triangles, which have the two sides AB, 
A C equal to the two sides DE, DF, each to each, viz. AB to DE, and 
AC to DF, and the included angle BA C equal to the includeid angle 
EDF, 
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Then shall the base BChe eanal to the base EFi and the triangle 
ABC to the triangle DEFj and the other angles to which the equal 
sides are opposite shall be equal, each to each, yiz. the angle ABU to 
the angle I)£F, and the angle ACB to the angle DFJE. 





E 

For, if the triangle ABC he applied to the triangle DBF, 

so that the point A may be on D, and the straight line AB on DE; 

then the point B shJall coincide with me point B, 

because AB is equal to DB; 

and AB coinciding with JDB, 

the straight line A C shall fall on DF, 

because the angle BA C is equal to the angle BDF; 

therefore also the point C shall coincide with the point F, 

because ACia equal to DF; 
but the point ^ was shewn to coincide with the point JB; 
wherefore the base BC shall coincide with the base BF; 
because the point B coinciding with B, and C with F, 
if the base ^C do not coincide with the base BF, the two straight lines 
BCmd BFwovld enclose a space, which is impossible, (ax. lO.) 
Therefore the base BC does coincide with BF, and is equal to it; 
and the whole triangle ABC coincides with the whole triangle 
BEF, and is ec^ual to it ; 
also the remaining ane^les of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 

viz. the angle ABCtjothe angle DBF, 
and the angle A CB to DFB, 
Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 

PROPOSITION V. THEOREM. 

The angle* at the base of an isosceles triangle are equal to each other; 
and if the equal sides be produced^ the angles on the other side of the base 
thall be equal. 

let ^ J? C be an isosceles triangle of which the side AB is equal to ^ C, 

and let the equal sides A B, AC he produced to D and B. 

Then the angle ^ J? C shall be eaual to the angle ACB, 

and the angle BBC to the angle BCi. 

In BD take any point F; 

from AB the greater, cut oS AG equal to -4JPthe less, (l. 3.) 

a,ndjom FC,GB. 

Because AFis equal to AG, (constr.) and AB U) AC; (hyp.) 

the two sides FA, ACoxe equal to the two GA, AB, each to each ; 

and they contain the angle FAG common to the two triangles 

AFCAGBi 
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therefore the base PC is equal to the base GB, (1. 4.) 

and the triangle AFC is equal to the triangle AOB, 

also the remaining angles of the one are equal to the remaining angles 

of the other, each to each, to %hich the equal sides are opposite ; 

▼iz. the angle A OF to the angle AB&, 

and the angle AFC to the angle A OB. 

And because the whole AF is equal to the whole AG, 

of which the parts AB^ ACy are e(}ual; 

therefore the remainder ^Jr is equal to the remamder CG\ (ax. 3.) 

and FC has been proved to be equal to GB ; 
hence, because the two sides BF, FC are equal to the two OG^ QB, 

each to each ; 
and the angle J?J^Chas been proved to be ecjual to the angle CGB^ 
also the base -BCis common to the two tnangles BFC^ CGBi 
wherefore these triangles are equal, (i. 4.) 
and their remaining angles, each to each, to which the equal sides 
are opposite ; 

therefore the angle FBC is equal to the angle 0CBf 
and the angle BCF to the angle CBG. 
And, since it has been demonstrated, 

that the whole angle ABO is equal to the whole ACF, 

the parts of which, the angles CBO, BCFsxe also equal; 

therefore the remaining angle A B Cis equal to the remaining ai^le A CJff , 

which are the angles at the base of the triangle ABC; 

and it has also been proved, 

that the angle FBU is equal to the angle GCB, 

which are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

Cor. Hence an equilateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

If two angles of a triangle be equal to each other; the eidek aUo whiah 
tvbimdf or are opposite to, the equal angles^ shall be equal to one another. 

liOt ^^Cbe a triangle having the angle ^J9C equal to the angle A CB^ 
Then the side AB shall be equal to the side AC. 
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For, jfAB be not eonal to AC, 

one of them is greater toan the other. 

1£ possible, let aB be jreater than A C\ 

and from BA cut oS BD equal to CAihe less, (l. 3.) and join DC. 

Then, in the triangles BBC, ABC, 

because JDB is eoual to AQ and ^Cis common to both triangles, 

ih6 two sides DB, BCare eqval to the two sides A C, CB, each to each ; 

and the angle DBCib equal to the angle ACB ; piyp.) 

therefore me base DC is equal to the oase AB^ n. 4.) 

and the triangle DBCia equal to the triangle ABCf 

the less e(}ual to the greater, which is absurd, (ax. 9.)- • s 

Therefore AB is not uneqiml to ^ C, that is, AB is equal to ^ C 

Wherefore, if two angles, &c. Q.E.D. 

Gob. Hence an equiangular triangle is also equilateral. 

PBOPOsrriON vn. theorem. 

Upon the same bate, and on the eame side cf it, there cannot he two 
trianglea that have tlieir tides which are terminated in one extremity qf the 
hatSt equal to one another^ and likewise those which are terminated in the 
dther extremity, Jj 

If it be possible, on the same base AB, and upon the saQie si^e of 
it, let there be two triangles A CB, ADB, which have their sides CA, 
DA, terminated in the extremi^ A of the base, equal to one another, 
and likewise their sides CB, DB, that are terminated in B. 

c D 




A B 

Join CD, 
First. "When the vertex of each of the triangles is without the 
oUier triangle. 

Because AC is equal to AD in the triangle A CD, 
therefore the angle ADC\& equal to the angle A CD*, (l. 5.^ 
but the angle A CD is greater than the angle BCD ; (ax. 9.) 

tiierefore also the angle ADCi% greater than BCD ; 

much more therefore is 9ie angle BDC ereater than BCD, 

Agwn, because the side BCh equal to BD in 9ie triangle BCD, (hyp.) 

therefore the angle BDC is equal to the angle BCD ; (I. 5^ 

but tiiie angle BDC was proved greater than the angle JBCD, 

bnce the angle BDC is both equal to, and greater than the angle BCD; 

which is impossible. 
Secondly. Let the vertex D of the triangle ADB fell within the 
triangle ^CJ?. 

E 
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12 Euclid's elements. 

Produce -4 C to J5, and AD to F, and Join CD. 
Then because ACia equal to AD in the triangle ACD, 
therefore the angles HCDy FDC upon the other side of the base CD, 
. are equal to one another ; (i. 5.) 

but the angle BCD is greater than the angle BCD ; (ax. 9.) 

therefore also the angle FDC is greater than the angle BCD ; 

much more then is the angle J5DC7 greater than the angle BCD. 

Again, because J?C is equal to BD in the triangle BCD. 

therefore the angle BDC\a equal to the angle BCD. (j. 5.) 

but the angle BDC has been proved greater than BCD, 

wherefore the angle BDC'\% both equal to, and greater than the 

angle BCD ; which is impossible. 

Thirmy. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same side of it, &c. Q.E.D. 

PROPOSITION Vin. THEOREM. 

TftvDO triangles have two aides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which is con- 
tained by the two sides of the one shaU be equal to the angle contained by the 
ttoo sides equal to them, of the other. 

Let ABC, DBF he two triangles, having the two sides AB, AC, 
equal to the two sides DE^ DF, each to each, viz. ^J5 to DE, and 
^ C to DF, and also the base BC equal to the base EF. 

D G 





B c E F 

Then the angle jB^C shall be equal to the angle EDF. 
For, if the triangle ABC he applied to DEF, 
so that the point B be on E, and the straight line BC on EF; 
then because BCh equal to EF, (hyp.) 
therefore the point C shall coincide with the point F*, 
wherefore BC coinciding with EF, 
BA and. AC shall coincide with ED, DF; 
for, if the base J? C coincide with the base EF, but the sides BA, A C, 
do not coincide with the sides ED, DF, but have a diflferent situation 
as EG, GF: 

then, upon the same base, and upon the same side of it, there can 

be two triangles which have their sides which are terminated in one 

extremity of the base, eaual to one another, and likewise those sides 

which are terminated in tne other extremity; but this is impossible. (l. 7.) 

Therefore, if the base jBC coincide wiUi the base EF, 

the sides BA, ^C cannot but coincide with the sides ED, DF; 

wherefore likewise the angle BA C coincides with the angle EDF, and 

is equal to it. (ax. 8.) 

Therefore if two triangles have two sides, &c. Q.E.D. 
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PROPOSITION IX. PROBLEM. 

To Insect a given rectilineal angle, that is, to divide it into two efual 
angles. 

Let BAChe the given rectilineal angle. 
It is required to bisect it. 




In AB take any point D ; 

from ^Ccut oSAB equal to AD, (I. 3.) and join DB, 

on the side of DB remote from A, 

describe the equilateral triangle DBF(l» 1), and join AF. 

Then the straight line ^JP shall bisect the angle BAC. 

Because AD is equal to AB, (constr.) 

and AF\b common to the two triangles DAF, BAF\ 

the two sides DA, AF, are equal to the two sides BA, AF, each to each ; 

and the base DF\s equal to the base BFi (constr.) 

therefore the angle DAFva equal to the angle BAF, (I. 8.) 

Wherefore the angle BA C is bisected by the straight line AF, Q.E.F. 

PROPOSITION X. PROBLEM. 

To bisect a given finite straight line, that is, to divide it into two equal 
parts. 

Let ABhe the given straight line. 
It is required to divide AB into two equal parts. 
Upon AB describe the equilateral triangle ABC*, (i. 1.) 




and bisect the angle A CB by the straight line CD meeting AB in the 
point!). (1.9.) 

Then AB shall be cut into two equal parts in the point D. 

Because ^Cis equal to CB^ (constr.) 

and CD is conmion to the two triangles A CD, BCD ; 

the two sides A C, CD are equal to the two BC, CD, each to each ; 

and the angle A CD is equal to BCD; (constr.) 

therefore the base AD is equal to the base BD, (I. 4.) 

Wherefore the straight line AB is divided into two equal parts in the 

point D, Q.E.F. 
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14 bucud's slembhts. 

PEOPOSinON XI. PROBLEM. 

To draw a $traight line at right angles to a given etraigkt Une, from a 

giem point in the tame. 

Let AB be the given straight line, and Ca given point in it 

It is required to diaw a straight line from the point C at right 

angles to AB. 

P 




In retake any pomt 2), and make CE equal to CD; (i. 3.) 
upon DJE describe the equilateral triangle D^F{1. 1), and join CF, 
Then CF drawn from the point C shall be at right angles to AB. 
Because 2)(7 is equal to EC, and FC\& common to the two triangles 
BCF, ECF; 
the two sides DC, CF are ejual to the two sides EC, CF, each to each ; 
and the base DFvi equal to the base EF; (constr.) 
therefore the angle DCFib equal to the angle ECF: (i. 8.) 
and these two angles are adjacent angles. 
I^ut when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, each of them is 
oedled a right angte : (def. 10.) 

therefore each of the angles DCF, ECF is a right angle. 
Wherefore from the given point C, in the given straight line 'AB, 
FC has been drawn at right angles to AB, Q.E.F. 

Cob. By help of this problem, it may be demonstrated that two 
•traight lin» cannot have a common segment 

If it be possible, let the segment AB be common to the two straight 
lines ABC, ABD. 

B 



Prom the point B, draw BE at right angles to AB; (i. 11.) 

then because ^ J^C is a straight line, 

therefore the angle ABE is equal to the angle EBC-, (def. 10.) 

Similarly, because ABD is a straight line, 

therefore the angle ABE is equal to the angle EBD ; 

but the ansle ABE is equal to the anele EBC, 

wherefore the angle EBD is equal to the angle EBC, (ax. 1.) 

the less equal to the ^eater angle, which is impossible. 
Therefore two straight Imes cannot have a common segment 

PROPOSITION XIL PROBLEM* 
To draw a atraight line perpendicular to a gieen itraight Une of w 
Umited length, from a given pokU toithottt it, ^ 
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Let AB be the giyen straight line, which may be produced anj 
length both ways, and let Cbe a point without it 

It is required to draw a straight line perpendicular to A£ from the 
point C. 




Upon the other side otAB take any ^oint D, 
and from the center C, at the distance CD, describe the circle BOP 
meeting AB, produced if necessary, in J* and O: (post 3.) 
J bisect FQmS (i. 10.), and join CH. 

Then the straight line CH drawn from the given point Q shall be 
perpendicular to Sie given straight line AB, 
Join FC, and CG. 
Because FH\& equal to HO, (constr.) 
and J^Cis common to the triangles FHC, OHC; 
the two sides FH, HC, are equal to the two OH, HC, each to each ; 
and the base CFis e<jual to the base CG; (def. 16.) 
therefore the angle FHC is equal to the angle OHC; (l. 8.) 
and these are adjacent anffles. 
But when a straight line standing on another straight line, makes 
the adjacent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen- 
dicular to it (def. 10.) 

Therefore from the ^ven point C, a perpendicular CH has been 
drawn to the given straight line ul^. Q.EJ?. 

PKOPOsmoN xm. theorem. 

7^ angles which one straight line makes with another upon one side of 
Of are eitker two right angles, or are together equal to two right angles. 

Let the straight line AB make with CD, upon one side of it» the 
angles CBA, ABD. 

Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 



A 



£ 



A 



/ 



Vot if the angle CBA be equal to the angle ABD, 

each of them is a right angle, (def. 10.) 

But if the angle CBA be not equal to the angle ABD, 

from the poinj B draw BJE at right angles to CD, (i. 11.) 

Then the angles CBE, EBD are two right angles, (def 10.) 
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And because the angle CBE is equal to the angles CBA, ABE, 

add the angle EBD to each of these equals ; 

therefore the angles CSe, EBD are equal to the tnree angles CBA, 

ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angles DBE, EBA, 

add to each of these equals the angle AJBC; 
therefore the angles DBA, ABC are equal to the three angles DBE, 
EBA, ABC. 
But the angles CBE, EBD have been proved equal to the same 
three angles ; 

and things which are equal to the same thing are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles DBA, ABC; 

but the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABC axe together eqiuil to two right angles, 
(ax. 1.) 

Wherefore, -when a straight line, &c. Q.B.D. 



PROPOSITION XIV. THEOREM. 

If at a point in a straight line, two other straight lines, upon the opposite 
sides of it, make the adjacent angles together equal to two right angles ; then 
these -two straight lines shall be in one and the same straight line. 

At the point j9 in the straight line AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight Ime with BC 




For, if BD be not in the same straight line with BC, 
If possible, let BE be in the same straight line with it 
Then because AB meets the straight line CBE; 
therefore the adjacent angles CBA, ABE axe equal to two right angles ; 
(I. 13.) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, ABD: 
(ax. 1.) 
take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD; (ax. 3.) 

the less angle equal to the greater, which is impossible : 
therefore BE is not in the same straight line with BO. 
And in the same manner it may be demonstrated, that no other 
can be in the same straight line ynm it but BD, which therefore is in 
the same straight line with BC. 

Wherefore, if at a point, &c. Q.2.D. 

Digitized by VjOOQIC 



BOOK I. PBOP. XV, XVI. n 

PROPOSITION XV. THEOREM. 

If two straight Unei cut one another , the vertical^ or opposite anglee 
thaU be equal. 

Let the two straight lines AB, CD cut one another in the point E, 
Then the ancle AEC shall be equal to the angle DEB^ and the 
angle CEB to t£e angle AED, 

c 



Because the straight line AE makes with CD at the point E^ the 
adjacent angles CEA, AED; 

these angles are together ejjual to two right angles, fl. 13.) 
Again, because the straight line DE makes with ^5 at tne point E. 
the adjacent angles AED, DEB ; 

these angles also are equal to two right angles ; 
but the angles CEA, AED have oeen shewn to be equal to two right 

angles ; 
wherefore the angles CEA, AED are equal to the angles AED, DEB ; 

take away from each the common angle AED, 
and the remaining angle CEA is equal to the remaining angle DEB. 
(ax. 3.) 

In the same manner it may be demonstrated, that the angle CEB 
is equal to the angle AED, 

Therefore, if two straight lines cut one another, &c. Q.E.D. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which they make at the point where they cut, are 
together equal to four right angles. 

C!oR. 2. And consequently that all the angles made by any nimi- 
ber of lines meeting in one point, are together equal to four right 
angles* 

PROPOSmON XVI. THEOREM. 
If one eide of a triangle he produced, the exterior angle is greater than 
either of the interim opposite angles. 

Let ^BChe a triangle, and let the side PC be produced to D, 
Then the exterior angle ACD shall be greater than either of the 
interior opposite angles CBA or BA C, 
A F 




Bisect AC in E, (i. 10.) and join BE; 
produce BE to F, making JSi^ equal to BE, (l. 3.) and join FC. 
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18 Euclid's elements. 

Because AE is equal to EC^ and BE to EF'i (constr.) 
tke two sides AE, EB are eoual to the two CE, EF^ each to each, in 
the triangles ABE, CFE; 

and the angle AEB is equal to the angle CEF, 

because they are opposite vertical angles ; (i. 15.) 

therefore the base AB is equal to the base OF,(i. 4.) 

and the triangle AEB to the triangle CEF, 

and the remaining angles of one triangle to the remaining angles of 

tibe other, each to each, to which the equal sides are opposite ; 

wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD or A CD is greater than the angle ECF; 
therefore the angle A CD is greater than the angle BAE or BA C. 
In the same manner, if the side BC he bisected, and A Che pro- 
duced to 6? ; it may be demonstrated that the angle BCG, that is, the 
angle A CD, (i. 15.) is greater than the angle ABC 

Therefore, if one side of a triangle, &c. Q.E.D. 



PROPOSITION XVII. THEOREM. 

Any ttoo angles of a triangle are together lesi than two right angles. 

Let ABC he any triangle. 
Then any two of its angles together shall be less than two right angles. 

A 



Produce any side BC to D, 
Then because A CD is the exterior angle of the triangle ABC; 
therefore the angle A CD is greater than the interior and opposite anffle 
ABC; (1. 16.) ^ 

to each of these imequals add the angle A CB ; 
therefore the angles A CD, A CB are greater than the angles ^BC, 
ACB; 

but the angles A CD, ACB are equal to two right angles j (l. 13.) 

therefore the angles ABC, A CB are less than two right angles. 

in like manner it may be demonstrated, 

that the angles BAC, ACB are less than two right angles, 

as also the angles CAB, ABC. 

Therefore any two angles of a triangle, &c. Q.E.D. 



PROPOSITION XVm. THEOREM. 

The greater side of every triangle is opposite to the greater angle. 

Let ABC he a triangle, of which the side ^C is greater than the 
side AB. 
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Then the angle ABC shall be greater than the angle A CB. 

A 




Since the side ^Cis greater than the side AB, (hyp.) 

make AD equal to AB^ (i. 3.^ and join BD. 

Then, because AD is equal to AB^ in the triangle ABD, 

therefore the angle ABD is equal to the angle ADB, (l. 5.) 

but because the side CD of the triangle BDCib produced to A, 

therefore the exterior angle ADB is greater than the interior and 

opposite angle DCB; (l. 16.) 

bat me angle ADB has been proved equal to the angle ABD, 

therefore the an^le ABD is greater than the angle DCB j 

wherefore much more is the angle ABC greater than the angle ACB. 

Therefore the greater side, &c. Q.B.D. 

PROPOSITION XIX. THEOREM. 

The greater angle of every triangle is subtended by the greater tide, or^ 
has the greater side opposite to it. 

Let ABC be a triangle of which the angle ABC ia greater than the 
angle BCA. 
Then the side A C shall be greater than the side AB. 

A 




For, if ^ C be not ffreater than AB, 

A C must either be equsd to, or less than AB ; 

if ^ C were equal to AB, 

then the angle ^^C would be equal to the angle ^Cj9; (l. 5.) 

but it is not equal ; (hyp.) 

therefore the side ACia not equal io AB, 

Again, if ^ C were less than AB, 

then the angle ^j§C would be less than the angle ACB ; (l. 18.) 

but it is not less, (hyp.) 

therefore the side ^ C is not less than AB ; 

and A C has been shewn to be not equal to AB ; 

therefore ^ C is greater than AB, 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 

Any two sides of a triangle are together greater than the third side. 

Let -4^ C be a triangle. 

Then any two sides of it together shall be greater than the third side, 

yIz. the sides BA, A C greater than the side BC; 
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AJBr -BC greater than AC; 
and BCt CA greater than AB. 
D 




Produce the side BA to the point D, 

make AD equal to AC, (i. 3.) and join DC 

Then because AD is equal to ^C, (constr.) 

therefore the angle A CD is equal to the angle ADC; (l. 5, 

but the angle BCD is greater thsm the angle ^ CD ; (ax. 9. 



i 



therefore also the angle BCD is greater than the angle ADi 

And because in the triangle DBC, 

the angle BCD is greater than the angle BDC, 

and that the greater angle is subtended by the greater side ; (l. 19.) 

therefore the side DB is greater than the side BC; 

but DB is equal to BA and A C, 

therefore the sides BA and ^ C are greater than BC. 

In the same manner it may be demonstrated, 

that the sides AB, BCaie greater than CA ; 

also that BC, CA are greater than AB. 

Therefore any two sides, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 

If from the ends of a tide of a triangle, there be dravm two straight 
lines to a point within the triangle ; these shall bd less than the other two 
sides of the triangle, but shall contain a greater angle. 

Let ABC he a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point D 
within the triangle. 

Then BD and DC shall be less than BA and ^ C the other two 

sides of the triangle, 
but shaU contain an angle ^D (7 greater than the angle BAC 
A 

sE 




Produce BD to meet the side AC in II. 
Because two sides of a triangle are greater than the third side, (l. 20.) 
therefore the two sides BA, AE of the triangle ABE are greater 
XhoxkBEi 

to each of these unequals add EC; 
therefore the sides BA, A C are greater than BE, EC, (ax. 4») 
Again, because the two sides CjE, ED of the triangle CED are 
greater than DC; (i. 20.J 

add DB to eacn of these unequals ; 
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therefore the sides CJB^ EB are greater than CD^ DB. (ax. 4.) 
Bat it has been shewn that BA^ AC are greater than Bi, EC\ 

much more then are BA^ A C sreater than BB^ DC 
Again, because the exterior angle of a triangle is greater than ihe 
interior and opposite angle ; (l. 16^ 

therefore tne ei^rior angle jB2)C7 of the triangle CDE is greater 
than the interior and opposite an^le CED; 
for the same reason, the exterior angle CED of the triangle ABE 
IB greater than ihe interior and opposite angle BA C\ 
and it has been demonstrated, 

that the angle BDCib greater than the angle CES; 

much more therefore is the angle BDC sreater than the angle BAC 

Therefore, if from the ends of tne side, &c Q. E. D. 

PROPOSITION XXIL PROBLEM, 

To make a triangle of which the aidee $haU he equal to three given 
iraight Unee, but any two whatever of these must be greater than the third. 

Let A, Bf Che the three given straight lines, 

of which any two whatever are greater than me third, (L 20.) 

namely, A and B greater than C; 

A and C greater than B; 

and B and C greater than A. 

It is required to make a triangle of which the sides shall be equal 

to Af B, Ct each to each. 




Take a straight line DE terminated at the point D, but imlimited 
towards J&, 

make DJ?* equal to A, FO equal to B, and (t^JT equal to C; (l. 
from the center F, at the distance jP2>, describe the circle 
(posts.) 

from the center (?, at the distance OH, describe the circle JSLK\ 
from K where the circles cut each other draw KF, KO to the points 

Then the triangle KFO shall have its sides equal to the three 
straight lines A, B, C ^ 

Because the point F is the center of the circle DEL, 

therefore FD is equal to FK-, (def. 15.) 

but FD is equal to the straight line A ; 

therefore FK is equal to A, 

Again, because G is the center of the circle jETSTX; 

therefore OH la equal to OK, (def. 15.) 

but OHi& equal to C; 

therefore also OK is equal to C; (ax. 1.) 

and FO is eqiial to B ; 
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therefore the tliree straight lines JTjP, FO, 0K, are respectively 

equal to the three, A, B, C: 
and therefore the triangle KFO ha* its three sides JTF, FG, GE, 

eqiial to the three given straight lines A, JB, €. Q.E.F. 

PROPOSITION XXni. FEOBLEIi. 

At a ffiven point in a given ttraight Une, to make a rectilineal angle 
equal to a given rectilineal angle. 

Let ulB be the given straight line, and A the g^ven point in it, 

and DCE the giv^i rectilineal angle. 
It is re<]piired, at the giv^i pmnt A in the given straight line AB^ to 
make an angle that shalTbe equal to the given rectilin^ angle DCJE, 





In CD, CEf take any points D, E^ and join DEi 
qftk ABf make the triangle AFG, the sides of wnich shall be eaual 
to the three straight lines CD, DE, EC, so that AF be equal to 
CD, ^ G^ to CE, and FG to BE. (i. 22.) 

Then the angle FA G shall be equal to the angle JDCE, 

Because FA, AG ore e^ual to DC, CE, each to each, 

and the base FG is equal to the base DE; 

therefore the angle FAG is equal to the angle DCE, (L 8J 

Wherefore, at the given point A in the ^vcn straight line AB, the 

augle FAG is made equal to the giv^i rectilineal angle DCJ^. Q.EJ. 

PROPOSITION XXIV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the angle contained by the two sides of one of them greater 
than the angle contained by the two sides equal to them, of the other; the 
base of that which has the greater angle, shaft he gretOer than the hate 
of the other. 

Let ABC, DEFhe two triangles, which have the two sides AB, 
AC, equal to the two DE, DF, each to each, namely, AB equal to 
DE, and A Cto DF; but the angle BA Cgreater than the angle EDF, 
Then the base ^C shall be greater than the base EF. 
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Of the two sides BE, DF, let DEhe not greater than DF, 

at the point D, in the line DF, ami on the same side of it as I)F, 

make the angle FDO equal to the angle BA Cj (i. 23^ 

make DO equal to 2>J*or AC, (i. S^ ffid join FO, OF. 

Then, becaa^e DF is eqiial to AJB, tSh DO to AQ 

the two sides DF, DO are equal to the two AB, A C, each to each, 

and the angle FDO is equal to the angle BA C; 

therefore the base FO is equal to the base BC. (i. 4.) 

And because DOh equal to DFm the triangle I)F09 

therefore the angle DFO is equal to the angle SOF; (i. 5.^ 

but the angle DOFis greater than the angle FOF; (ax. 9.) 

therefore the angle DFO is also greater than the angle FOF; 

smch more liierefore is ihe angle FFO greater than the angle FOF. 

And because in the triangle FFO, the angle FFO is greater than 

the angle FOF, 

and that the greater angle is subtended by the greater side ; (L 19.) 
I therefore the side FO is greater than the side FF; 

\ but FO was proved equal to ^Cj 

I therefore BCis greater than FF. 

Wherefore, if two triangles, &c. Q.E.D. 

PROPOSITION XXV. THEOREM. 

Ifiioo triangles have tioo sides of the one equal to two sides of the other, 
tack to each, bid the base of one greater than the base of the other ; the 
anffle contained by the sides of the one which has the greater base, shiU he 
greater than the angle contained by the sides, eqwil to them, of the other. 

Let ABC, DFFhe two triangles which have the two sides AB, AC, 
equal to the two sides DF, DF, each to each, namely, AB equd to 
M, and -4 C to DF, but the base BC greater than the base FF. 
Then the angle BA C shall be greater than the angle FDF. 





For, if the angle BA C be not greater than the angle FDF, 

it must either be equal to it, or less than it. 

If the angle BA C were equal to the angle FDF, 

then the base 2? C would be equal to the base FF; (i. 4.) 

but it is not equal, (hyp.) 

therieftwe the angle BAC\b not equal to the angle FDF. 

Again, if the angle B AC were less than the angle FDF, 

then the base BC would be less than the base FF; (i. 24.) 

but it is not less, (hyp.) 

therefore the angle BACis not less than the angle FDF; 

mdithas been shewn, Siat theangle J5-4 Cis not equal to the angle -&2)^ 5 

therefore the angle BA C is greater than the angle FDF. 

Wherefore, if two triangles, &c. Q.E.D. 
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PROPOSITION XXVI. THEOREM. 

If two trianglet have two angUt of the one equal to two anglet of i 
other, each to each, and one tide equal to one tide, vis, either the eidet a^ 
cent to the equal anglee m each, or the tides oppoeite to them ; then shall i 
other sides be equal, each to each, and also the third angle of the one eqft 
to the third angle of the other. 

Let ABC, DEF be two trian^es which haye the angles AB\ 
BCA, equal to the angles DEF, ISFD, each to each, namely, AB 
to DEF, and BCA to EFD; also one side e<]ual to one side. 

First, let those sides be equal which are adjacent to tiie angles thi 
are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, AB 
D^, and ^ Cto 2>i^, and the third angle j?^ C to the third angle JSD. 



} 





For, if AB be not equal to DE, 
one of them must be greater than the other. 

If possible, let AB be greater than DE, 

make BG equal to ED, a. 3.) and join GO. 

Then in the two triangles GBC, DEF, 

because GB is equal to DE, and BC to EF, (hyp.) 

the two sides GB, BCaxe equal to the two DE, EF, each to each ; 

and the an^le GBuis equal to the angle DEF; 

therefore the base G'C is equal to the base DF,Ji. 4.) 

and the triangle GBC to the triangle DEF, 

and the other angles to the other angles, each to each, to which 

the equal sides are opposite ; 

therefore the angle C^CB is equal to the angle DFE; 

but the angle A CB is, by the hypothesis, equal to the angle DFE; 

wherefore also the angle GCB is equal to tne angle ACB ; (ax. 1.) 

the less angle equal to the greater, which is impossible; 

therefore AB is not unequal to DE, 

that is, AB is equal to DE, 

Hence, in ^e trian^es ABC, DEF; 

because AB is equal to DE, and BC to EF, (hjnp.) 

and the ancle ABC is equal to the angle DEF; (hyp.) 

therefore me base AC is equal to the base DF, (i. 4.) 

and the third angle BA C to the third angle EDF. 

Secondly, let the sides which are opposite to one of the equal angles 

in each triangle be equal to one another, namely, AB equal to DJB, 

Then in this case ukewise the other sides shall be equal, AC to DF^ 
and ^ C f o 7?f; and also the third angle jB^ C to the third angle EDF, 
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A D 





HC 

ToTcifBChe not equal to £Ff 
one of them must be greater than the other. 

If possible, let ^Cbe greater than £F} 
make ^^ equal to FF, (i. 3.) and join AH. 

Then in the two triangles ABU, BEF, 

because AB is equal to BE, and BH to EF, 

and the angle ABH to the angle BEF\ (hvp.) 

therefore the base AHia equal to the base BF^Jl, 4.) 

and the triangle ABM to the triangle BEF, 

and the other angles to the other angles, each to each, to which the 

equal sides are opposite ; 

merefore the an^e BHA is equal to the angle EFB ; 

but the angle EF'B is equal to the angle BCA ; (hyp.) 

therefore the angle BHA is equal to the angle BCA, (ax. 1.) 

that is, the exterior angle BHA of the triangle AHC, is 

equal to its interior and opposite angle BCA ; 

which is impossible ; (l. 16.) 

wherefore BCis not unequal to EF, 

that is, J5Cis equal to EF. 

Hence, in the triangles A.BC, BEF; 

because AB is equal to BE, and ^Cto EF, (hyp.) 

and the included angle ABC is equal to the included angle BEF; (hyp.) 

therefore the base ^C is equal to the base BF, (i. 4.) 

and the third an^le BA C to the third angle EBF. 

Wherefore, if two triangles, &c. Q. E. D; 

PROPOSITION XXVII. THEOREM. 
If a gtraiffht line falling an two other straight lines, make the alternate 
on^'M equal to each other; these tvoo straight lines shcUl be parallel. 

Let the straight line EF, which falls upon the two straight lines 
^B, CB, make the alternate angles AEF, EFBy equal to one another. 
Then AB shall be parallel to CB. 



\ 

I L 



:ztz>« 



For, if AB be not parallel to CB, 
AB and CB being produced wul meet, either towards A and C, 
or towards B and B. 
Let ABi CB be produced and meet, if possible, towards B and B, 



in the point ( 

then OEFia a triangle. 



dbyGoogffe 



26 Euclid's elements. 

And because a side GE of the triangle OEF is produced to A, 
therefore its exterior angle AEF is greater than the interior and 
opposite angle EFO ; (i. 16.) 

but the angle AEF is equal to the angle EFO; (hyp.) 
therefore the angle AEF is greater than, and equal to, the angle 
EFQ ; which is impossible. 
Therefore ABy CD being produced, do not meet towards E, D. 
In like manner, it may oe demonstrated, that they do not meet 
when produced towards A, C. 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another ; (def. 35.) 
therefore AB is parallel to CD, 
Wherefore, if a straight line, &c. Q. £. D. 

PROPOSITION XXVin. THEOREM. 

If a straight line falling upot^ two other straight lines ^ make the exterior 
angle equal to the interior and opposite upon the same side of the line ; on 
make the interior angles upon the same side together equal to two right 
angles ; the tvH) straight lines shall be parallel to one another. 

Let the straight line EF, which falls upon the two straight lines 
ABf CD, make the exterior angle EGB equal to the interior and 
opposite angle GHD, upon the same side of the line EF; or make 
the two interior angles BGH, GHD on the same side together 
equal to two right angles. 

Then AB shall be parallel to CD. 




Because the angle EGB is equal to the angle GHD, (hyp.) 
and the angle EGB is equal to the angle A GH, (i. 15.) 
therefore the angle A GH is equal to the angle GHD ; (ax. 1.) 
and they are alternate angles, 

therefore AB is parallel to CD, (l. 27.) 
Again, because the angles BGH, GHD are together equal to two 
right angles, fhyp.) 

and that the angles AGH, BGH are also together equal to two 

right angles ; (i. 13^ 
therefore the angles AGH, BGH are equal to the angles BGH. 
GHD I (ax. 1.) 

take away from these equals, the common angle BGH; 
therefore the remaining angle AGH is equal to the remaining angk 
GHD; {oji, 3.) 

and they are alternate angles ; 
therefore AB is parallel to CD, (l. 27.) 
Wherefore, if a straight line, &c. Q.E.D. 
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PEOPOSmON XXIX. THEOREM. 

If a straight line fall upon two parallel straight lines, it makes the alter- 
nate angles equal to one another; and the exterior angle equal to the interior 
aiui opposite upon the same side ; and likewise the two interior angles upon 
the same side together equal to two right angles. 

Let the straight line ^J*fall upon the parallel straight lines AB, CD, 
Then the alternate angles A GM, GHB shall be equal to one another ; 

the exterior angle EGB shall be equal to the interior and opposite 
angle GHD upon the same side of the line EF\ 
and the two interior angles BGH^ GHD upon the same side oi EF 

shall be together equal to two right angles. 



aA. 



C 5\ D 



First Por, if the angle A Gil be not equal to the alternate angle 

GIID, one of them must be greater than the other ; 

if possible, let AGHhe greater than GHD, 

then because the angle A GH is greater than the angle GHD, 

add to each of these unequals the angle BGH; 

therefore the angles AGH, BGH are greater than the angles BGH, 

GHD) (ax. 40 
but the angles A GH, BGH are equal to two right angles ; (l. 13.) 
therefore the angles BGH, GHD are less than two right angles; 
but those straight lines, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right angles, will meet together u continually produced ; (ax. 12.) 
therefore the straight Hues AB, CD, if produced far enough, will 
meet towards B, D; 

but they never meet, since they are parallel by the hypothesis ; 

therefore the angle ^(?if is not unequal to the angle GHD, 

that is, the angle AGH is equal to the alternate angle GHD. 

Secondly, because the angle.^G'lf is equal to the angle EGB, (l. 15.) 

and the angle A GH is equal to the angle GHD, 

therefore the exterior angle EGB is equal to the interior and opposite 

angle GHD, on the same side of the line. 

Thirdly. Because the angle EGB is equal to the angle GHD, 

add to each of them the angle BGH; 

therefore the angles EGB, BGH axe equal to the angles BGH, GHD ; 

(ax. 2.) 

but EGB, BGH axe equal to two right angles ; (i. 13.) 
therefore also the two interior angles BGH, GHD on the same side 
of the line are equal to two right angles, (ax. 1.) 
"Wherefore, if a straight line, &c. Q. e. d. 

c2 
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PROPOSITION XXX. THEOREM. 

Straight lines which are parallel to the same straight line are parallel to 
each other. 

Let the straight lines AB, CD, be each of them parallel to JEF. 
Then shall AB be also parallel to CD, 



A Z. 



-B 
-F 

c ,^-:z D 



^ — 75 — ^ 



A 



Let the straight line GHK cut AB, EF, CD. 
Then because OHK cuts the parallel straight lines ABy EF, in 

therefore the angle -46^-5" is equal to the alternate angle GHF, (i. 29.) 
Again, because OHK cuts the parallel straight lines EF^ CD, in 
If, JK ; 

therefore the exterior angle GHF is equal to the interior angle HKD ; 

and it was shewn that the angle AGHi% equal to the angle GHF\ 

therefore the angle A GH is equal to the angle GKD ; 

and mese are alternate angles ; 

therefore AB is parallel to CD, (i, 27.) 

Wherefore, straight lines which are parallel, &c. Q.E.D. 



PROPOSITION XXXI. PROBLEM. 

To draw a straight line through a given point parallel to a gii>en straight 
line. 

Let A be the given point, and BC the given straight line. 
It is required to draw, through the point A, a straight line parallel 
to the straight line BC, 

£ A F 



In the line ^Ctake any point D, and join AD, 
at the point A in the straight line AD, 
make the angle DAE equal to the angle ADC, (i. 23.) on the oppo- 
site side of AD; 

and produce the straight line EA to F, 
Then EF shall be parallel to BC. 
Because the straight line AD meets the two straight lines EF, BC, 
and makes the alternate angles EAD, ADC, equal to one another, 
therefore JS^^Pis parallel to BC, (l. 27.) 
Wherefore, through the given point A, has been drawn a straight 
line EAF-jpamllel to the given straight line BC. Q.E.F. 
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PROPOSITION XXXn. THEOREM. 

If a tu2s of any triangle be produced, the exterior angle it equal to the 
two interior and opposite angles ; and the three interior angles of every 
triangle are together equal to two right angles. 

Let -4 J? C be a triangle, and let one of its sides B Cbe produced to D, 
Then the exterior angle A CD shall be equal to the two interior 

and opposite angles CAjBf ABC: 
and the three interior angles ABC, BCA, CAB shall be equal to 

two riirht angles. 

A S 




Through the point C draw CE parallel to the side BA, (l. 31.) 
Then because CE is parallel to BA, and A C meets them, 
* therefore the angle ACE is eaual to the alternate angle BA C. (l. 29.) 
Again, because CE is parallel to AB, and BD falls upon them, 
therefore the exterior angle ECD is equal to the interior and op- 
posite angle ABC; (I. 29.) 
but the angle A CE was shewn to be equal to the angle BAC\ 
therefore the whole exterior angle A CD is equal to the two interior 
and opposite angles CAB, ABC: (ax. 2.) 
I Agam, because the angle A CD is equal to the two angles ABC, BA C, 
I to each of these equals add the angle ACB, 

\ therefore the angles A CD and A CB are equal to the three angles 
! ABC, BA C, and ^ C5 ; (ax. 2,) 

\ but the angles A CD, ACB are equal to two right angles, (l. 13.) 

therefore also the angles ABC, BAC, ACB are equal to two right 
I angles, (ax. 1.) 

Wherefore, if a side of any triangle be produced, &c. q.e D. 
Cor. 1. All the interior angles of any rectilineal figure together 
with four right angles, are equal to twice as many right angles as the 
'^ — t has sides. 

D 




For any rectilineal figure ABCDE can be divided into as many 
friangles as the figure has sides, by drawing straight lines from a point 
P within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 

two right angles, and there are as many triangles as the figure has sides, 

therefore all the angles of these triangles are equal to twice as many 

right angles as the figure has sides ; 
but the same angles of these triangles are equal to the interior angles 
of the figure together with the angles at the point F: 
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and the angles at the point -F, which is the common vertex of all 

the triangles, are equal to four right angles, (i. 15. Cor. 2.) 
therefore the same angles of these triangles are equal to tJie angles 

of the figure together with four right angles ; 
but it has been proved that the angles of the triangles are equal to 

twice as many right angles as tne figure has siaes ; 
therefore all the angles of the figure together with four right angles, 

are equal to twice as many right angles as the figure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 




Since every interior angle ^^Cwith its adjacent exterior angle 
ABD, is equal to two right angles, (l. 13.) 

therefore all the interior angles, together with all the exterior angles, 
are equal to twice as many right angles as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the in- 
terior angles together with four right angles are equal to twice asmany 
right angles as the figure has sides ; 

therefore all the interior angles together with all the exterior angles, 
are equal to all the interior angles and four right angles, (ax. 1.) 
take from these equals all the interior angles, 

therefore all the extericu: angles of the figure are equal to four right 
angles, (ax. 3.) 

PROPOSITION XXXIII, THEOREM. 
The straight lines which Join the extremities of two equal and paraXlel 
straight lines towards the same parts, are also themselves equal andparaOel. 

Let ABf CD be equal and parallel straight lines, 
and joined towards the same paits by the straight lines A C, fiJD. 
Then AC, BD shall be equal and paralleL 




Join BC. 

Then because ABia parallel to CD, and J? C meets them, 

therefore the angle ABCi% equal to the alternate angle BCD ; (i. 29.) 

and because AB is equal to CD, and^ C common to the two triangles 

ABC, DCS ; the two sides AB, BC,are equal to the two DC, CJB, each 

to each, and the angle ABC was proved to be equal to the angle -B CJ) : 

therefore the base ACis equal to the base BD, (l. 4.) 

and the triangle ABC to the triangle BCD, 
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and the other angles to the other angles^ each to each, to which the 
equal sides are opposite ; 

therefore the angle A CB is equal to the angle CBD. 

And because the straight line jBC meets the two straight lines AC, 

BDi and m^es the alternate angles A CB, CBD equal to one another ; 

therefore -4C is parallel to BD ; (i. 27.) 

and A C was shewn to be equal to BD, 

Therefore, straight lines which, &c. Q.E.D. 



PROPOSITION XXXIV. THEOREM. 

The opposite aides and angles of a parallelogram are equal to on$ another , 
and the diameter bisects it, that is, divides it into ttoo eqital parts. 

Let A CDB be a parallelogram, of which BC\&2l diameter. 
Then the opposite sides and angles of the figure shall be equal to 
one another ; and the diameter ^(7 shall bisect it 



C D 

Because AB is parallel to CD, and .SC meets them, 
therefore the angle ABC\% equal to the alternate angle BCD. (l 29). 

And because AC\& parallel to BD, and BC meets them, 
therefore the angle A CB is equal to the alternate angle CBD, (i. 29.) 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 

angles BCD, CBD in the other, each to each ; 
and one side BC, which is adjacent to their equal angles, common to 

the two triangles; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, (i. 26.) 
namely, the side AB to the side CD, and ACXx> BD, and the angle 
^^ C to the angle BDC, 

And because the angle -^^Cis equal to the angle BCD, 
and the angle CBD to the angle ACB, 
therefore the whole angle ABD is equal to the whole angle A CD ; 
(ax. 2.) 

and the angle BAChsB been shewn to be equal to BDC\ 
therefore the opposite sides and angles of a parallelogram are equal to 
one anotner. 
Also the diameter J? C bisects it. 

For since AB is equal to CD, and-SC common, the two sides AB, 

BC, are equal to the two DC, CB, each to each. 

Old the an^le ^^C has been proved to be equal to the angle BCD ; 

teefore the triangle ABC is equal to the tnangle BCD ; (l. 4.) and 

the diameter J5Cdivides the parallelogram A CDB into two equal parts. 

Q.E.D. 
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PROPOSITION XXXV. THEOREM. 

ParalUlogram* upon the tame bate^ and between the tame parallels^ are 
equai to one another. 

Let the parallelograms ^^ CD, J?^CJ* be upon the same base ^C, 
and between the same parallels AF^ BC, 

llien the parallelogram -4 ^C!Z> shall be equal to the parallelogram 
EMCIf\ 

AD.F A DE F AEDF 



VIV 



If the sides AD, D^P of the narallelograms ABCD, DBCF, opposite 
to the base BC, be terminatea in the same point D j 
then it is plain that each of the parallelograms is double of the triangle 

J?Z)C; (I. 34.) 
and therefore the parallelogram A BCD is equal to the parallelogram 
DBCF, (ax. 6.) 

But if the sides AD^ FF, opposite to the base BQhe not termi- 
nated in the same point ; 

Then, because A BCD is a parallelogram, 

therefore AD is equal to ^C; (l. §4.) 
and for a similar reasop. ^2^ is equal to .BC; 
wherefore AD is equal to FF; (ax. 1.) 
and DF is common ; 
therefore the whole, or the remainder AF, is equal to the whole, or 
the remainder DF ; (ax. 2 or 3.) 

and AB is ejual to DC; (l. 24^ 
hence in the triangles FAB, FDU, 
because FD is equal to FA, and DC to AB, 
and the exterior angle FDC is equal to the interior and opposite angle 
FAB ',{1,29.) 

therefore the base FC is equal to the base FB, (l. 4.) 

and the triangle FDC is equal to the triangle FAB. 

From the trapezium ABCPtake the trian^e FDC, 

and from the same trapezium take the triemgle FAB^ 

and the remainders are equal, (ax. 3.) 

therefore the parallelogram ./4-B CD is equal to the parallelogram JEBCF. 

ThereforCi parallelograms upon the same, &c. Q.E.D. 



PROPOSITION XXXVI. THEOREM. 

Pawtllehgramt upon equal baeee and between the same paraUela^ are 
equal to one another. 

Let ABCD, FFGHhe parallelograms upon equal bases BC, FO^ 
and between the same parallels AH, BO, 

Then the parallelogram ABCD shall be equal to the parallelogram 
FFGS, 
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C F O 

Join BE, CH, 
Then because BC\% equal to FG, (hypj and FO to EH, (l. 34.) 
therefore BCis e^ual to EH\ (ax. 1.) 
and these lines are parallels, and joined towards the same parts by tlw 
straight lines BE, CH; 
but straight lines which join the extremities of equal and parallel 
straight lines towards the same parts, are themselves equal and parallel ; 
(1.33.) 

therefore BE, Cffsxe both eoual and parallel ; 
"wherefore EBCHis a parallelogram, fdef. A.) 
And because the parallelograms ABCD, EBCK, are up«n the 

same base BC, and between the same parallels BC, AH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EBCH (1.35.) 

For the same reason, the parallelogram EFQH is equal to the 
parallelogram EBCH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EFGH. (ax. 1.) 
Therefore, parallelograms upon equal, &c. Q.E.D. 

PROPOSITION XXXVII. THEOREM. 

Triangles upon the same base and between the tame parallels, are equal to 
one another. 

Let the triangles ABC, DBChe upon the same base BC, 
and between the same parallels AD, BC. 
Then the triangle -4^ C shall be equal to the triangle DBC, 
E A D F 




Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, (l. 31.) 
and through C draw CF parallel to BD, 
Then each of the figures EBCA, DBCF is a parallelogram ; 
and EBCA is equal to DBCF, (l. 35.) because they are upon the 
same base BC, and between the same parallels BC, EF. 
And because the diameter AB bisects the parallelogram EBCA, 
therefore the triangle ABC is half of the parallelogram EBCA ; (i. 34.) 
also because the diameter. JDC bisects the parallelogram DBCF, 
therefore the triangle DBCis half of the parallelogram DBCF, 
but the halves of equal things are equal ; (ax. 7.) 
therefore the triangle ABC is equal to the triangle DBC. 
Wherefore, triangles, &q* q.£.i>. 
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PROPOSITION XXXVIU. THEOREM. 

Ttitmglet vpon equal bate$ and bettceen the tame paraUele, are equal 
to one another. 

Let the triangles ABC, DEF be upon equal bases BC, -EF, and 
between the same parallels BF, AD, 

Then the triangle AB C shall be equal to the triangle DEF. 
O A D H 



V\EI 



C £ 

Produce AD both ways to the points O, H% 
through B draw BQ parallel to CA, (l 31.) 
and through jF draw FH parallel to ED, , 

Then each of the figures OBCA, DEFH is a parallelogram ; 
and they are equal to one another, (I. 36.) 
because they are upon equal bases BC, EF, 
and between the same parallels BF, QH» 
And because the diameter AB bisects the parallelogram GBCA, 
therefore the triangle ABC is the half of the parallelogram OBCAi 
(I. 34.) 

also, because the diameter DJP bisects the paralldogram DEFH, 

therefore the triangle DEFia the half of the parallelogram DEFH\ 

but the halves of equal things are equal ; (ax. 7.) 

therefore the triangle ^^C is equid to the triangle DEF. 

Wherefore, triangles upon equal bases, &c. Q.E.I>» 

PROPOSITXON XXXIX. THEOREBL 

Equal irianffles upon the tame bate and upon the tame tide of it, are 
between the tame par allele. 

Let the equal triangles ABC, DBC be upon the same base JBC 
and upon the same side of it. 
Then the triangles ABC, 2>J?C shall be between the same parallels. 




Join AD ; then AD shall be parallel to BC. 
For if AD be not parallel to BC, 
if possible, through the point A, draw -4^ parallel to BC, (l. 31.) 
meeting BD, or BD produced, in E, and join EC. 

Then the triangle ABC is equal to the triangle EBC, (l 37.) 

because they are upon the same base BC, 

and between the same parallels BC, AE: 

but the triangle ABC is equal to the triangle -D-BC; j(hyj.) 

therefore the triangle DBC is equal to the triangle . 
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the greater triangle equal to the less, which is impoisible : 

therefore AH is not parallel to BC, 

In the same manner it can be demonstrated, 

that no other line drawn from A but AD is parallel to BC; 

AD is therefore parallel to ^fe 

Wherefore, equal triangles upon, &c. aE.D. 

PROPOSITION XL. THEOREM. 

Equal triancgleM tfpon equal ba$et in the same straight line, and towards 
the tame parts, are between the same parallels. 

Let the equal triangles ABC, DJEFhe upon equal bases BC, EF, 
in the same straight line BF, and towards the same parts. 
Then they sluul be between the same parallels. 




Jom AD ; then AD shall be parallel to BF. 

For ]iAD be not parallel to BF, 

If possible, through A draw AG parallel to BF, {j, 31.) 

meeting ED, or ED produced in O, and join OF, 

Then the triangle ABC is equal to the triangle OEF, (l 38.) 

because tiiey are upon equal bases BC, EF, 

and between the same parallels BF, A O ; 

but the triangle ABC la equal to the triangle D-Ei^; (hyp.) 

therefore the triangle DEFis equal to the triangle OEF, Tax. 1.) 

the greater triaujele equal to the less, which is impossible : 

therefore AO\s not paraUel to BF. 

And in the same manner it can be demonstrated, 

that' there is no other line drawn from A parallel to it but AD ; 

AD is therefore parallel to BF. 

Wherefore, equal triangles upon, &c. Q.B.D. 

PROPOSmON XLI. THEOREM. 

If a paraUeloqram and a triangle be upon the same base, and between 
^ same paraUels ; th§ parallelogram shall be double of the triangle. 

Let the parallelogram ABCD, and the triangle EBC be upon the 
■ame base BC, and between the same parallels iC, AE. 

Then the parallelogram AB CD shall be double of the triangle EB C. 
A D E 




B C 

Join .4 C. 

Then the triangle ABC'ia equal to the triangle EBC, (i. 37.) 
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because they are upon the same base BC, and between the same 

parallels BC, AE. 

But the parallelogram ABCD is double of the triangle ABd 

because the diameter -4 C bisects it; (l 34.) 

wherefore ABCD is also double of the triangle EBC. 

Therefore, if a parallelogram and a triangle, &c. Q.E.D. 

PROPOSITION XLn. PROBLEM. 

To deserihe a parallelogram that shall be equal to a given triangle^ and 
have one of its angles equal to a given rectilineal angle. 

Let ABC he the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to Dm 

A F Q 




•L 



BEG 



Bisect BCmE, (l 10.) and join AE; 
at the point E in the straight line EC, 
make the angle CEF equal to the angle D; {l, 23.) 
through C draw CG parallel to EF, and through A draw AFO 
parallel to BC, {i. 31.) meeting ^^in JP, and CG in G, 

Then the figure CEFG is a parallelogram, (def. A.) 
And because the triangles .^-B-S, -4-EC are on the equal bases BE, 
EC, and between the same parallels BC, AG; 

they are therefore ecjual to one another ; (l. 38.) 
and the triangle ABC ib double of the triangle AJSC; 
but the parallelogram FECG is double of the triangle AEC, (l. 41.) 
because they are upon the same base EC, and between the same 
parallels j&C^G^; 
therefore the parallelop*am FECG is equal to the triangle ABC, (ax. 6.) 
and it has one of its angles CEF equal to the given angle Z). 
Wherefore, a parallelogram FECG has been described equal to the 
given triangle A^C, and naving one of its angles CEF equal to the 
given angle 2). Q.E.F. 

PROPOSITION XLin. THEOREM. 

The complements of the parallelograms, which are about the diameter 
of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diameter is AC: and 
EHfGFihe parallelograms about -4 C, that is, throttgh which A C passes,' 
also BE, ED the other parallelograms which make up the whole 
figure ABCD, which are therefore called the complements. 
Then the complement BKahsJl be equal to the complement KD, 
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B O 

Because ABCD is a parallelogram, and ACiXa diameter, 
therefore the triangle AbC\& equal to the triansle ADC, (l. 34.) 
Again, because EKHA is a parallelogram, and ^ JT its diameter, 
therefore the triangle AEK is equal to the triangle AHK\ (l. 34.) 
and for the same reason, the triangle KO Cis equal to the triangle KFC, 
Wherefore the two triangles AEK^ KQC are equal to the two 
triangles AHKy KFC, (ax. 2.) 

but me whole triangle ABC is equal to the whole triangle ADC; 
therefore the remaining complement BK is equal to the remaining 
complement KD. (ax. 3.) 

Wherefore the complements, &c. Q.E.D. 

PROPOSITION XLIV, PROBLEM. 
To a given straight line to apply a parallelogram^ which thatt be equal 
io a given triangle, and have one of its angles equal to a given rectilineal 

angle. 

Let ^^ be the given straight line, and C the given triangle, and D 
the given rectiline^ angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equal to the angle J9. 

F E K 



^ j-E 



Make the parallelogram BEFG equal to the triangle C, 

and having the an^le EBG equal to the angle 2), h, 42.) 

so that BE be in the same straight line with aB ; 

produce FG to -ET, 

through A draw ^fi" parallel to BG or EF, [z, 31.) and join HB. 

Then because the straight line HF falls upon the parallels AH, EF, 

therefore the angles AHF, HFE are together equal to two right 

angles; (l. 29.) 
wherefore the angles BHF, HFE are less than two right angles : 
hut straight lines which with another straight line, make the two 
piterior ancles upon the same side less than two right angles, do meet 
tfpwduced far enough: (ax. 12.) 

therefore HB, FE shall meet if produced ; 

let them be produced and meet in JT, 

through K draw KL parallel to EA or FH, 

and produce HA, GB to meet KL in the points L, M. 

Then HjLKF is a parallelogram, of which the diameter is HK; 
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and A Of M£, are the parallelograms about JJJT; 

also LBf BFaxe the complements; 

therefore the complement LB is equal to the complement BF; (1.43.) 

but the complement ^JPis equal to the triangle C; (constr.) 

wherefore LB is e^ual to the triangle C. 

And because the angle GBB is equal to the angle AB3£, (l. 15.) 

and likewise to the an^e 2) ; (constr.) 

therefore the anffle ABM is equal to the angle D, (ax. 1.) 
Therefore to the given straight Ime AB, the parallelogram LB has 
been apjdied, equal to the triangle C, and having the angle ABM 
equal to the given angle D. Q. £. F. 

PROPOSITION XLV, PROBLEM. 
To describe a parallelogram equal to a given rectilineal figure^ and 
having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the given recti- 
lineal angle. 

It is required to describe a parallelogram that shall be equal to the 
figure ABCD, and having an angle equal to the given angle E, 
o F G L 




c 

Join BB. 
Describe the parallelogram FH equal to the triangle ADB, and 
having the angle J!XJ5r equal to the angle E; (l. 42.) 
to the straight line OH, apply the parallelogram QM equal to the 
triangle DBC, having the angle G^-ffJf equal to the angle E. 
(I. 44.) 
Then the figure FKML shall be the parallelogram required. 
Because each of the angles FKH, OHM, is equal to the angle B, 
therefore the angle FKH\& equal to the angle OHM\ 
add to each of these equals the angle KHQ ; 
therefore the angles FKH, KHG are equal to the aneles KHG, OHM-, 
but FKH, KHO are equal to two right angles ; (l. 29.) 
therefore also KHO, GHM are equal to two right angles ; 
and because at the point JET, in the straight line OS, the two 
straight lines KH, HM, upon the opposite aides of it, make the ad- 
jacent angles KHG, OHM equal to two right angles, 

therefore ^Xis in the same straight line with HM, (1. 14.) 

And because the line HO meets the parallels KM, FO, 

therefore the angle MHOib equal to the alternate angle HOF; (I. 29.) 

add to each of these equals the anele HOL ; 

therefore the angles MHO, HOL are equal to tiie angles SOF, HOL^ 

but the anffles MHO, HOL are equal to two right angles ; (l. 29.) 

therefore i^ the angles HOF, HOL are e^ual to two right angles, 

and therefore FO is in the same straight bne with OL. (i. 14.) 
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And because KFIb parallel to HG^ and HO to IfX, 

therefore XF is parallel to ML ; (I. 30.) 

and FL has been proved parallel to KM, 

wherefore the figure PKML is a parallelogram ; 

and since the parallelogram HF is equal to the tnangle ABD, 

and the parallelogram OMto the triangle BDC\ 

therefore the whole panulelogram KFLM is equal to the whole 

rectilineal figure ABCD, 
Therefore the par^elogram KFLM has been described equal to 
the given rectilineal figure ABCB, having the angle FKM equal to 
the given angle E. Q.E.F. 

U)R. From this it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an an^le equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure ; viz. by applying 
to the given straight line a pfu^lelogram equal to the first tnangle 
ABDf (l. 44.) and having an angle equal to the- given angle. 

PROPOSITION XLVI. PROBLEM. 

To describe a square upon a yioen straight line. 
Let AB be the given straight line. 
c 



It is required to describe a square upon AB, 

From the point A draw -4 Cat right angles to -4-B j (L 11.) 

make AB equal to AB) (i. 3.) 

through the point B draw BE parallel to AB ; (l. 31.) 

and through B, draw -B^ parallel U) AB, meeting BE in E; 

therefore ABEB is a parallelogram ; 

whence AB is equal to BE, and AB to BE; (l. 34.) 

but AB is equal to AB, 

therefore the four lines AB, BE, EB, BA are ecjual to one another 

and the parallelogram ABEB is equilateral. 

It has likewise all its angles right angles ; 

since AB meets the parallels AB, BE, 

therefore the angles BAB, ^Dj? are equal to two right angles; (i.29.) 

but BAB is a right angle ; (constr.) 

therefore also ABE is a right angle. 

Bttt the opposite angles of parallelograms are equal; (l. 34.) 

therefore each of the opposite angles ABE, BEB is a right ai^^le ; 

wherefore the figure ABEB is rectangular, 

and it has been proved to be equilat^al ; 

therefore the figure ABEB is a square, (def. 30.) 

and it is described upon the given straight line AB^ Q.E.F- 
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Ck)R. Hence, every imiaUelogram tliat has one of its angles a right 
angle, has all its angles right angles. 

PROPOSITION XLVIL THEOREM. 

In Ofty right 'Ongled triangle, the square tohich is described upon the aide 
siublending the right angU^ is equal to the squares described upon the sides 
which contain the right angle. 

Let ABC he a right-angled triangle, haying the right angle SAC, 
Then the square described upon &e side BC^ shall be equal to the 
squares described upon BA, AC 




On BC describe the square BDEC, (l. 46.) 

and on BA, ^ C the squares OB, HC; 

through A draw AL parallel to BD or CB-, (i. 31.) 

and join -42), FC 

Then because the angle BACIb a right angle, (hyp.) 

and that the angle Sa G is a right angle, (def. 30.) 

the two straight lines AC, AO upon the opposite sides of AB, make 

with it at the point A, the adjacent angles equal to two riffht angles; 

therefore CA is in the same straight line with AO, ^l. 14.^ 

For the same reason, BA and AB. eocein. the same strai^t line. 

And because the ancle DBCis equal to the angle FBJt, 

each of mem being a right angle, 

add to each of these equals the angle ABC, 

therefore the whole angle ABD is equal to the whole angle FBC (ax.2.) 

And because the two sides AB, BD, are equal to the two sides FB, 

BC, each to each, and the included angle ABI) is equal to the included 

angle FBC, 

therefore the base AD is equal to the base FC, (l. 4.) 
and the triangle ABD to the triai^le FBC, 
Now the parallelogram BL is double of the triangle ABD, (i. 41.) 
because they are upon the same base BD, and between the same 
parallels ^A^-fc; 

also the square QB is double of the triangle FBC, 
because these also are upon the same base FB, and between the 

same parallels FB, OC. 
But the doubles of equals are equal to one another; (ax. 6.) 
therefore the paralIelo^;ram BL is equal to the square QB» 
Similarly, by joimng AE, BK, it can be proved, 
that the parallelogram CL is equal to the square HC. 
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Therefore the whole square BDEC is equal to the two squares QB^ 
HO; (ax. 2.) 
and the square BDEC is descrihed upon the straight line BC, 

and the squares OB, HC, upon AB, A U: 
therefore the square upon the side BC,is equal to the squares upon 
the sides ^5, ^C. 

Therefore, in any right-angled triangle, &c. Q.E.D. 

PROPOSITION XLVni. THEOREM. 

If the square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of it; the angle contained by 
these two sides is a right angle. 

Let the square descrihed upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other two sides, AB, AC 
Then the angle BA C shall he a right angle. 




From the point A draw AD at right anjrles to AC, (l. 11.) 

make AD equal to AB, and join DC. 

Then, because ^D is equal to AB, 

the square on AD h equal to the square on -4 J?; 

to each of these equals add the square on AC; 

therefore the squares on AD, A Care equal to the squares on AB, A C: 

but the squares on AD, ACaie equal to the square on DC, (i. 47.) 

because the angle DA (7 is a right angle ; 
wd the squatfe qiiBC,hy hypothesis, is equal to the squares on BA, A C; 

. tjie^^fore the square on DQ is equal to the squSre on BC-, 

^, aiid' therefore the side JDCis equal to the side BC, 

And because the side AD is equal to the side AB, 

and ACh common to the two triangles DA C, BA C; 

the two sides DA, AC, are equal to the two BA, AC, each to each ; 

tnd the base DC has been proved to be equal to the base BC; 

therefore the angle DACw equal to the angle BAC; (I. 8.) 

but DA C is a right angle j 

therefore also BA C is a right angle. 

Therefore, if the square described upon, &c. Q.E.D. 
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ON THE DEFINITIONS. 

Gbombtby is one of the most perfect of the deductive Sciences, and 
seems to rest on the simplest inductions from experience and observation. 

The first principles of Geometry are therefore in this view consistent 
hypotheses lounded on facts cognizable b^r the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselves. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree with the concep- 
tions which the things themselves sugsest to the mind through the 
medium of the senses. The essential dennitions of Geometry therefore 
being inductions tiom observation and experience, rest ultimately on the 
evidence of the senses. 

It is by experience we become acquainted with the existence of indi- i 
▼idiud forms of magnitudes ; but by the mental process of abstrisction, i 
which begins with a particular instance, and proceeds to the general 
idea of all objects of the same kind, we attain to the general conception 
of those forms which come under the same general idea. 

The essential definitions of Geometry express generalized conceptions 
of real existences in their most perfect ideal forms : the laws and appear- 
ances of nature, and the operations of the human intellect being sup- 
posed uniform and consistent. 
^ But in cases where the subject falls under the class of simple ideas, , 
the terms of the definitions so called, are no more than merely equivalent , 
expressions. The simple idea described by a proper term or terms, does ! 
not in fact admit of definition properly so called. The definitions in 
Euclid's Elements may be divided into two classes, those which merel> 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things | 
described in the definitions. 

Definitions in Geometry cannot be of such a form as to explain the , 
nature and properties of the figures defined : it is sufficient that they give 
marks whereby the thing defined may be distinguished from every oUier 
of the same kind. It will at once be obvious, that the definitions d , 
Geometry, one of the pure sciences, being abstractions of space, are not 
like the definitions in any one of the physical sciences. Tlie discovery 
of any new physical facts may render necessary some alteration or modi'* : 
fication in the definitions of the latter. 

Def. I. Simson has adopted Theon's definition of a point. Euclid't 
definition is, o-ij/isToi/ i<mv oS fiipo^ ovdiv, *♦ A point is that, of which there 
is no part," or which cannot be parted or divided, as it is explained by | 
Proclus. The Greek term o-ij/uelov, literally means, a visible sign or nuA 
on a surface, in other words, a physical point. The English term point, 
means the sharp end of any thing, or a mark made by it. The word 
point comes from the Latin ptmctum, through the French word pointy [ 
Neither of these terms, in its literal sense, appears to give a very exact 
notion of what is to be understood by a point in Geometry. £uclid't 
definition of a point merely expresses a negative property, wmch excluded ; 
the proper and literal meaning of the Greek term, as applied to denote a 
physical point, or a mark which is visible to the senses. 

JPythagoras defined a point to be iiovd^ OeViv Ixovoa, ** a monad having 
position." By uniting the positive idea of position, with the negative 
idea of defect of magnitude, flie conception of a point in Geometry may 
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be rendered perhaps more intelli^ble. A point is defined to be that 
I which has no magnitude, but position only. 

Def. II. Every visible line has both length and breadth, and it is ira- 
pOMible to draw any line whatever which shall have no breadth. The 
Mnition requires the conception of the length only of the line to be 
voilridered, abstracted from, and independently of, all idea of its breadth. 

Def. m. This definition renders more intelligible the exact meaning 
if the definition of a point : and we may add, that, in the Elements, 
fendid supposes that the intersection of two lines is a point, and that two 
*^ieB can intersect each other in one point only. 

Def. IT. The straight line or right line is a term so clear and intel- 
Mile as to be incapable of becoming more so by formal definition. 
&<did's definition is Evdtta ypafifir\ f o-Tti^, j|r(« c^ fo-ou toTc i^p* iavHit 
•Vuloi9 Ktinrai, wherein he states it to lie evenly, or equally, or upon an 
gyftVy {fJE '^o-ov) between its extremities, and which Proclus explains as 
MiHg stretched between its extremities, v »V aKpwv rtrafiiinj. 

If the line be conceived to be drawn on a plane surface, the words 
^ Uov may mean, that no part of the line whicn is called a strai^^ht line 
!4emtes either from one siae or the other of the direction which is fixed 
If the extremities of the line ; and thus it may be distinguished from a 
tinred line, which does not lie, in this sense, evenly between its extreme 
feints. If the line be conceived to be drawn in space, the words i^ taov, 
'he understood to apply to every direction on every side of the line 
ien its extremities. 

Bvery straight line situated in a plane, is considered to have two sides ; 
WA when the direction of a line is known, the line is said to be ^ven in 
|M^k>n ; also, when the length is known or can be found, it is said to be 
$Wti in magnitude. 

From the definition of a straight line, it follows, that two points fix a 
•Inight line in position, which is the foundation of the first and second 
imdates. Hence straight lines which are proved tocoincideintwoormore 
frfiits, are called, "one and the same straight line," Prop. 14, Book i, 
•^ which is the same thing, that "two straight lines cannot have a 
^ amon segment," as Simson shews in his Corollary to Prop. 11, Book i. 

The following definition of straight lines has also been proposed. 
Straight lines are those which, if they coincide in any two pomts, coin- 
tte as far as they are produced." But this is rather a criterion of straight 
net, and analogous to the eleventh axiom, which states that, " all right 
Mes are equal to one another," and suggests that all straight lines may 
.Wnade to coincide wholly, if the lines be equal ; or partially, if the lines 
1^ unequal lengths. A definition should properly be restricted to the 
JMBrq>tion of the thing defined, as it exists, independently of any com- 
"Tfcon of its properties or of tacitlv assuming the existence of axioms. 

Iht TIL. JEuclid's definition of a plane surface is 'Eirtiriiov eVu/Mx- 

4 imp ^i« i^ laov toIs s0* souths ivOilaiv Ktirai, "A plane surface is 
Jtwhich lies evenly or equally with the straight lines in it ;" instead 

»Vv)iich Simson has given the definition which was originally proposed 
Hero the Elder. A plane superficies may be supposed to be situated 
ttty position, and to be continued in every direction to any extent. 
Def. Tm. Simson remarks that this definition seems to include the 
^ formed by two curved lines, or a curve and a straight line, as well 
Mfhct formed by two straight lines. 
Angles made by straight lines only, are treated of in Elementary 
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Bef. IX. It is of the highest importance to attain a clear conception 
of an angle, and of the sum and difference of two angles. The literal 
meaning of the term angulua suggests the Geometrical conception of an 
angle, which may be regarded as iormed by the divergence of two straight 
lines &om a point. In the definition of an angle, the magnitude of the 
angle is independent of the lengths of the two lines by which it is 
included ; their mutual divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in the 
succeeding definitions. The point at which the two lines meet is called 
the angular point or the vertex of the angle, and must not be confounded 
with the magnitude of the angle itself. The right angle is fixed in mag- 
nitude, and, on this account, it is made the standard with which fdl ^ 
other angles are compared. 

Two straight lines which actually intersect one another, or which i 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the two lines is determined by the angle which 
they make with one another. ( 

I)ef. X. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is i 
also perpendicular to the former ; and always calls a right angle, opQn ' 
ymvia ; but a straight line, tud«Ia ypajuLjULtj, I 

Def. XIX. This has been restored from Proclus, as it seems to haTe a 
meaning in the construction of Prop. 14, Book ii ; the first case of Prop. 
33, Book HI, and Prop. 13, Book vi. The definition of the segment of a 
circle is not once alluded to in Book i, and is not required before the dis- 
cussion of the properties of the circle in Book iii. Proclus remarks on 
this definition : " Hence you may collect that the center has three places : 
for it is either within the figure, as in the circle ; or in its perimeter, as 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. xxiv-xxix. Triangles are (Uvided into three classes, by reference 
to the relations of their sides ; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

In Simson's definition of the isosceles triangle, the word onlg must be 
omitted, as in the Cor. Prop. 5, Book i, an isosceles triangle may be i 
equilateral, and an equilateral triangle is considered isosceles in Prop. 15, 
Book IV. Objection has been made to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def. 29. It 
may be replied, that the definitions of the three kinds of angles point out 
and seem to supply a foimdation for a similar distmction of triangles. 

Def. xxx-xxxiv. The definitions of quadrilateral figures are liable to 
objection. All of them, except the trapezium, fall under the general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
after he had defined four- sided figures, no other arrangement could be 
adopted than tlie one he has followed ; and for which there appeared to 
him, without doubt, some probable reasons. Sir Henry Savile, in his 
Seventh Lecture, remarks on some of the definitions of Euclid, " Nee 
dissimulandum sdiquot harum in manibus exiguum esse usum in Geo- 
metrid." A few verbal emendations have been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle : because it is proved in Prop. 46, Book i, that if a 
parallelogram have one angle a right angle, all its angles are right 
angles. 
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An oblong, in the same manner, may be defined as a plane figure of 
four sides, having only its opposite sides equal, and one of its angles a 
tig^t angle. 

A rhomboid is a four-sided plane figure having only its opposite sides 
«qual to one another and its angles not right angles. 

Sometimes an irregular four-sided figure v^hich has two sides parallel, 
is called a trapezoid. 

Def. XXXV. It is possible for two right lines never to meet when pro- 
daeed, and not be parallel. 

Def. A. The term parallelogram literally implies a fiffure formed by 
parallel straight lines, and may consist of four, six, eight, or any even 
Qomber of sides, where every two of the opposite sides are parallel to one 
mother. In the Elements, however, the term is restricted to four-sided 
Igores, and includes the four species of figures named in the Definitions 

KX — XXXIII. 

The sjmthetic method is followed by Euclid not only in the demon- 
itrations of the propositions, but also in layins down the definitions. He 
^mmences with the simplest abstractions, defining a point, a line, an 
mgle, a superficies, and their different varieties. This mode of proceed- 
bg involves the difficulty, almost insurmountable, of defining satisfac- 
torily the elementary abstractions of Geometry. It has been observed, 
pat it is necessary to consider a soli 1, that is, a magnitude which has 
pength, breadth, and thickness, in order to imderstand aright the defini- 
tions of a point, a line, and a superficies. A solid or volume considered 
^wt from its physical properties, suggests the idea of the surfaces by 
l^hich it is bounded : a surface, the idea of the line or lines which form 

El boundaries : and a finite line, the points which form its extremities, 
solid is therefore bounded by surfaces ; a surface is boimded by lines ; 
^d a line is terminated by two points. A point marks position only : a 
loe has one dimension, length only, and defines distance : a superficies 
naa two dimensions, length and breadth, and defines extension : and a 
solid has three dimensions, length, breadth, and thickness, and defines 
lome portion of space. 

It may also be remarked that two points are sufficient to determine 
he position of a straight line, and three points not in the same straight 
Ibe, are necessary to fix the position of a plane. 

ON THE POSTULATES. 

The definitions assume the possible existence of straight lines and 
ilrcles, and the postulates precUcate the possibility of drawing and ox 
kroducin^ straight lines, and of describing circles. The postulates form 
be principles of construction assumed in the Elements ; ahd are, in fact, 
xoUems, the possibility of which is admitted to be self-evident, and to 
rt^Qire no proof. 

It must, however, be carefuUjr remarked, that the third postulate only 
tdmits that when any line is given in position and magnitude, a circle 
nay be described fi:om either extremity of the line as a center, and with 
i radius equal to the length of the bne, as in Euc. i, 1. It does not 
^mit the description of a circle with any other point as a center than 
>ne of the extremities of the given line. 

Euc. I. 2, shews how, from any given point, to draw a straight line 
qual to another straight line which is given in magnitude and position. 

Digitized by VjOOQIC 



46 Euclid's elements, 

ON THE AXIOMS. i 

Axioms are usually defined to be self-evident truths, which cannot b 
rendered more evident by demonstration ; in other words, the axioms ( 
Geometry are theorems, the truth of which is admitted without pro© 
It is by experience we first become acquainted with the different fora 
of geometrical magnitudes, and the axioms, or the fundamental ideas ( 
their equality or inequality appear to rest on the same basis. The con 
ception of the truth of the axioms does not appear to be more remove 
firom experience than the conception of the definitions. 

These axioms, or first principles of demonstration, are such theorea 
as cannot be resolved into simpler theorems, and no theorem ought to I 
admitted as a first principle of reasoning which is capable of being cb 
monstrated. An axiom, and (when it is convertible) its converse, shoi^ 
both be of such a nature as that neither of them should require a fomM 
demonstration. 

The first and most simple idea, derived fi-om experience is, that eva 
magnitude fills a certain space, and that several magnitudes may succei 
sivelv fill the same space. 

All the knowledge we have of magnitude is purely relative, and d 
most simple relations are those of equality and inequality. In the con 
parison of magnitudes, some are considered as given or known, and ^ 
unknown are compared with the known, and conclusions are synthel 
cally deduced with respect to the equality or inequality of the magnitud 
imder consideration. In this manner we form our idea of equalit 
which is thus formally stated in the eighth axiom : ** Magnitudes whil 
coincide with one another, that is, which exactly fill the same space, i 
equal to one another.*' 

Every specific definition is referred to this universal principle. Wi 
regard to a few more general definitions which do not furnish an equalil 
it will be found that some hypothesis is always made reducing them 
that principle, before any theory is built upon them. As for exam] 
the definition of a straight line is to be referred to the tenth axiom ; 
definition of a right angle to the eleventh axiom ; and the definition 
parallel straight luies to the twelfth axiom. 

The eighth axiom is called the principle of superposition, o^ 
mental process by which one Geometricfd magnitude may be concei' 
to be placed on another, so as exactly to coincide with it, in the pi 
which are made the subject of comparison. Thus, if one straight line 
conceived to be placed upon another, so that their extremities are C( ' 
cident, the two straight lines are equal. If the directions of two " 
which include one angle, coincide with the directions of the two 
which contain another angle, where the points, fi-om which the anj 
diverge, coinci4e, then the two angles are equal : the lengths of the I 
not affecting in any way the magnitudes of the angles. When one p] 
figure is conceived to be placed upon another, so that the boundarii 
one exactly coincide with the boundaries of the other, then the 
plane figures are equal. It may also be remarked, that the convei 
this proposition is not imiversally true, namely, that when two mi _ 
tudes are equal, they coincide with one another : since two magnitu( 
may be equal in area, as two parallelograms or two triangles, Euc. i. 
37 ; but their boundaries may not be equal : and, consequently, 
superposition, the figures could not exactly coincide : all such figi 
however, having equal areas, by a different arrangement of their pi 
may be made to coincide exatctly. 
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1 This axiom is the criterion of Geometrical equality, and ii etfentially 
ierent from the criterion of Arithmetical equality. Two geometrical 
W|&itades are equal, when they coincide or may be made to coincide : 
H abstract numbers are equal, when they contain the same aggregate 
Etnits ; and two concrete numbers are equal, when they contain the 
m number of units of the same kind of magnitude. It is at once ob- 
ins, that Arithmetical representations of Geometrical magnitudes are 
i admissible in Euclid's criterion of Geometrical Equality, as he has not 
Od the unit of magnitude of either the straight line, the angle, or the 
feificies. Perhaps Euclid intended that the first seven axioms shoidd 
lapplicable to numbers as well as to Geometrical magnitudes, and this 
accordance with the words of Produs, who cails tJie axioms, common 
9M, not peculiar to the subject of Geometry, 
Sereral of the axioms may be generally exemplified thus : 

Axiom 1. If the straight line ABhe equal A B 

the straight line CD ; and if the straight 

e JJF be auso equal to the straight line CD ; E_ F 

ten the straight line AB is equal to the 
laight Une EF. 

ixiomii. Ifthe line ulBbeequal to the line A B 

''; and if the line EF be also equal to the 

! GHi then the sum of the lines AB and EF E F 

equal to the sum of the lines CD and GH, 

|ixiom III. If the line AB be equal to the A B 

CD ; and if the line EFhe also equal to the 

OH; then the difference of AB and EF, E F 

|«qual to the difference of CD and GH, 

'Axiom IV. admits of being exemplified under the two following forms : 
L Ifthe line -4 B be equal to the line CD; a B C D 

ilthe line EF be greater- than the line GH ; 

I the sum of the lines AB and EF is greater E ] 

\ the sum of the lines CD and GH, 

-^ If the line AB be equal to the line CD ; A 
J if the line EF be less than the line GH; 
the sum of the lines AB and EF is less e 1 
the sum of the lines CD and GH, 
[Axiom V. also admits of two forms of exemplification. 

Pi; If the line AB be equal to the line CD ; a B 
(I if the line EF be greater than the line GH ; 

a the difference of the lines AB and EF is E 

^eter than the difference of CD and GH. 

2. If the line ^J5 be equal to the line CZ); A ? 

i if the line EF be less than the line GH; 

to the difference of the lines AB and EF is ? 

ithanthe difference of the lines CD and GH, 

The axiom, ** If unequals be taken from equals, the remainders are 
tequal," may be exemplified in the same manner. 

Axiom VI . If the line ^ B be double of the A B 

^CD; and if the line £F be also double of C p 

feline CD; E F 

then the line A Bis equal to the line EF, 

Axiom VII. If the line AB be the half of A B 

» line CD ; and if the line EF be also the C P 

■Ifoftheline CD; E F 

then the Une AB is equal to the line EF, 
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48 Euclid's elements. 

It may be observed that when equal magnitudes are taken from 
eqiial magnitudes, the greater remainder exceeds the less remainder 
as much as the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, uie remainders are not alii 
imequal ; they may be equal : also if unequals be added to unequals 
wholes are not always unequal, they may also be equal. 

Ajciom IX. The whole is greater tl^ui its part, and conyersely, 
part is less than the whole. This axiom appears to assert the conti 
of the eighth axiom, namely, that two magnitudes, of which one 
greater than the other, cannot be made to coincide with one another. 

Axiom X. The property of straight lines expressed by the teni 
axiom, namely, ** that two straight lines cannot enclose a space," is o1 
viously implied in the definition of straight lines ; for if they enclosed 
space, they could not coincide between their extreme points, when * 
two lines are equal. 

Axiom XI. This axiom has been asserted to be a demonstrable th< 
rem. As an angle is a species of magnitude, this axiom is only a 
cular application of the eighth axiom to right angles. 

Axiom XII. See the notes on Prop. xxix. Bookti- 

ON THE PROPOSITIONS. 

Whbnbter a judgment is formally expressed, there must be some 
thins respecting which the judgment is expressed, and something elsi 
whiwi constitutes the judgement. The former is called the subject of th^ 
proposition, and the latter, the predicate, which may be anythmg whidl 
can be affirmed or denied respecting the subject. 

The propositions in Euclid's Elements of Geometry may be dividedi 
into two classes, problems and theorems, A proposition, as the term 
imports, is something proposed ; it is a problem, when some Geometrical 
construction is required to be effected : and it is a theorem when some Geo* 
metrical property is to be demonstrcUed, Every proposition is natu* 
rally divided into two parts ; a problem consists of the doia, or thiitgi 
given; and the qiuBsita, or things required: a theorem, consists of the! 
subject or hypothesis, and the conclusion, ox predicate. Hence the distinctly 
between a problem and a theorem is this, that a problem consists of the 
data and the qusesita, and requires solution : and a theorem consists ojf 
the hypothesis and the predicate, and requires demonstration. 

All propositions are affirmative or negative; that is, they either assert 
some property, as Euc. i. 4, or deny the existence of some property, as 
Euc. I. 7 ; and every proposition wnich is affirmatively stated has a con-, 
tradictory corresponding proposition. If the affirmative be proved to b% 
true, the contradictory is false. 

All propositions may be viewed as (1) universally affirmative, or tmi^ 
versally negative ; (2) as particularly affirmative, or particularly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration. It is called a direct demonstration 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that ** Geometry is almost the only 
subject as to which we fina truths wherein all men agree ; and one cause 
of this is, that Geometers alone regard the true laws of demonstration." 
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■Tbeseuo enumerated by him as eisht in number. <*1. To define nothing 
"Miik camiot be expressed in clearer terms than those in whieh it ii 
Nidj expressed. 2. To leare no obscure or eqairocal terms undefined. 
t fo employ in the definition no terms not already known. 4. To 
Mil^nothing in the principles from which we ar^e, unless we are sure 
^b' granted. 6. To lay down no axiom which is not perfectly erident. 
k To demonstrate nothing which is as clear already as we can make it. 
t To prove every thing in the least doubtful by means of self*evident 
teis, or of propositions already demonstrated. 8. To substitute 
NHtsUy the definition instead of the thing defined." Of these rules, he 
^ "the first, fourth and sixth are not absolutely necessary to avoid 
psr, but the odier five are indispensable ; and though they may be found 
ileoks of logic, none but the Geometers have paid any regard to them." 
■The course pursued in the demonstrations of the propositions in 

ftdid's Elements of Geometry, is always to refer directly to some ex- 
Mnsed principle, to leave nothing to be inferred from vague expressions, 
llito make every step of the demcmstrations the object of the under- 
Inding. 

It has been maintained by some philosophers, that a genuine defini- 
bn contains some nx>perty or properties which can form a basis for 
lemoDstration, and £at the science of Geometry is deduced from the 
le&iitions, and that on them aloAe the demonstrations depend. Others 
pre maintained that a definition explains only the meaning of a term, 
Bd does not embrace the nature and properties of the thing defined. 

It the propositions usually called postulates and axioms are either 
l^y assumed or expressly stated in the definitions ; in this view, de- 
Kftstrations may be said to be legitimately founded on definitions. If, 

Bt tke other hand, a definition is simply an explanation of the meaning 
« term, whether abstract or concrete, by such marks as may prevent a 
llKonception of the thing defined ; it will be at once obvious that some 
ttMructive and theoretic principles must be assumed, besides the defini- 
iois to form the ground of legitimate demonstration. These principles 
Vlttmceive to be the postulates and axioms. The postulates describe 
Mructions which may be admitted as possible by cUrect appeal to our 
IMrience; and the axioms assert general theoretic truths so simple 
Ii self-evident as to require no proof, but to be admitted as the assumed 
ft principles of demonstration. Under this view all Geometrical 
^sonings proceed upon the admission of the hypotheses assumed in 
p definitions, and the unquestioned possibility of the postulates, and 
fc truth of the axioms. 

IMuctive reasoning is generally delivered in the form of an enthymeme, 
te ars:ument wherein one enunciation is not expressed, but is readily 
^Hed by the reader : and it may be observed, that although this is the 
jbary mode of speaking and writing, it is not in the strictly syllogistic 
tt; as either the mafor or the mitwr premiss only is formally stated 
bve the conclusion : Thus in Euc. i. 1. 

Because the point J is the center of the circle BCD ; 
. therefore the straight line AB is equal to the straight line JC, 
;Die premiss here omitted, is : all straight lines drawn from the center 
1 drcle to the circumference are equal. 

In a similar way may be supplied ^e reserved premiss in every enthy- 
toe. The conclusion of two enthymemes may form the major and minor 
|bUs8 of a third syllogism, and so on, and thus any process of reasoning 
Mnced to the strictly syllogistic fbrm. And in this way it is shewi^ 

D 
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thfKt the general theorems of O^ometrv are demofi^itrated bj meains of] 
4yUogi8Di8 founded on the axioms and oefinitions. 

Every syllogism consists of three propositions, of which, two are called 
the premjsses, and the third, the conclusion. These propositions contam 
three terms, ihe subject and predicate of the conclusion, and the middk 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called the tninort and the predicate of the coii> 
elusion is called the nu^ term, of the syllogism. The major term appean 
in one premiss, and the minor term in the other, with the middle tens, 
which IS in both premisses. That premiss which contains the middk 
term and the major term, is called the mo^ premise ; and that whiob 
contains the middle term and the minor term, is called the minor prmm 
of the syllogism. As an examide, we ma^ take the syllogism in the demoii^ 
stration of Prop. 1, Book 1, wnerein it wUl be seen that the middle term if 
the subject of the major premiss and the predicate of the minor. 
Major premiss. Because tne straight line JB is equal to the straight line A(^ 
Minor premiss, and, because the straight line BC is equal to the straiglil 
line JB ; 
Conclusion, therefore the straight line BC is equal to the straight line if C 

Here, BC is the subject, and AC the predicate <^ the conclusion. ^ 
BC is the subject, and AB the predicate oi the minor pr^niss* 
AB is the subject^ and AC the predicate of the major premiss. 

Also, ^C is the major term, BC the minor term, and AB the middle tern 
of the syllogism. 

In tms syllogism, it may be remarked that the definition of a straigh 
line is assumed, and the aefinition of the Geometrical equality of tw^ 
straight lines ; also that a general theoretic truth, or axiom, forms thi 
groimd of the conclusion. And farther, though it be impossible to mm 
any point, mark or sign (trtifiMv) which has not both length and breadth 
and any line which has not both length and breadth ; the demonstratioli 
in Oeometry do not on this account become invalid. For they are pursusj 
on the hypothesis that the point has no parts, but position only : and th 
line has length only, but no breadth or thickiaess : also that uie surfiM 
has length and breadth only, but no thickness : and all the condusio] 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon titie trat 
of the premisses. If the premisses, or only one of them be not true, T 
conclusion is false. The conclusion is said to foUoto frtmi the premissf 
whereas, in truth, it is contained in the premisses. The expression m\ 
be understood of the mind apprehending in succession, the truth 
the premisses, and subsequent to that, we truth of the co&dusioi) 
so that the conclusion follows from the premisses in order of tim 
as far as reference is made to the mind's appreh^ision of the who] 
argument. 

Every proposition, when complete, may be divided into six parts, a 
Proclus has pointed out in his commentary. 

1 . The preposition, or general enunciation^ which states in golfer al tem^ 
the conditions of the problem or theorem. 

2. The exposition, or particular enunciation, which exhibits the subjei 
of the proposition in particular terms as a &ct, and refers it to son^ 
diagram described. i 

3. T?ie determination contains the predicate in particular terms, as i 
is pointed out in the diagram, and directs attention to the demonatratioi| 
by pronouncing the thing sought. 
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4. The eonstruetion applies lAke poflftulates to prepare the diagram for 
the demonstration. 

I. The demonetration is the connexion of gyllogisms, which prore the 
I tn^ or &lBehood of the theorem, the potsibility or impossibihty of the 
: problem, in that particular case exhibited in the diagram. 
. 6. ^ The conclusion is merely the repetition of the general enunciation, 
irherein the predicate is asserted as a demonstrated truth. 

Plop. I. In the first two Books, the circle is employed as a me- 
dnatoal instrument, in the same manner as the straight line, and the use 
tisdBofitrests entirely on the third postulate. Ko properties of the 
«Srde are discussed in these books beyond the definition and the third 
$Mtilate. When two circles are described, one of which has its center in 
^drcmnference of the other, the two circles being each of them partly 
»MiSn and partly without the other, their circumferences must intersect 
Bioh other in two points ; and it is obvious from the two circles cutting 
t$fk other, in two points, one on each side of the given line, that two 
^viBateral triangles may be formed on the given line. 

ftrop. n. 'When the given point is neither in the line, nor in theline 
ffodnced, this problem admits of eight different lines being drawn from 
lie given point in dilterent directions, every one of which is a solution 
Mie problem. For, 1. The given line has two extremities, to each of 
Afeh a line may be drawn from the given point. 2. The equilat eral 
tittigle may be described on either side of this line. 3. Ana the side 
BB (rf the equilateral triangle ABD may be produced either way. 

But when the given point lies either in tne line or in the line pro- 
boed, the distinction which arises from joining the two ends of the line 
^ ^e given point, no longer exists, and there are only four cases of 
■ejoroblem. 

the construction of this problem assumes a neater form, by first de- 
^ibiag the circle CGH with center B and radius BC, and producing DB 
beside of the equilateral triangle DBA to meet the circumference in G : 
at, with center D and radius DO, describing the circle GKL, and then 
lodiieing DA to meet the circumference in L, 

By a similar construction the less of two given straight lines may be 
toduced, so that the less together with the part produced may be equal 
'the greater. 

ftop. HI. This problem admits of two solutions, and it is left unde- 
iBniBed frtmi which end of the greater line the part is to be cut off. 
• By means of this problem, a straight line may be found equal to the 
tai or the difference of two given lines. 

Bzop. rr. This forms the first case of equal triangles, two other cases 
te proved in Prop, viii. and Prop. xxvi. 

'the term base is obviously taken from the idea of a building, and the 

le may be said of the term ^iltiittde. In Geometry, however, these 

a are not restricted to one particular position of a figure, as in the 
of a building, but may be in any position whatever. 

Prop. T. Proclus has given, in his commentary, a proof for the 

Blily of the angles at the base, without producing the equal sides. 

! construction follows the same order, taking in AB one side of 

isosceles triangle ABC, a point D and cutting off from AC a part 
i£ equal to AD, and then joining CD and BE. 

A corollary is a theorem which resu*<* from the demonstration of 
^tropo^tion. 
Prop. IX is the converse of one part of Prop. v. One proposition 

d2 
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i« defined to be the eonvent of another when the hypothesis of the 
former becomes the predicate of the latter ; and vice vma. 

There is besides this, another kind of conyersion, when a theorem 
has seyeral hypotheses and one predicate ; by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the conyerse. In this manner, 
Prop. yni. is the converse of Prop, rr. It may here be observed, 
that converse theorems are not universally true : as for instance, the 
following direct proposition is universally true ; ** If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal." But the converse is not universally true ; namely, 
"If two triangles have the three angles in each respectively equid, 
the three sides are respectively equal.'' Converse theorems require, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded ; the contrary proposition 
denies what is asserted, or asserts what is denied, in the direct pro- 
position, but the subject and predicate in each are the same. A contrary 
proposition is a completely contradictory proposition^ and the distinction 
consists in this — that ttoo contrary propositions may both be false, but 
of two contradictory propositions, one of them must be true, and ^tif^ 
other false. It may here be remarked, that one of the most comxam^ 
intellectual mistakes of learners, is to imagine that the denial of a 
proposition is a legitimate ground for affirming the contrary as true: 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only affords a ground for the denial of the contrary 
asfolse. 

Prop. VI. is the first instance of indirect demonstrations, and they 
are more suited for the proof of converse propositions. All those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
demonstrations, according to the Greek notion of analysis, which, first 
supposed the thing required, to be done, or to be true, and then shewed 
the consistency or inconsistency of this construction or hypothesis 
with truths admitted or already aemonstrated. 

In indirect demonstrations, where hypotheses are made which are 
not true and contrary to the truth stated in the proposition, it seems 
desirable that a form of expression shoidd be employed different from 
that in which the hypotheses are true. In all cases merefore, whether 
noted by Euclid or not, the words if possible have been introduced, 
or some such qualifying expression, as in Euc. i. 6, so as not to leave 
upon the mind of the learner, the impression that the hypothesis 
which contradicts the proposition, is really true. 

Prop. VIII. When the three sides of one triangle are shewn to 
coincide with the three sides of any other, the equality of the triangles 
is at once obvious. This, however, is not stated at the conclusion of 
Prop. VIII. or of Prop. xxvi. For the equality of the areas of two 
coincident triangles, reference is always made by Euclid to Prop. iv. 

A direct demonstration may be given of this proposition, and Prop, 
vn. may be dispensed with altogether. 

Let the triangles ABC, DEF be so placed that the base BC may 
coincide with the base EF, and the vertices A, D may be on oj^posite 
sides of EF, Join AD, Then because EAD is an isosceles triangle, 
the angle EAD is equal to the angle EDA; and because CD A is an 
isosceles triangle, the angle CAD is equal to the angle CDA, Hence 
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the angle EAF is equal to the angle BDF, (ax. 2 or S) : or Uie ang}* 
BDC is equal to the angle EDF. 

Prop. IX. If BA, AC be in the same straight line. This problem 
then becomes the same as Prob. xi, which may be regarded as drawing 
a ftie which bisects an angle equal to two right angles. 

If F^ be produced in the fig. Prop. 9, it bisects the angle which 
lithe defect of the angle BAC from four right anglei. 

By means of this problem, any angle may be diyided into four, 
eight, sixteen, &c. equal angles. 

Prop. X. A finite straight line may, by this problem, be divided 
into four, eight, sixteen, &c. equal parts. 

Prop. XI. When the point is at the extremity of the line; by 
iSbe second postulate the line may be produced, and then the construction 
^E^es. See note on Euc. III. 31. 

The distance between two points is the straight line which joins 
tiie points ; but the distance between a point and a straight line, is 
the ihortett line which can be drawn from the point to the line. 

Prom this Prop, it follows that only one peipendicular can be drawn 
fion a given pomt to a given line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
given point to the given line : and of the rest, the line which is nearer 
to the perpendicular is less than one more remote from it : also only 
two equal straight lines can be drawn irom the same point to the line, 
one on each side of the perpendicular or the least. This property 
is analogous to Euc. in. 7, 8. 

The corollary to this proposition is not in the Greek text, but 
was added by Simson, who states that it "is necessary to Prop. 1, 
Book XI., and other^ds ." 

Prop. XII. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center C, and 
niS&asCD. 

Prop. XIV. is the converse of Prop. xni. " Upon the opposite sides 
of it" If these words were omitted, it is possible for two lines to make 
with a third, two angles, which together are equal to two right angles, in 
twk a manner that the two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclias figure, 
or below the line BD, and the demonstration is the same in form. 

Prop. XV. is the development of the definition of an angle. If the lines 
St the angular point be produced, the produced lines have the same incli- 
nation to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely : — 
If the vertical angles made by four straight lines at the same point 
he respectively equal to each other, each pair of opposite lines shall 
be in the same straight line. 

Prop. XVII. appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to explain Axiom xii, of which 
His the converse. The exact truth respecting the angles of a triangle 
is proved in Prop. xxxn. 

Prop. XVIII. It may here be remarked, for the purpose of guarding 
^ student against a very common mistake, that in this proposition 
and in the converse of it, the kypothetia is stated before the predicate. 

Prop. XIX. is the converse of Prop, xviii. It may be remarked, 
that Prop. XIX. bears the same relation to Prop, xvm., as Prop. vi. 
^ to Aop. ▼. 
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Prop. XX. The following ooroUary arises from this proposition :-:- 

A straight line is the shortest distance between two points. For 
the straight line BC is always less than BA and AC^ however near 
the point A maj be to the line BC. 

It maj bo easily shewn from, this proposition, that the difference 
of iny two sides of a triangle is less than the third side. 

Prop. XXII. When the sum of two of the lines is equal to, and 
when It is less than, the third line; let the diagrams be described, 
and they will exhibit the impossibility implied by the restriction laid 
down in the Proposition. 

The same remark may be made here, as was made under the first 
Proposition, namely : — ii one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. 

Prop. XXIII. CD might be taken equal to CE^ and the construction 
effectea by means of an isosceles triangle. It would, however, be less 
general than Euclid's, but is more convenient in practice. 

Prop. XXIV. Simson makes the angle EDG at D in the line ED^ 
tho side which is not the greater of the tw*o ED^ DF; otherwise, three 
different cases would arise, as may be seen by forming the different 
iigures. The point G might fall below or upon the base EF produced 
as well as above it. Prop. xxiv. and Prop. xxv. bear to each other 
the same relation as Prop. iv. and Prop. viii. 

Prop. XXVI. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever the 
three magnitudes given in the hypothesis are independent of one another. 
Prop. IV. contains the first case, when the hypothesis consists of two 
sides and the included angle of each triangle. Prop. viii. contains 
the second, when the hypothesis consists of the three sides of each 
triangle. Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but Uiese not the angles included by 
the two given sides in each triangle. This case however is only true 
under a certain restriction, thus : 

If tiDO triangles have ttoo sides of one of them equal to two sides of the 
other t each to each, and have also the angles opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides be both acute, or both obtuse angles ; then shall the third sides 
be equal in each triangle, as also the remaining angles of tha one to the 
remaining angles of the other. 

Let ABC, DEF be two triangles which have the sides AB, ^C equal 
to the two sides DB, DF, each to each, and the angle ABC equal to the 
angle DEF: then, if the angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC sh«fi be equal to the third side EF, and also 
the angle BCA to the angle EFD, and the angle BAC to the angle EDF, 

First. Let the angles ACB, DFE opposite to the equal sides A^t 
DE, be both acute angles. 

If BC be not equad to EF, let BC be the greater, and from BC, cut off 
BG equal to EF, and join AG, 

Then in the triangles ABG, DBF, Euc. i. 4. AG is equal to DFf 
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aod the angle AOB to DFB, But sinee ACi§ equal to DF, AG is equal 
to AC : and therefore the angle ACO is equal to the angle AOCt which 
is also an acute angle. But because AOC, AOB are together equal 
to two right angles, and that AGC is an acute angle, AGS most be 
an obtuse angle; which is absurd. Wherefore, BC is not unequal 
to EF, that is, BC is equal to EF, and also the remaining aoiglet of 
one triangle to the remaining angles of the other. 

Secondly. Let the angles ACS, DFE, be both obiu$e aingU$, By 
proeeeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF, 

If ACB, DFE be both riffht anglet: the case falls imder Eue. x. 26. 

Prop. xxyn. Alternate angles are defined to be tiie two eagles 
which two straight Hues make with another at its extremities, bat upon 
opposite sides of it. 

When a straight line intersects two other straight lines, two pairs of 
^^temate angles are formed by the lines at their intersections, as in the 
figure, BEF, EFC are alternate angles as well as the angles AEF^ EFD, 

Prop. xxnn. One angle is called '* the exterior ang^e," and another 
"the interior and opposite angle," when they are formed on the same 
side of a straight Hne which &Us upon or intersects two other strai^t 
liaes.^ It is also obvious that on each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EQB 
has the angle GHD for its corresponding interior and opposite angle : 
also the exterior angle FHD has the angle HGB for its interior and 
<i|)^site angle. 

Prop. XXIX is the convOTse of Prop, xxvn and Prop, xxviii. 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that Ihey never meet ; it is 
necessary that some positive property of parallel lines should be assumed 
as an axiom, on which reasonings on such lines may be founded. 

Huclid has assumed the statement in the twelfth axiom, which has 
berai objected to, as not being self-evident. A stronger objection 
aM)ears to be, that the converse of it forms Euc. i. 17 ; for both the 
ttsomed axiom and its converse, should be so obvious as not to require 
£nmal demonstration. 

Shnson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines ; but, by considering Euclid's 
twelfth axiom to be a theorem, and for its proof, assuming two ctefinitions 
and one axiom, and then demonstrating five subsidiary Propositions. 

Instead of Euclid's twelfth axiom, the following has been proposed 
w a more simple property for the foundation of reasonings on parallel 
^es ; namely, ** If a straight line fall on two parallel straight lines, 
ttie alternate angles are equal to one another." In whatever this may 
exceed Euclid's definition in simplicity, it is liable to a similar objection, 
being the converse of Bug. i. 27. * 

RrofessOT Playfair has adopted in his Elements of Geometry^ that 
'*Two straight lines which intersect one anoth^ cannot be both parallel 
to the same straight line." This apparently more simple axiom follows 
a» a direct inference from Euc. i. 30. 

But one of the least objectionable of all the definitions which have 
wen proposed on this subject, appears to be that which simply expresses 
^6 conception of equidistance. It may be formally stated thus: 
"Parallel lines are such as lie in the same plane, and which neither 
recede from, nor approach to, each other." This includes the con- 
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ception stated by Euclid, that parallel lines nerer meet. Dr. WaUk 
obeervet on Uiis subject, ** Parallelismus et lequidiatantia vel idem, sun^ 
Yel certe se mutuo comitantur." 

As an additional reason for this definition being preferred, it may 
be remained that the meaning of the terms ypufifiai ttapdWtiKoi, suggests 
the exact idea of such lines. 

An account of thirty methods which haye been proposed at different 
times for aroiding the difficulty in the twelfth axiom, will b^ 
found in the appendix to Colonel Thompson's " Geometry withou^ 
Axioms." 

Prop. XXX. In the diasram, the two lines AB and CD are placed 
one on each side of the Ime EP: the proposition may also be proyed 
when both AB and CD are on the same side of EF, 

Prop. xxxu. From this proposition, it is obvious that if one angle 
of a triangle be equal to the sum of the other two angles, that an^ 
is a right angle, as is shewn in Euc. ui. 31, and that each of the angles 
of an equilatend triangle, is equal to two thirds of a right angle, as 
it is shewn in Euc. nr. 15. Also, if one angle of an isosceles triangle 
be a right angle, then each of the equal angles is half a right angle, as 
in Euc. II. 9. 

The three angles of a triangle may be shewn to be equal to two 
right angles without producing a side of the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde* 
pendent of the sum of the other two ; but is known if the sum of any 
two is known. Cor. 1 may be also proved by drawing lines from any 
one of the angles of the figure to the other angles. If any of the 
sides <^ the figure bend inwards and form what are called re-entering 
angles, the enunciation of these two corollaries will require soine 
modification. As Euclid gives no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proofs 
of the properties of figures which contain such angles. 

Prop, xxxin. The words ** towards the same parts" are a necessary 
restriction: for if they were omitted, it would be doubtful whether 
the extremities A, C, and J9, D were to be joined by the liufiS AC and 
BD ; or the extremities A, D, and B, C, by tne lines AD and MC* 

Prop. XXXIV. If the other diameter be drawn, it may |i^ shewn 
that the diameters of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal ; if the parallelogram be -a square or a rhombus, 
the diagonals bisect each other at right angles. The converse of this 
Prop., namely, " If the opposite sides or opposite angles of a quadrilateral 
figm« be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram," is not proved by Euclid. 

Prop. XXXV. The latter part of the demonstration is not exjiressed 
very intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums of the same form and magnitude, and from 
one of them, to take the triangle ABE ; and from the other, the tri- 
angle DCP\ and then the remainders are equal by the third axiom: 
that is, the parallelogram ABCD ia equal to the parallelogram EBCF. 
Otherwise, the triangle, whose base is DE, (fig. 2.) is taken twice from 
the trapezium, which would appear to be impossible, if the sense in 
which Euclid applies the third axiom, is to be retained here. 
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It may be obseryed, that the two parallelogramt exhibited in fig/ 2 
partLally lie on one another, and that the triangle whose baee la BCu a 
i common part of them, but that the triangle whose base is DB is entirely 
iv^hout both the parallelograms. After haying proved the triangle JBE 
equal to the triangle DCF, if we take from these equals (flg. 2.) the 
triangle whose base is DE, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram A BCD is equal to 
1^ parallelogram EBCF. In fig. 3, the equality of the parallelograms 
ABCD, EBCF, is shewn by adding the figure EBCD to each of the 
triangles u4J9i5, DCF, 

In this proposition, the word equal assumes a new meaning, and is no 
kog^ restricted to mean coincidence in all the parts of two %ures. 

Prop, xxxviii. In this proposition, it is to be understo(Kl that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point £ coincide with C, and D with At then the am^ 
of one triangle is supplemental to Uie other. Hence the foUowins 
property : — If two triangles have two sides of the one respectively equu 
to two sides of the other, and the contained angles supplemental, the 
two triangles are equal. 

^ A distinction ought to be made between equal triangles and equivalent 
triangles, the former including those whose sides and angles mutually 
^ eomcide, the latter those whose areas only are equivalent. 

Prop. XXXIX. If the vertices of all the equal triangles which can be 
teeribed upon the same base, or upon the equal bases as in Prop. 40, 
fo jmned, the line thus formed will be a straight line, and is cabled the 
leeos of the vertices of equal triangles upon the same base, or upon 
equal bases. 

A locus in plane Geometry is a straight line or a plane curve, every 
fmt of which and none else satisfies a certain condition. With the 
Ciseption of the straight line and the circle, the two most simple loci ; 
sE other loci, perhaps including idso the Conic Sections, may be more 
Midily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

^ Prop. XLi. The converse of this proposition is not proved by Euclid ; 
1^ If a parallelogram is double of a triangle, and they have the same base, 
«r equal bases upon the same straight line, and towards the same parts, 
tiiey shall be between the same parallels. Also, it may easily be shewn 
^Mtif two equal triangles are between the same parallefs ; they are either 
upon the same base, or upon equal bases. 

Ptop. XLiv. A parallelogram described on a straight line is said te 
be applied to that. Ime. 

^ .P^rop. XLY. The problem is solved only for a rectilineal figure of four 
tides. ^ If the given rectilineal figure have more than four sides, it may 
hs divided into triangles by drawing straight lines from any angle of tho 
figure to the opposite angles, and then a parallelogram equal to the third 
toang^e can be applied to LM^ and having an angle equal to E : and 
10 on for all the triangles of which the rectmneal figure is composed. 

Prop. XLVi. The square being considered as an equilateral rectangle^ 
Ks area or surface may be expressed numerically if the number of lineal 
VBits in a side of the square be given, as is shewn in the note on Prop, i., 
Bookn. 

The student will not ful to remark the analogy whieh exists between 
flie area of a square and the product of two equal ntunbers ; and between 
A$ side of a square and the square root of a number. There is, however, 
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tkis diitinetion to be obMnred ; it i« alwayf pos8fl>le to find the produci 
of two equal numbers, (or toJUid the square of a number, as it is usualli 
oaUed,) and to describe a square on a given Une ; but conyersely, thougs 
the side of a given square is known from the figure itself; the exad 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the g^ven number is a square number. Foi 
example, if the area of a square contain 9 square units, then the square 
root of 9 or 3, indicates the number of lineal units in the side of thai 
•Guare. Again, if the area of a square contain 12 square units, the side 
of the square is sreater than 3, but less than 4 lineal units, and there is 
no number which will exactly express the side of that souare: an approxi* 
mation to the true length, however, may be obtained to any assigned 
degree of accuracy. 

Prop. XLvii. in a right-angled triangle, the side opposite to the right 
angle is called the h^rpotenuse, and the other two sides, the base and 
perpendicular, accordmg to their position. 

In the diagram the three squares are described on the outer sides ol 
the triangle ABC, The Proposition may also be demonstrated ( I ) when 
the three squares are described upon the inrter sides of the triangle : (2) 
when one square is described on the outer side and the other two square^ 
on the inner sides of the triangle : (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BE on the hypote- 
nuse be described on the inner side of BC and the squares BG, HC on 
the outer sides of wl^, AC; the point D falls on the side FG (Euclid's 
fi^.) of the square BG, and iCH produced meets CE in E, Let LA meet 
BC in M, Join DA ; then the square GB and the oblong LB are each 
double of the triansle DAB, (Euc. i. 41.); and similarly by joining EA, 
the square HC and oblong LC are each double of the triangle EAC.\ 
Whence it follows that the squares on the sides AB, AC are together 
equal to the square on the hypotenuse BC, 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square : or equal to the 
difference of two given squares. 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4. and 5 units respectively. If through the points of 
division of two)Bontiguous sides of each of the squares upon the sides, lines 
be drawn parallel to the sides (see the notes on Book ii.), it wiH be ob- 
vious, that the squares will be divided into 9, 16 and 25 small squares, 
each of the same magnitude ; and that the number of the small squares 
into which the squares on the perpendicular and base are divided is equal 
to the number into which the square on the hypotenuse is divided. 

Prop. XLViu is the converse of Prop, xlvii. In this Prop, is assumed 
the Corollary that "the squares described upon two equal lines arc 
equal," and the converse, which properly ought to have been appended 
to Prop. XLVi. 

The First Book of Euclid's Elements, it has been seen, is conversant 
with the construction and properties of rectilineal figures. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the instruments by whidi 
the constructions in Plane Geometry are effected ; and thirdly, the twelve 
axioms, which express the principles by which a comparison is made 
between the ideas of the things defined. 
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This Book may be diyided into three parts. The ftnt part treaiU of 
the origin and properties of triangles, botn with respect to tneir sides and 
asfdes; and the comparison of these mutually, both with regard to equality 
ind inequality. The second part treats of the properties of parallel lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
oa the base and perpendicular of a right-angled triangle to the square 
WL the hypotenuse. 

When the propositions of the First Book have been read with the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know- 
ledge of the demonstrations. And further, when he has become suffici- 
enUy fEuniliar with the method of geometrical reasoning, he may 4is- 
peise with the aid of letters altogether, and acquire the power of express- 
ing in ^neral terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply the principles of the First Book to the so- 
lution of Problems and the demonstration of Theorems. 

QUESTIONS ON BOOK L 

1. What is the name of the Science of which Euclid gives the Ele- 
ments? What is meant by Solid Geometry? Is there any distinction 
between Plane Geometry , and the Geometry of Planes? 

2. Define the term magnittuie, and specify the different kinds of 
nkaghitude considered in Geometry. What dimensions of space belong 
to figures treated of in the first six Books of Euclid ? 

' 8. Give Euclid's definition of a ** straight line." What does he 
isaUy use as his test of rectUinearity, and where does he first employ it ? 
What objections have been made to it, and what substitute has been 
proposed as an available definition ? How many points are necessary to 
u the position of a straight line in a plane ? When is one straight 
Kne said to ctU, and when to meet another ? 

4. What positive property has a Geometrical point ? From the 
defiiiztion of a straight Une/shew that the intersection of two lines is a 
pcnnt. 

S,^ Give Euclid's definition of a plane rectilineal angle. What are 
^ limits of the angles considered in Geometry ? Does Euclid consider 
ang^s greater than two right angles ? 

6; When is a straight Hue said to be drawn at right angles, and when 
perpendicttlar, to a given straight line ? 

7. Define a triangle; shew how many kinds of triangles there are ac- 
cordingto the variation both of the angles, and of the sides. 

8. What is Euclid's definition of a circle ? Point out the assumption 
involved in your definition. Is any axiom implied in it ? Shew that 
in this as in all other definitions, some geomeUical fact is assuiaed as 
wmehow previously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefly the use and foundation of definitions, axioms, 
ind postulates : give luustrations by an instance of each. 

11. What objection may be made to the method and order in whicb. 
Budid has laid down the elementary abstractions of the Science of Geo- 
metry } What other method has been suggested ? 
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12. What distinctions may be made between definitions in the 
Science of Oeometry and in the Physical Sciences ? 

13. What is necessary to constitute an exact definition ? Are defini- 
tions propositions ? Are they arbitrary ? Are they convertible ? Does 
a Matnematicid definition admit of proof on the principles of the Science 
to which it relates ? 

14. Enumerate the principles of construction assumed by Euclid. 

16. Of what instruments may the use be considered to meet approxi- 
mately the demands of Euclid's postulates ? Why only approximately t 

16. ** A circle may be described from any center, with any straight 
line as radius." How does this postidate difier ^om Euclid's* aiid\ 
which of his problems is assumed in it? 

17. What principles in the Physical Sciences correspond to axioms 
in Geometry ? 

18. Enumerate Euclid's twelve axioms and point out those which 
have special reference to Geometry. State the converse of those which 
admit of being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the 
assumption of the principle of superposition (ax. 8.), essential to all 
Geometrical reasoning ? Is it correct to say, that it is "an appealj 
though of the most familiar SOTt, to external observation" ? 

20. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with wnat advantages or disadvantages ? 

21. Define the temm, Problem, Postulate, Axiom and Theorem. 
Are any of Euclid's axioms improperly so called ? 

22.' Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distinguish them in Euc. i. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate ? Give an example. 

24. When is one proposition said to be the converse or reciprocid of 
another ? Give examples. Are converse propositions imiversally true ? 
If not, imder what circumstances are they necessarily true ? Why is it 
necessary to demonstrate converse propositions ? How are they proved ? 

25. ' [Explain the meaning of the woTd proposition. Distinguish between 
converse and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings dependj 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How is thej 
enthymeme made to assume the form of the syllogism ? Give examples. 

28. What constitutes a demonstration? State the laws of demonstration. 
29!, What are the principle parts, in the entire process of establishing 

a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What is meant by the term synthesis, and what, by the term, 
analysis f Which of these modes of reasoning does Euclid adopt in his 
Elements of Geometry ? 

32. In what sense is it true that the conclusions of Geometry are 
necessary truths ? 

33. Enunciate those Geometrical definitions which are used in the 
proof of the propositions of the First Book. 

34. If in Euclid i. 1, an equal triangle be described on the other side 
of the given line, what figure will the two triangles form ? 

3-5. In the diagram, Euclid i. 2, if D.B a side of the equilateral tri- 
angle DAB be produced both ways and cut the circle whose center is B 
and radius BC in two points G and H; shew that either of the dis- 
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tances DO, DH may be taken as the ra4iua of the Mcond cirde ; and 
giye the proof in each case. 

36. Explain how the propositions Euc. i. 2. 8, are rendered necessary 
bftiie restriction imposed by the third postulate. Is it necessary for 
the proof, that the triangle described in Euc. i. 2, should be equilateral? 
Could we, at this stage of the subject, describe an isosceles triangle on a 
giyen base ? 

37. State how Euc. i. 2, may be extended to the following problem : 
**'Fiom a given point to draw a straight line in a given directum equal to 
ft giren straight line." 

38. How would you cut off from a straight line imlimited in both 
directions, a length equal to a given straight line ? 

39. In the proof of Euclid i. 4, how much depends upon Definition, 
liow much upon Axiom ? 

40. Draw the figure for the third case of Euc. i. 7, and state why it 
needs no demonstration, 

41. In the construction Euclid i. 9, is it indifferent in all cases on 
▼hich side of the joining line the eouilateral triangle is described ? 

42. Shew how a given straight line may be bisected by Euc. i. 1. 

43. In what cases do the Hnes which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite sides of the triangles ? 

44. ** Two straight lines cannot have a common segment." Has this 
corollary been taciuy assumed in any preceding proposition ? 

45. In Euc. I. 12, must the given line necessarily be *' of unlimited 
length" ? 

46. Shew that (fig. Euc. i. 11) every point without the perpendi- 
cular drawn from the middle point of every straight line DE, is at unequal 
distances from the extremities /), E of that line. 

47. From what proposition may it be inferred that a straight line is 
fl»e shortest distance between two points ? 

48. Enunciate the propositions you employ in the proof of Euc. 1. 16. 

49. Is it essential to the truth of Euc. i. 21, that the two straight 
lines be dravm from the extremities of the base ? 

50. In the diagram, Euc. i. 21, by how much does the greater angle 
BDC exceed the less BAC '< ' 

51. To form a triangle with three straight lines, any two of them 
BQst be greater than the third : is a similar limitation necessary with 
icspect to the three angles ? 

62. Is it possible to form a triangle with three lines whose lengths art 
1, 2, 3 units : or one with three lines whose lengths are 1, V2, v3, } 

53. Is it possible to construct a triangle whose angles shall be as the 
ttunbers 1, 2, 3 ? Prove or disprove your answer. 

54. What is the reason of Uie limitation in the construction of Euc. 
1 24. viz. •* that DE is that side which is not greater than the other ?" 

55. Quote the first proposition in which the equality of two areas 
vldch cannot be superposed on each other is considered. 

^ 56. Is the following proposition universally true t ** If two plane 
ttiang^ have three elements of the one respectively equal to three 
elements of the other, the triangles are equal in every respect." Enu- 
merate all the cases in which this equality is proved in the First Book. 
What case is omitted i 

67. What parts of a triangle must be given in order that the triangle 
ttiy be described 7 
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ff8. State the oonyene of the second case of Euc. i. 26? Under 
what limitations is it true ? Prove the proposition so limited ? 

69. Shew that the angle contained between the i>erpendicular8 drawn 
to two giyen straight lines which meet each other, is equal to the angle 
contained by the unes themselyes. 

60. Are two triangles necessarily e<}ual in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other to 
each? 

61. lUnstrate fully the difference between analytical and s^thetical 
proofs. What propositions in Euclid are demonstrated analytically ? 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefimtely produced either way, antecedently to our know- 
ledge of some other property o<' such lines, which makes the property 
first predicated of them a necessary conclusion from it ? 

68. Enunciate Euclid's definition and axiom relating to parallel 
straight lines ; and state in what Props, of Book i. they are used. 

64. What proposition is the conyerse to the twelfth axiom of the 
First Book ? What other two propositions are complementary to these ? 

65. If lines being produced eyer so far do not meet; can they be 
otherwise than parallel ? If so, under what circimistances ? 

66. Define adfaeent ^mgleSf qppotite tmglet^ vertical anglet, and €Utemate 
angles; and giye examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelfth axiom upon which the proof of Euc. i. 27, depends ? 

68. What objjections have been urped against the definition and the 
doctrine of parallel straight lines as laid down by Euclid ? Where does 
the difficulty originate ? What other assumptions haye been suggested 
and for what reasons ? 

69. Assuming as an axiom that two straight lines which cut one 
another cannot lK>th be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a corollary of Euc. i. 29. 

70. From Euc. i. 27, shew that the distance between two parallel 
straight lines is constant ? 

71. If two straight lines be not XMirallel, shew that all straight lines 
falling on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally inclined to the same straight line towards the same parts ; prove 
that " being produced ever so far both Ways they do not meet ?" Prove 
also Euclid s axiom 12,- by means of the same definition. 

73. What is meant by exterior and interior angles ? Point out examples. 

74. Can the three angles of a triangle be proved equid to two right 
angles without producing a side of the triangle ? 

75. Shew how the comers of a triangmar piece of paper may be 
turned down, so as to exhibit to the ey^ that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of me term eoroUary, Enunciate the twc 
corollaries appended to Euc. i. 32, and give another proof of the first. 
What other corollaries may be deduced mm this proposition ? 

77. Shew that the two lines which bisect the exterior and interioi 
angles of a trlanele, as well as those which bisect any two interioi 
angles of a parallelogram, contain a right angle. 

78.* The opposite sides and angles of a parallelogram are equal tc 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure, is a paral- 
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lebgram, when its diagonals bisect each other : and when its diagonals 
difide it into four triangles, which are equal, two and two, tis. those 
yrhkh have the same vertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lineSi but not towards the same parts, when are the joining lines eqilEil, 
and when are they tmequal ? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a parallelogram ? Prove your answer. 

81. Shew how to divide one of the parallelograms in £uc. i. 36, 
by straight lines so that the parts when properly arranged shall make 
up ihe other parallelogram. 

^ 82. Distinguish between eqttal triangles and $qmvaUtU triangles, aad 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances of 
loci from the first Book of Euclid. 

84. How is it shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether tney are situated on the same 
or opposite sides of the same straight line ? 

85. In Euc. I. 37, 38, if the triangles are not towards the same parts, 
8^ew that the straight line joining the rertices of the triangles is 
bisected by the line containing the bases. 

86. If the complements (fig. Euc. i. 43) be squares, determine thefr 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line } 

88. Is the proof of Euc. i. 45, perfectly general } 

89. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
h the converse true ? If not, why ? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines not necessaruy in the same plane, what condition respecting the 
ingles is necessary to complete the definition i 

92. In Euclid i. 47, why is it necessary to prove that one side of 
eselk square described upon each of the sides contaimng the right angle, 
ikoidd be in the Bssae straight line with the other side of the triangle ? 

93. On what assumption is an analogv shewn to exist between the 
product of two equal numbers and the surface of a square } 

94. Is the triangle whose sides are 3, 4, 6 right-angled, or not ? 

95. Can the side and diagonal of a square be represented simul- 
ttteously by any finite numbers ? 

9(J. By means of Euc. i. 47, the square roots of the natural numbers, 
h 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. i. 47, be 
^eicribed on the other sidi of it: shew from the diagram how the 
iqiiares on the two sides of the triangle may be made to cover exactly 
m square on the hypotenuse. 

98. If Euclid n. 2, be assumed, enunciate the form in which Euc. i. .47 
)iirr be expressed. 

99. Classify all the properties of triangle$ and parallelograms, proved 
fa the First Book of Euclid. 

ipo. Mention any propositions in Book i. fvhich are included In more 
fiHusral ones which lollow. 
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ON THE ANCIENT GEOMETKICAL ANALYSIS. 

Synthesis, or the method of composition, is a mode of reasoning which 
beffins with something gi^en, and ends with something required, either 
to oe done or to be proved. This may be termed a dtreet procesSf as it 
leads from principles to consequences. 

Analysis, or the method of resolution, is the reverse of synthesis, 
and thus it may be considered an indirect procesB, a method of reason- 
ing from conse<}uenoes to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to ihe solution of problems and the demonstration of theorems 
by imdeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of problems and for 
ihe investigation of the truth of meorems. In the analysis of 2l prob- 
lem, the quaesita, or what is required to be done, is supposed to have 
been effected, and the con8e(|uences are traced by a series of geometri- 
cal constructions and reasomngs, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a problem, however, the last consequence of the 
ttnalysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the qucesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra- 
dicts any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : and 
further, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of tnese relations will become a necessary part of the solution of the 
problem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths proved^ in iha 
Elements, the predicate is consistent with the hypothesis. This point 
is ascertained by assuming the predicate to be true, and by deducing 
the successive consequences of this assumption combined with proved 
geometrical truths, till they terminate in the hypothesis of the theorem 
or some demonstrated trum. The theorem will be proved synthetically 
by retracing, in order, the steps of the investigation pursued in the 
analysis, till they terminate in the predicate, which was^ assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the Mse conclusion thus arrived at, indicates tne fabehood d 
the predicate ; and by reversing the process of the analysis, it maj 
be demonstrated, that tiie theorem cannot be true. ^ ^ I 

It may here be remarked, that the geometrical analysis is moK 
extensively useful in discovering the solution of problems than for in- 
vestigating the demonstration of theorems. 
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From the nature of the subject, it must be at once obrious, that no 
general rules can be prescribed, which will be found applicable in all 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems liiust suggest what constructions may be possible; 
and the consequences which rollow &om these constructions and the 
assumed solution, will shew the possibility or impossibility of arriving 
at some known property consistent with me data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
from a given point making equal angles with a line given in position; 
ind to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 

A problem is said to be determinate when, with the prescribed con- 
ations, it admits of one definite solution ; the same construction which 
nuiy be made on the other side of any given line, not being considered 
a different solution : and a problem is said to be indeterminate when it 
admits of more than one definite solution. This latter circumstance 
arises firom the data not absolutely Jixingt but merely restricting the 
jnaesita, leaving certain points or hues not fixed in one position only. 
The number of given conditions may be insufficient for a single detw*- 
idnate solution ; or relations may subsist amon^ some of the ^iven 
eoaditions irom which one or more of the remaining given conditions 
im be deduced. 

if the base of a right-angled triangle be given, and also the difier- 
neeof the squares of the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently nere are three things given, 
^ light angle, the base, and tne difierence of the squares of the 
^potenuse and perpendicular, it is obvious that these three apparent 
eonditions are in fact reducible to two : for since in a right-angled tri- 
|Dgle, the sum of the squares on the base and on the perpendicular, 
i equal to the square on the hypotenuse, it follows that the differ- 
l&ee of the squares of the hypotenuse and perpendicular, is equal to 
fte square of the base of the triangle, and tnerefore the base is known 
4» the difference of the squares of the hypotenuse and perpendicular 
Img known. The conditions therefore are insufficient to determine 
I Q^t^angled triangle ; an indefinite number of triangles may be 
iimd with the prescribed conditions, whose vertices will he in the lin^ 
ifcidi is perpendicular to the base. 

If a problem relate to th^ determination of a single pointy and the 
lita be sufficient to determine the position of that point, the problem 
mieterminate : but if one or more of the conditions be omitted, the 
ha which remain mav be sufficient for the determination of more 
pnone point, each of which satisfies the conations of the problem; 
piSiat case, the problem is indeterminate : and in general, such points 
b found to be situated in some line, and hence such line is called 1^ 
WRS of the point which satisfies the conditions of the problem. 

If any two given points A and B (fig. Euc. IV. 5.) be joined by 
• straight line AB, and this line be bisected in D, then if a perpen- 
&alar be drawn from the point of bisection, it is manifest that a circle 
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described with an^ point in the perpendicular as a center, and a radius 
equal to its distance from one of the giyen points, will pass throuffh 
the other point, and the perpendicular will be, the locus of all me 
circles which can be described passing through the two given points. 

Again, if a third point be taken, but not in the same straight line 
with the other two, and this point be joined with the first point A', 
then the perpendicular drawn from the bisection E of this line will ^ 
the locus of the centers of all circles which pass throueh the first ai 
third points A and C. But the perpendicular at the bisection of 1 
first and second points A and B is tne locus of the centers of circli 
which pass through these two points. Hence the intersection JP 
these two perpendiculars, will be the center of a circle which pae 
through the three points and is called the intersection of the two 1< 
Sometimes this method of solving geometrical problems may be jji 
sued with advantage, by constructmg the locus of every two poini^ 
separately, which are given in the conditions of the problem. In tfij 
Geometncal Exercises which follow, only those local problems " 
given where the locus is either a straight line or a circle. , 

Whenever the queesitum is a point, the problem on being renderej 
indeterminate, becomes a locus, whether the deficient datum be of tla 
essential or of the accidental khid. When the qusBsitum is a straigU 
line or a circle, (which were the only two loci admitted into the anci 
Elementary Geometry) the problem may admit of an accidentally 
determinate case ; but will not invariably or even very frequently do 
This will be the case, when the line or circle shall be so far arbitrs 
in its position, as depends upon the deficiency of a single condition 
fix it perfectly ; — ^that is, (for instance) one point in the line, or 
points in the circle, may be determined from the given conditions, 
the remaining one is indeterminate from the accidental relations am( 
the data of the problem. 

Determinate Problems become indeterminate oy the merging i 
some one datum in the results of the remaining ones. This may ara 
in three different ways ; first, from the coincidence of two poin^ 
"secondly, from that of two straight lines; and thirdly, from thi^ 
of two circles. These, further, are the only three ways in which tit 
accidental coincidence oi data can produce this indeterminateness ; tl]| 
is, in other words, convert the problem into a Porism. . 

In the original Greek of Euclid's Elements, the corollaries to ll i 
propositions are called porisms (iro/otor^ioTa) • but this scarcely explaa 
the nature of porisms, as it is manifest that they are different frd| 
simple deductions from the demonstrations of propositions. Son^ 
analogy, however, we may suppose them to have to the porisms I 
corollaries in the Elements, tappus (Coll. Math. Lib. vil. pref.) S- 
' forms us that Euclid wrote three books on Porisms. He defines t 
porism to be something between a problem and a theorem, or that h 
which something is proposed to be investigated." Dr. Simson, to whd i 
is due the merit of having restored the porisms of Euclid, gives thefi:^ 
lowing definition of that class of propositions : "PorismaestpropcM3^> 
in qua proponitur demonstrare rem aliquam, vel plures datas esse, d •; 
vel quibus, ut et cuilibet ex rebus innumeris, non quidem, datis, « ; 
quee ad ea quse data sunt eandem habent relationem, convenire ostd;i 
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idendum est affectionem quondam communem in propositione descrip- 
bun.'* That is, " A Porism is a proposition in which it is proposed to 
pnoDstFate that some one thing, or more things than one, are given, to 
Ml, as also to each of innumerable other things, not given indeed, 
p( vhich have the same relation to tljose which are given, it is to be 
lewn that there belongs some comhaon affection described in the 
Jl^ition.*' Professor Dugald Stewart defines a porism to be "A 
^position affirming the possibility of finding one or more of the con- 
wm of an indeterminate theorem." Professor Playfair in a paper 
»m which the following account is taken^ on Porisms, printed in the 
ansactions of the Royal Society of Edmburgh, for the year 1792, 
fines a porism to be " A proposition affirming the possibility of find- 
l such conditions as will render a certain problem indeterminate or 
laWe of innumerable solutions." 

It may without much difficulty be perceived that this definition 
presents a porism as almost the same as an indeterminate problem, 
^re is a large class of indeterminate problems which are, in general, 
ci and satisfy certain defined conoitions. Every indeterminate 
oblem containing a locus may be made to assume the form of 'a 
rism, but not the converse. Porisms are of a more general nature 
to indeterminate problems which involve a locus. 
!&e ancient geometers appear to have undertaken the solution of 
Wems with a scrupulous and minute attention, which would 
icely allow any of the collateral truths to escape their observatioii. 
fr never considered a problem as solved till they had distinguished 
m varieties, and evolved separately every different case that could 
Iff. carefully distinguishing whatever change might arise in the 
Itniction firom any change that was supposea to take place among 
magnitudes which were given. This cautious method of proceed- 
loon led them to see that there were circumstances in which the 
ition of a problem would cease to be possible ; and this always 
pened when one of the conditions of the data was inconsistent with 
nst Such instances would occur in the simplest problems ; bi^t 
be analysis of more complex problems, they must have remarked 
t their constructions failed, for a reason directly contrary to that 
pied. Instances would be found where the lines, which, by their 
neetien, were to determine the thmg sought, instead of intersecting 
ttoAer, as they did in general, or of not meeting at all, would 
icide with one another entirely, and consequently leave the Question 
ix^ed. Hie confusion thus arising would soon be cleared up, by 
ttving, that a problem before determined by the intersection oi two 
^ would now become capable of an indefinite number of solutions. 
»tM soon perceived to arise from one of the conditions of the pro- 
I involving another, or from two parts of the data becoming one, 
irtth»e was not left a sufficient number of independent conditions 
Mfine the problem to a single solution, or any detenninate number 
ihtions. It was not difficult afterwards to perceive, that these 
1 of problems formed very curious propositions, of an indeter- 
to nature between problems and theorems, and that they ad- 
^ of being enunciated separately. It was to such propositions 
Wnciated that the ancient geometers gave the name of Poriama,^ 
'fcades, it will be found, that some problems are possible withm 
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eertain limits, and that certain magnitudes increase while others d< 
crease within those limits; and after having reached a certain yaluj 
the former he^ to decrease, while the latter increase. This circuit 
stance gives nse to Questions of maxima and minima, or the pe&t^ 
and least values whicn certain magnitudes may admit of in mdef~^ 
minate problems. 

In the following collection of problems and theorems, most will t 
found to be of so smiple a character, (being almost obvious deductior 
from propositions in the Elements) as scarcely to admit of the pri 
oiple of tne Geometrical Analysis being applied, in their solution. 

It must however be recollected that a clear and exact knowle 
of the first principles of Geometry must necessarily precede any 
telligent application of them. Indistinctness or defectiveness of t 
derstanding with respect to these, will be a perpetual source of ei 
and confusion. The learner is therefore recommended to understi 
the principles of the Science, and their connexion, fully, before 
attempt any applications of them. The following directions 
assist him in his proceedings. 

ANALYSIS OF THEOREMS. 

1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from tl 
admission, by the aid of other truths respecting the diagram, whij 
have been already proved. 

3. Examine whether any of these consequences are already kno' 
to be true, or to he false, 

4. If any one of them be false, we have arrived at a reductio ad 
mrdum, which proves that the theorem itself is false, as in Euc. I. 

5. K none of the consequences so deduced be known to be eitfa 
true or false, proceed to deduce other consequences from all or any 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4) ; and 
still without any conclusive indications of the truth or falsehood 
the alleged theorem, proceed still further, until such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend 
several problems and theorems, and these ultimately on some probl< 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sv 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &c. 
the diagram, and find the dependence of the assumed solution on soi 
theorem or problem in the Elements. 

4. If such cannot be found, draw other lines parallel or perp 
dicular as the case may require, join given points, or points assun 
in the solution, and describe circles if need be : and then proceed 
trace the dependence of the assumed solution on some theorem 
problem in Euclid. 

5. Let not the first unsuccessful attempts at^the solution ol 
Problem be considered as of no value ; such attempts have been fon 
to lead to the discovery of other theorems and problems. { 
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PROPOSITION I. PROBLEM. 

To trisect a given etraight line. 

ANiLTSis. Let AB be the ffiven straight lioe, and suppoM k 
hided into three equal parts in tne points x>, S. 
c 




On DE describe an equilateral triangle DBF, 

then D-P is equal to AD, and FE to EB. 

On AB describe an equilateral triangle ABC, 

9JidL}oinAF,FB, 

Then because ^D is equal to DF, 

therefore the angle AFD is equal to the angle DAF, 

ind the two angles DAF, DFA are double of one of them DAF. 

But the anrfe FDE is equal to the angles DAF, DFA, 
and the angle FDE is equal to DAC, each being an angle of aa 
equilateral triangle ; 
therefore the angle D^Cis double the angle DAF', 
wherefore the angle DA C is bisected by AF, 
Also because the angle FA C is equal to the angle FAD, 
and the angle FAD to DFA ; 
therefore the angle CAFia equal to the alternate angle AFD: 

and consequently FD is parallel to AC, 
Synthesis. Upon AB describe an equilateral triangle ABC, 
tetthe angles at A and B by the straight lines AF, -BJ% meeting in F; 
4rough F draw FD parallel to ^<7, and J!S parallel to BC. 
Then AB is trisected in the points 1), E. 
For since ^ C is parallel to FD and FA meets them, 
therefore the alternate angles FAC, AFD are equal; 
but the angle FAD is equal to the angle FA C, 
hence the anele D^jPis ec^ual to the angle AFD, 

and merefore DFi& equal to DA. 
But the angle FDE is equal to the angle CAB, 
and FED to CBA ; (l. 29.) 
PenhtQ the remaining angle DFE is equal to the remaining angle 
ACB, 

\ the three sides of the triangle DFE are equal to one another, 
and DJ'has been shewn to be equal to DA, 
therefore AD, DE, EB are equal to one another, 
^ce the following theorem. 

7the angles at the base of an equilateral triangle be bisected by 
^Hnes which meet at a point within the triangle ; the two lines 
N from this peint parallel to the sides of the tnangle, diyide the 
**into three equal parts. 
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also the right an^le AFO is equal to the right angle BFG<, 
and the side FQ is common to me two triangles AFQ^ EFG, 

therefore AO\a equal to EO, and AFto FE. 
Hence the point E being known, the point Q is determined by the 
intersection of CD and BE 

Synthesis. From A draw ^l' perpendicular to CD, and produce 
it to E, making FE equal to AF, and loin BE cutting CD in G, 
Join also Ag. 
Then AG and BG make equal angles with CD. 
For since AF U equal to FE, and FG is common to the two i 
triangles AGF, EGF, and the included angles AFG, EFG are equal ; 
therefore the base AG\& equal to the base EG, 
and the angle w4 (?-F to the angle EGF, 
but the angle EGFia equal to the vertical angle BGD, | 

therefore uie angle A GF is eaual to the angle BGD ; { 

that is, the straight unes AG ana BG make equal angles with 
the straight fine CD.* 

Also me sum of the fines A G, GB is a minimum. 

For take any other point H in CD, and join EH, HB, AH, 

Then since any two sides of a triangle are nreater than the third side, 

therefore mH, HB are greater than EB in the triangle EHB. 

But EG is eoual to ^G^, arid EHXxi AH, 

therefore AH, HB are greater than AG, GB. 

That is, AG, GB are less than any other two fines which can be 

drawn from A, B, to any other point JSTin the line CD. 

By means of this Proposition may be found the shortest path jfrom 
one given point to another, subject to the condition, that it shall 
meet two given lines. 

PROPOSITION V. PROBLEM. 

Gwen one angle, a side opposite to it, and the sttm of the other two sides, 
•enstruct the triangle. 

Analysis. Suppose ^^Cthe triangle required, having BC equal 
to the given side, J^^C equal to the given angle opposite U> BC, also 
BD equal to the sum of the other two sides. 



^ 



Join DC. 

Then since the two sides BA, AC axe equal to BD, by taking BA 
from these equals, the remainder ^ C is equal to the remainder AD. 

Hence the triangle A CD is isosceles, and therefore the angle ADC, 
m equal to the angle A CD. 

But the exterior angle 5^ C of the triangle ADC is equal to the 
two interior and opposite angles ACD and ADC: 

Wherefore the angle BACis double the angle BDC, and BDC is 
the half of the angle BA C. 

Hence the synthesis. 
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i 

At the point D in BD^ make the angle BDC equal to half the 
giyen angle, 

and &om B the other extremity of BD, draw BC equal to the 

given side, and meeting DCm C, 
at C in CD make the angle DCA equal to the angle CDA, to 

that CA may meet BD in the points. 
Then the triangle ABC shall have the required conditions. 

PROPOSITION VI. PROBLEM. 
To bisect a triangle by a line dravm from a giveti point in one of the eidet. 

Analysis. Let ^^Cbe the given triangle, and D the given point 
in the side AB, 

A 




Suppose DF the line drawn from D which bisects the triangle; 
therefore the triangle DBF is half of the triangle ABO. 
Bisect l^Cin £, and join ^-K, DF, AF, 
then the triano:le ABE is half of the triangle ABC: 
hence the triangle ABF is equal to the triangle DBF; 
take away from these equals the triangle DBF, 
therefore the remainder ADF is equal to the remainder DFF, 
But ADF, DFF are equal triangles upon the same base DF, and 
on the same side of it, 

they are therefore between the same parallels, (I. 39.) 

that is, AFia parallel to DF, 

therefore the point Fis determined. 

Synthesis. Bisect the base BC in F, join DF^ 

from A, draw ^42^ parallel to DF, and join DF. 

Then because DF is parallel to AF, 

therefore the triangle ADF is equal to the triangle DFF; 

to each of these equals^ add the triangle BDF, 
therefore the whole triangle ABF is equal to the whole DBF, 
but ABF is half of the whole triangle ABC; . 
therefore DBF\& also half of the triangle ABC. 

PROPOSITION VIL THEOREM. 

If from a point without a parallelogram lines be draum to the extremiiiet 
of two adjacent sides, and of the diagonal which they include; of the tri- 
angles thus formed, that, whose base is the diagonal, is equal to the sum of 
the other two. 

Let A BCD be a parallelogram of which AC is one of the diagonals, 
and let P be any point without it: and let AP, FC, BP, JPD be 
joined. 

Then the triangles APD, APB are together equivalent to the tri- 
angle APC. 

E 
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Draw P6^J? parallel to AD or B€y and meeting ABmO^vxiA DC 
in E\ andjoin BO, QC, 

Then the triangles CBP, CBO are equal : (i. 37.) 

and taking the common part C^J^nrom each, 

the remainders PHB, CHO are equal. 

Again, the triangles DAP, DA G are equal ; (i. 37.) 

also the triangles DAO, AGO toe equal, being on the same base 

AG, and between the same ^irallels AG, DC: 

therefore the triangle I)AP is equal to the triangle AGO: 
but the triangle PHB is equal to the triangle CHG, 
wherefore the triangles PHB, DAP are equal to AGC, CSG, ot 
ACH, add to these equals the triangle APH, 
therefore the triangles APH, PHB, DAP are equal to APH, A CH, 
that is, the triangles APB, DAP are together equal to the triangle 

PAC. 
If the point P be within the parallelogram, then the difference of 
the triangles APB, DAP may be proved to be equal to the triangle 

PA a 



8. Describe an isosceles triangle upon a given base and having 
each of the sides double of the base, without using any proposition of 
the Elements subsequent to the first three. If the base and sides be i 
given, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in order that an isosceles triangle may be 
constructed? i 

9. In the fig. Euc. i. 6. If FC and ^6!^ meet in jET, then prove 
that AH bisects the angle BA (7. 

10. In the fig. Euc. I. 5. K the angle FBG be equal to the an^le 
ABC, and BG, CF, intersect in Oj the angle BOF is equal to twice 
the angle BA C. 

11. From the extremities of the base of an isosceles trianrie straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are each equal to half the vertical. angle. 

12. A line drawn bisecting the angle contained by the two equal i 
sides of an isosceles triangle, bisects the third side at right angles. 

13. If a straight line drawn bisecting the vertical angle of a tri-j 
angle also bisect me base, the triangle is isosceles. | 
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14. Given two points one on each side of a given straight line ; 
find a point in the line such that the angle contained by two lines 
drawn to the given points may be bisected oy the given line. 

15. In the fig. Euc. I. 5, let F and O be the points in the sides 
AB and A C produced, and let lines FH and GX be drawn perpen- 
dicular and equal to FC and G£ respectively : also if BH^ Ck^ or 
these lines produced meet in O ; prove that BH is equal to CJT, and 
BO to CO. 

16. From every point of a given straight line, the straight lines 
drawn to each of two ^iven points on opposite sides of the line are 
equal : ^rove that the Ime joming the given points will cut the given 
line at right angles. 

17. If ^ be the vertex of an isosceles triangle ABC, and BA be 
produced so that AD is equal to BA, and DC be drawn; shew that 
BCD is a right angle. 

18. The straight line FDF, drawn at right angles to 5 C the base 
of an isosceles triangle ABC^ cuts the side AB m D, and CA pro- 
duced in F ; shew that AFD is an isosceles tiiangle. 

19. In the fig. Euc. i. 1, if AB be produced both ways to meet 
the circles in D and F, and from C, CD and CF be drawn ; the figure 
CDF is an isosceles triangle having each of the angles at the base, 
equal to one fourth of the angle at the vertex of the triangle. 

20. From a given point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight line to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
^ight lines which meet, so that it shall be equally inclined to each 
bf them. 

I 23. To determine that point in a straight line from which the 
Itraight lines drawn to two other given points shall be eoual, pro- 
rided the line joining the two given points is not perpendicular to the 
given line. 

24. In a given straight line to find a point equally distant firom 
two given straight lines. In what case is this impossible ? 

25. If a line intercepted between the extremity of the base of an 
bosceles triangle, and the opposite side (produced if necessary) be 
equal to a side of the triangle, the angle formed by this line and the 
base produced, is equal to mree times either of the equal angles of the 
triangle. 

26. In the base BCof&n isosceles triangle ABC, take a point D, 
md in CA take CF equal to CD, let FD produced meet ^5 produced 
n F', then S.AFF= 2 right angles + AFF, or = 4 right angles + AFF. 

27. If from the base to the opposite sides of an isosceles triangle, 
faree straight lines be drawn, making equal angles with the base, viz. 
me from its extremity, the other two from any other point in it, these 
wo shall be together eq^ual to the first. 

28. A straight line is drawn, terminated by one of the sides of an 
sosceles triangle, and by the other side produced, and bisected by 
he base; prove tiiat the straight lines, thus intercepted between the 

e2 
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yertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. In a triangle, if the lines bisecting the angles at the base be 
equal, the triangle is isosceles, and the angle contained hj the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if the two straight lines drawn from the extremi- 
ties of the base, (u perpendicidar to the sides, (2) bisecting the sides, 
(3) making equal angles with the sides; the triangle is isosceles: 



and then these lines which respectively join the intersections of the 
sides, are parallel to the base. 

n. 

31. ABC is a triangle right-angled at B, and haying the angle A 
double the angle C; shew that the side ^C is less than double the 
side AB, 

32. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point from 
the opposite angle. 

33. If from the right an^le of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the base, and the other bisectmg 
it, they will contain an angle equal to the difference of the two acute 
angles of the triangle. 

34. If the vertical angle CAB of a triangle ABC be bisected by 
AD, to which the perpendiculars CE, BF^ie drawn from the remain- | 
ing angles: bisect the base BCin. 6?, join GB, OF, and prove these 
lines equal to each other. 

35. The difference of the angles at the base of any triangle, is 
double the angle contained by a line drawn from the vertex perpen- 
dicular to the Dase, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
angle is greater or less than a right angle. 

37. If two exterior angles of a triangle be bisected, and from the 
point of intersection of the bisecting lines, a line be drawn to the op- 
posite angle of the triangle, it will bisect that angle. 

38. From the vertex of a scalene triangle draw a right line to 
the base, which shall exceed the less side as much as it is exceeded 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-an^ed triangle is three 
times as great as the other; trisect the smaller of these. 

41. Prove that the sum of the distances of any point within 
a triangle from the three angles is greater than half the perimeter 
of the triangle. 

42. The }>erimeter of an isosceles triangle is less than that of any 
other equal triangle upon the same base. I 

43. If from the angles of a triangle ABC, straight lines ABE, 
BDF, CBO be drawn through a point 2) to the opposite sides, 
prove that the sides of the triangle are together greater than the three 
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lines drawn to the point D, and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sides. 

44. In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than half of 
that side. 

45. If the straight line AD bisect the angle A of the triangle 
ABC, and BDE be drawn perpendicular to AD and meeting AC ox 
ulC produced in E, shew that BD = DE, 

46. The side iC of a triangle ABC is produced to a point 2>. 
The angle ACB is bisected by a line CE which meets AB m E, 
A line is drawn through E parallel to BC and meeting AC ia F, 

'and the line bisecting the exterior angle A CD, in Q, Shew that 
^jPis eoual to FG. 

47. The sides AB, AC, of a triangle are bisected in D and E 
respectively, and BE, CD, are produced until EF=^ EB, and OD « DC; 

\ shew that the line 6?jP passes through A. 

\ 48. In a triangle ABC, AD beinff drawn perpendicular to the 

stn^ght line BD walch. bisects the angle B, shew that a line drawn 

fsom D parallel to ^C will bisect A C. 
49. If the sides of a triangle be trisected and lines be drawn 

through the points of section adjacent to each angle so as to form 
I another triangle, this shall be in all respects equal to the first 

triangle. 

\ 50. Between two given straight lines it is required to draw a 
I straight line which shall be equ^l to one given straight line, and 
i parallel to another. 

51. If £rom the vertical angle of a triangle three straight lines be 

drawn, one bisecting the angle, another bisecting the base, and the 

third perpendicular to the base, the first is always intermediate in 
! magnitude and position to the other two. 

62. In the base of a triangle, find the point from which, lines 

drawn parallel to the sides of the triangle and limited by them, are equal. 

53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 
triangle, their sum shall be equal to a given line. 

m. 

54. In the figure of Euc. I. 1, the given line is produced to meet 
other of the circles in P ; shew that P and the points of intersection 
of the circles, are the angular points of an equilateral triangle. 

55. If each of the equal angles of an isosceles triangle be one- 
fimrth of the third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced; then 
^ the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Euc. 1. 1, if the sides CA, CB of the equilateral 
triangle ABC be jproduced to meet the circles in F, G, respectively, 
and u C be the pomt in which the circles cut one another on the 
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other tide of AB : prove the points F, C, 6? to be in the s^me straight 
line ; and the fi^:ure CFG to oe an equilateral triangle. 

57. ABC IS a triangle and the exterior angles at B and C 
are bisected by lines BD, CD respectively, meeting in D: shew 
that the angle BDC and half the angle BAC make up a right 
angle. 

58. K the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisecttfd, and so on, the 
triangles so formed will tend to become eventually equilateral. 

59. If in the three sides AB, BC, CA of an equilateral triangle 
ABC, distances AE, BF, CO be taken, each equal to a third of 
one of the sides, and the points E, F, G be respectively joined 
(IJ with each other, (2) with the opposite angles : shew that the two 
tnangles so formed, are equilateral triangles. 

IV. 

60. Describe a right-angled triangle upon a given base, having 
given also the perpendicular from me right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and ^he difference 
between the hypotenuse and the sum of the otner two sides, to con- 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given 
(1) the sum of the hyi)otenuse and one side ; (2) their difference. 

63. Describe a right-angled triangle of which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. 

65. Make an isosceles trianglf of given altitude whose sides shall 
pass through two given points and have its base on a given straight 
line. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Having given the straight lines which bisect the angles at the | 
base of an eq^uuateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. \ 

69. Having given the base of a triangle, the difference of the sides, 
and.the difference of the angles at the base ; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum an J 
half the difference of the angles at the base ; to construct the trianglf 

72. Having given two hues, which are not parallel, and a poin 
between themj describe a triangle having two of its angles in th 
respective lines, and the third at the given point ; and such that th 
sides shall be equally inclined to the lines which they meet. 

73. Construct a triangle, having given the three lines drawn fro! 
the angles to bisect the sides opposite. 
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74. Given one of die angles at the bate of a triangle, the base 
itBeU, and the sum of the two remaining sides, to construct the tri- 
angle. 

75. Given the base, an angle adjacent to the base, and the dif- 
ference of the sides of a triangle, to construct it 

76. Given one angle, a side opposite to it, and the difference of 
the other two sides ; to construct the triangle. 

77. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the vertical 
angle shall be parallel to a given line. 

V. 

78. From a given point wi^out a given straight line, to draw a line 
making an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a strai^t line A BC meeting 
two given parallel straight lines in JB and C, such that SC may be 
equal to a given straight line. 

80. If the Hue joming two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight Imes issue from a point: draw another 
straight line cutting them so that the two segments of it intercepted 
between them may oe equal to one another. 

82. ABy AC are two straight lines, B and C given points in the 
same; BD is drawn perpendiculax to AC, and DE perpendicular to 
AB\ in like manner C2^ is drawn perpendicular to AB, and FQ to 
AC, Shew that EG is parallel to BC, 

83. ABC is a right-angled triangle, and the sides AC, AB are 
produced to D and F-, bisect JP^Cand BCD by the lines BE, CE, 
and from E let fall the perpendiculars EF, JED. Prove (without 
aasmning any properties of parallels) that ADEFis a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the createst parallelogram. 

85. With two given lines as diagonals describe a parallelogram 
vbich shall have an angle equal to a given angle. Within what 
limits must the given angle lie r 

86. Having ^ven one of the diagonals of a parallelogram, the 
sum of the two aojacent sides and the angle between them, construct 
the p^urallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo- 
gram, so that the other diagonail may be parallel to a given fine. 

88. ABCD, A' BCD are two parallelograms whose corres- 
ponding sides are equal, but the angle A is greater than the angle 
ii', prove that the diameter 'ulC is less than A'C, but BD greater 
^imBD. 

89. If in tiie diagonal erf a parallelogram any two points equi- 
distant from its extremities be joined with the opposite angles, a 
figure win be formed which is also a parallelogram. 

90. From each angle of a parallelogram a line is dra^n making 
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the same angle towards the same parts with an adjacent side, taken 
always in the same order ; shew that these lines form another parallelo- 
gram Bimilar to the original one. 

91. Along the sides of a parallelogram taken in order, measure 
AA'^^BB'' CC-^DI/i the figure A'SOLf will be a parallelogram. 

92. On the sides AB, BC, CD, DA, of a parallelogram, set off 
AE, BF, CO, DH, equal to each other, and join AF, BO, CM, DE\ 
these lines form a parallelogram, and the difference of the angles 
AFB, BOC, equals the difference of any two proximate angles of the 
two parallelograms. 

93. OB, OCBxe two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, B, C, C, respectively. K D and D' be the middle 
points of BB and CO, shew tiiat the angle BFDf is equal to the 
angle DODf. 

94. AB CD is a parallelogram of which the angle C is opposite to 
the angle A. If through A any straight line be dniwn, then the dis- 
tance of Cis equal to ^e sum or difference of the distances of B and 
of D from that straight line, according as it lies without or within the 



95. Upon stretching two chains AC, BD, across a field ABCDj 
I find that ^Z> and ui Cf make equal angles with DC, and that AC 
makes the same angle with AD that BD does with BC\ hence prove 
that AB is parallel to CD, 

96. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the comer of the leaf of a book is turned down a second 
time, so that the lines of folding are parallel and equidistant, the space 
in the second fold is equal to three tmies that in the first. 

VI. 

98. If the points of bisection of the sides of a triangle be joined, 
the triangle so formed shall be one-fourth of the given triangle. 

99. Kin the triangle ABC, BC be bisected in i>, AD joined 
and bisected in E, ^^ joined and bisected in F, and C2^ joined and 
bisected in 0\ then the triangle EFO will be equal to one-eighth of 
the triangle ABC, 

100. Shew that the areas of the two equilateral trianc^les in 
Prob. 59, p. 78, are respectively, one- third and one-seventh of tne area 
of the orignal triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of the required triangle is given. 

102. To describe a triangle equal to the sum or oifference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe an equilateral triangle equal to a given triangle. 

105. To a given straight line apply a tnangle which shall be equal 
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to a ^ven parallelograiu and have one of its angles equal to a gi^en 
rectilineal angle. 

106. Transform a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
m one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

111. Of all triangles having the same base and the same perimeter, 
that is the ^eatest which has tne two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides : (2^ by lines drawn from the angles 
to a point within the triangle : (3) oy unes drawn from a given point 
vithm the triangle. In how many ways can the third case be done 9 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a parallelocram, (1) by a line drawn from a point in 
one of its sides : (2) by a Hne dniwn from a given point within or 
without it : (3) by a hne perpendicular to one of the sides : (4) by a 
line drawn parallel to a given line. 

115. From a ^ven point in one side produced of a parallelogram, 
draw a straight hne which shall divide the parallelogram into two 
€qual parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular points. 

vn. 

117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

118. Describe a parallelogram which shall be equal in area and 
perimeter to a given triangle. 

119. Find a point in the diagonal of a square produced, from which 
if a straight line be drawn parallel to any side of the square, and 
meeting another side produced, it will form together with the pro» 
doced diagonal and produced side, a triangle equal to the square. 

120. Kfrom any point within a parculelogram, straight lines be 
dawn to the angles, tne parallelogram shall be divided into four tri- 
«ngles, of which each two opposite are together equal to one-half of 
the parallelogram. 

121. If ABCD be a parallelogram, and H any point in the dia- 
gonal AC, or AC produced j shew that the triangles £B C, EDC, are 
equal, as also the triangles EBA and EBD, 

122. ABCD is a parallelogram, draw DFO meeting BC'mF, 
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and AB produced in G ; join JF, CO \ then will the triangles ABF, 
CFG be equal to one another. 

123. aBCD is a parallelogram, E the point of intersection of its 
diagonals, and K any point in AD, If KB, KC be joined, shew that 
the figure BKEC\s one-fourth of the parallelogram. 

124. Let ABCD be a parallelogram, and O any point within it, 
through O draw lines parallel to the sides of ABCD, and join OA, 
DC', prove that the difference of the parallelograms DO, -SO is twice 
the triangle OAC 

125. The diagonals A C, BD of a parallelc^ram intersect in O, and 
P is a point withm the triangle A OB ; prove that the difference of the 
triangles APB, CPD is equal to the sum of the triangles APC, BPD. 

126. If iT be the common angular pcunt of the parallelograms 
about the diameter -40 (fig. Euc. i. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BKD. 

127. The perimeter of a square is less than that of any other paral- 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the same altitude. 

vni. 

130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. If two opposite angles of a quadrilateral figure are equal, 
shew that the angles between opposite sides produced are equal. 

132. Prove that the sides of any four-sided rectilinear figure arc 
together greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than l&e sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

135. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equal. 

137. Describe a quadrilateral figure whose sides shall be equal to 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection joined, the included figure is a parallelogram, and^ 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on ^ 
diagonal from the opposite angles are equal. Divide the trapeziuiii 
into four ec^ual triangles, by straight lines drawn to the angles from 9 
point within it. 
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140. If two opposite sides of a tneipezium be pantUel to one another, 
the straight line joining their bisections, bisects the trapezitim. 

141. If of the four triangles into which the diaj^onals diyide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides parallel. 

142; If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the quadrilateral are together equal to two right angles: and 
conversely. 

143. If two sides of a quadrilateral be paraUel, and the line joining 
the middle points of the diagonals be produced to nieet the othor 
ddes; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
half their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points : (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure f except it be 
a parallelogram) into equal triangles by lines drawn irom a point 
within it to its four comers. 

IX. 

147. If the greater of the acute angles of a right-angled triangle^ 
be double the other, the square on the greater side is ttoee times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square of the other side may be equal to seven times 
the square on the given line. 

149. If from the vartex (^ a^ plane triangle, a perpendicular &11 
upon the base or the base produced, the difference of tne squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

160. If from the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to the 
square on the other side. 

151. If a straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the souare upon that 
Kne is less than the sq^uare upon the bypotenuse by tnree limes the 
square upon half the Ime bisected. 

152. If the sum of the squares of the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle is a 
right angle. 

153. If a line be drawn parallel to the hypotenuse of a rights 
snj^led triangle, and each of the acute angles be joined with the 
pwnts where this line intersects the sides respectively opposite to 
th«n, the squares on the joining lines are together equal to the 
squares on the hypotenuse and on the line drawn parallel to it. 
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154. Let JCJBf ADB be two riffht-angled triangles haying a 
common hypotenuse AB, join CD, ana on CD produced both ways 
draw perpendiculars AE, BF. Shew that CE* + CF* = DE* + DF*. 

165. If perpendiculars AD, BE, CF drawn from the angles on 
the opposite sides of a triangle intersect in Q, the squares on AB, 
BCt and CA, are together three times the squares on AG, BG, 
and CG. 

156. If ABC be a triangle of which the angle ^ is a right 
angle; and BE, CF be drawn bisecting the opposite sides re- 
spectively: shew that four times the sum of the squares on BE 
and CFu equal to five times the square on BC. 

157. If ABC be an isosceles triangle, and CD be drawn per- 
pendicular to AB; the sum of the squares on the three sides is 
equal to 

AD*^2.BD^^S.CD\ 

158. The sum of the squares described upon the sides of a rhombus 
is equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides ; the squares on the first are double the sum of the squares on 
the last. Shew that these sums are least when the point is in the 
center of the square. 

160. In the figure Euc. I. 47, 

(a) Shew that the diagonals FA, AK of the squares on AB, A C, 
lie in the same straight line. 

(b) If DF, EKoe joined, the sum of the angles at the bases 
of tiie triangles BFD, CEK is equal to one right angle. 

(e\ If BG and Cffbe joined, those lines will be parallel. 

(a) If perpendiculars be let fall from J* and K on BC produced, 
the parts produced will be equal; and the perpendiculars toge^er 
will oe equal to BC 

{e) Join GH, KE, FD, and prove that each of the triangles so 
formed, equals the given triangle ABC 

{/) The sum of the squares on Gff, KE, and FD will be equal 
to SIX times the square on the hypotenuse. 

(g) The difference of the squares on AB, ^C, is equal to the 
difference of the squares on AD, AE, 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle, to the intersection of the two sides of the former paral- 
lelograms produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right angle, prove from the First Book of 
Euclid, that the equilateral triangle described on the hypotenuse, 
is equal to the sum of the equilateral triangles described upon the 
sides which contain the right angle. 
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DEFINITIONS. 
I. 

EvBKT ri^t-angled parallelogram is called a rectangle, and is said 
. to be contained by any two of the straight lines which contain one of 
the right angles. 

n. 

In every parallelogram, any of the parallelograms about a diameter 
together with the two complements, is called a gnomon. 

A £ D 




. "Thns the parallelogram HG together with the complements JF, FC, 
» we gnomon, which is move briefly expressed by the letters AGK, or 
SBC, which are at the opposite angles of the paralfelograms which make 
the gnomon." 



PROPOSITION I. THEOREM. 



Jf there he two straight lines, one of which ia divided into any mmber 
VPenU; the recianjle contained by the two straight lines, is equal to the 
ndangles contaimi by the undivided line, and the several parts of the 
*»wW line. 

Let A and BChe two straight lines ; 
m let BC be divided into any parts BD, DjE, EC, in the points D, E, 
Then the rectangle contained by the straight lines A and BC, shall 
w eqnal to the rectangle contained by A and BD, together with that 
contamed by A and DE, and that contained by A and EC 
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7 A 



From the point B, draw BF&t right angles to BC, (l. 11.) 
and make BG equal to A; (l, 3.) 
through O draw G^-ffparallel to BC, (i. 31.) 
and through 2>, By C, draw DJt, j&X, CJST parallel to ^(?, meeting 

Then the rectangle BHia^ equal to the rectangles BK, DL^JBE, 

And J?^ is contained by A and ^C, 

for it is contained bv OBy BC, and GB is equal to A : 

and the rectangle BK is contained by -4, Ji>, 

for it is contained by GB, BD, of which GB is equal to A : 

also ^X is contained by A, DE, 

because DK, that is, BG, (i. 34.) is equal to A j 

and in like manner the rectangle ^JJis contained by A, EC: 

therefore the rectangle contained hy A, BC,is equal to the several 

rectangles contained by A, BD, and by A, DE, and by A^ EC 

Wherefore, if there be two straight lines, &c. Q. E.D. 



PROPOSITION n. THEOREM. 

If a ttraighi line he divided into any two parte, the rectangUe contained 
hy the whole and each of the parte, are together equal to the s^are on the 
fchole line, I 

Let the straight line AB be divided into any two parts in the point C 
Then the rectangle contained by AB, Bu, together with that con- 
tained by AB, A C, shall be equal to the square on AB. I 
ACS 




Upon AB describe the square ADEB, (l. 46.) and through Cdraw 
CF parallel to AD or BE, (i. 31.) meeting DE in F. 

Then AE is equal to the rectangles AF, CE, 

And ^ J^ is the square on AB ; I 

and .^jPis the rectangle contained by BA, AC; 
for it is contained by DA, A C, of which DA is equal to AB : 
and CE is contained by AB, BC^ 
for BE is equal to AB : 
therefore the rectangle contained by AB, AC, together with tte 
rectangle AB, BCi» equal to the square on AB» 
If therefore a straight line, &c. Q.E.D. 
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87 



If a straight line be divided into any ttoo p€nia, the reetangU contained hy 
the whole and one of the partem it equal to the rectangle contained hy the two 
parts, together with the square on the aforesaid part. 

Let the straight line ABhe diyided into any two parts in the point C. 
Then the rectangle AB, BC, shall be equal to the rectangle 
AC, cSy together with the square on BC. 




F D E 

Upon 5C describe the square CDEB, (i. 46.) and produce ED to F, 
through A draw ^jPparallel to CD or BE, (l. 31.) meeting EFin F. 
Then the rectangle AE is equal to the rectangles AD, CE. 

And AE is the rectangle contained hyAB, BC, 

for it is contained by A B, BE, of which BE is equal to BCi 

and AD is contained by A C, CB, for CD is equal to CB : 

and CE is the s(^uare onBC: 

therefore the rectangle AB, BC, is equal to the rectangle AC, CB, 

together witii the scjuare on BC 

If therefore a straight line be diyided, &o. Q. £. D. 

PROPOSITION IV. THEOREM. 

If a straight line be divided into any ttoo parts, the square on the whole 
hs is equal to the squares on the ttoo parts, together with twice the rectangle 
contained by the parts, 

let the straight line ABhe divided into any two parts in C 
Th^ the square on AB ^all be equal to tne squares on AC, and 
CB, together with twice the rectangle contained by A C, CB. 

A C B 



o 


/ 


/ 





P £ 

Upon AB describe the square ADEB, (i. 46.) join BD, 
Ikough draw C6?jPparallel to AD or BjE, (i. 31.) meeting BD 

in 6? and DE in A j 
Sad through O draw HGK parallel to AB or DE, meeting .^D in 

JT, and^^in JST; 
Then, because GFis parallel to ^D and BD falls upon them, 
before the exterior angle BGCis equal to the interior and opposite 
angle BDA ; (i. 29 J 

but the angle BDA is equal to the angle DBA, (i. 6.) 

because BA is -equal to AD, being sides of a square ; 
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wherefore the angle BOCla equal to the angle DBA or OBC; 

and therefore the side BCis equal to the side CO ; (l. 6.) 

but ^Cis equal also to QZ, and CG to BZ; (i. 34.) 

wherefore the figure CGKB is equilateraL 

It is likewise rectangular ; 

for, since CO is parallel to BK, and J? C meets them, 

therefore the angles KBC, BCO are equal to two right angles ; (i. 29.' 

but the angle KBC is a right angle ; (def. 30. constr.) 

wherefore BCO is a right angle : 

and therefore also the angles COK^ 0KB, opposite to these, are righi 

angles; (I. 34.) 

wherefore COKB is rectangular : 

but it is also equilateral, as was demonstrated ; 

wherefore it is a square, and it is upon the side CB. 

For the same reason HF is a square, 

and it is upon the side HO, which is equal to AC. (l. 34.) 

Therefore the figures SF, CK, are the squares on AC, CB, 

And because the complement ^(7 is equal to the complement OE 

(1.43.) 

and that AGisihe rectangle contained by AC, CB^ 

for GCia equal to CB; 

therefore OB is also equal to the rectangle A C, CB ; 

wherefore AO, OB are equal to twice the rectangle A C, CB; 

and HF, CK are the squares on A C, CB ; 
wherefore the four figures HF, CK, AO, OE, are equal toth^ 

squares on A C, CB, and twice the rectangle A C, CB : 
but HF, CK, AO, OEmske up the whole figure ADEB, which 
is the square on AB ; J 

therefore the square on ^^ is equal to the squares on A C, CB, and 

twice the rectangle AC, CB, 
Wherefore, if a straight line be divided, &c. Q.E.D. 

Ck)B. From the demonstration, it is manifest, that the parallelo- 
grams about the diameter of a square, are likewise squares. 

PROPOSITION V. THEOREM. 

If a ttraight line be divided into two equal parts, and also into tM 
unequal parts ; the rectangle contained by the uneqttal parts, together iwW 
the square on the line between the points of section, is equal to the equare o^ 
half the Une, 

Let the straight line AB be divided into two equal parts in th< 
point C, and into two unequal parts in the point D. 

Then the rectangle AD, DB, together with the square on CD, shall 
be equal to the square on CB, 

A C D B 



.c 



'2 



B OP 
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Upon CB describe the square CEFB, (l. 46.) join BE, 
through D draw DHO parallel to CE or BF, (i. 31.) meeting DE 

in-H;and jKFin Q, 
and through J5f draw ^XJf parallel to CB or EF, meeting CE 
in L, and j9jPin Jbf; 
ilso through A draw AK parallel to CL or BM, meeting MLK'm K, 
Then because the complement CH is equal to the complement HF, 
{l 43.) to each of these equals add DM; 

therefore the whole C3f is equal to the whole DF; 

but because the line ^ C' is equal to CB, 

therefore AL is equal to CM, (i. 36.) 

therefore also .^X is equal to DF; 

to each of these equals add CH, 

and therefore the whole AHia equal to DFand CZT: 

but AHia the rectangle contained hvAI), DB, for DJJis equal to DB\ 

and D-P together with Cifis the gnomon CMO; 

therefore the gnomon CMO is equal to the rectangle AI), DB : 

to each of these equals add LG, which is equal to the square on 

CD', (II. 4. Cor.) 
therefore the niomon CMO, together with LO,]a equal to the 
rectangle AI), DB, together with the square on CD : 
but the gnomon CMO and LO make up the whole figure CEFB, 
which is the square on CB ; 

therefore the rectangle AD, DB, together with the square on CD 
is equal to the square on CB, 

Wherefore, if«a straight line, &c. Q.E.D. 
COK. From this proposition it is manifest, that the difference of 
Hie 8(|uares on two unequal lines A C, CD, is equal to the rectangle 
Contained by their sum AD and their difference DB. 

PROPOSITION YI. THEOREM. 

Jfa ttraight line be biaected, and produced to any point ; the rectangle 
iiXotned by the whole line thus produced, and the part of it produced, 
^her with the tquare on half the line biaected, is equal to the square on 
^ttraiffht line which is made up of the half and the part produced, 

let the straight line AB be bisected in C, and produced to the point D 
Then llie rectangle AD, DB, together with the square on CB, shall 
k equal to the square on CD, 

A c B D 
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E G P 

Upon CD describe the square CEFD, (l. 46.) and join DE, 
tbough B draw BHG parallel to CE or DF, (l. 31.) meeting DE 

mH, BiidiEFiD. G; 
through -H" draw JBTXJf parallel to AD or EF, meeting DF in 
Jf, and C^ini; 
«»d through A draw AK parallel to CL or DM, meeting MLK'xn K, 
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Then because the Jine AC is equal to CB, 

therefore the rectangle ALk equal to the rectangle CH, (i. 36.) 

but CJIis equal to HF; (L 43.) 

therefore A Lis equal to HF; 

to each of these equals add CM; 

therefore the whole AM is equal to the gnomon CMG : 

but AM is the rectangle contained by AD, DJB, 

for DM is equal to DB: (n. 4. Cor.) 

therefore the gnomon CMjQ is equal to the rectangle AD, DS: \ 

to each of these equals add LO which is equal to the square on CB;^ 

therefore the rectangle AD, DB, together with the square on CB,'% 

equal to the gnomon CMG, and the figure LO ; 
but the gnomon CMQ and LO make up the whole figure CEFD^ 

which is the square on CD ; 
therefore the rectangle AD, DB, together with the square on CBf 
is equal to the sauare on CD. 

Wherefore, if a straight line, &c Q.E.D. 

PROPOSITION Vn. THEOREM. 
If a straight line be divided into any two parts, the squares on the loAob 
line, and on one of the parts, are equal to twice the rectangle contained if 
the whole and that part, together with the square on the other part. 

Let the straight line AB be divided into any two parts in the point C 
Then the squares on AB, BC shall be equal to twice the rectangle 
AB, BC, together with the square on AC, 
A c B . 



G 



D F E 

Upon AB describe the square ADEB, (l. 46.) and join AD ; 
through Cdraw C2?^ parallel to AD or BE (l. 31.) meeting BDt 

O, and DE in F; 
through G draw ^G^jK" parallel to ^JB or DB, meeting AX> in J 
and BE in K, 

Then because AG is equal to GE, (l. 43.) 

add to each of them CK; 

therefore the whale AK is equal to the whole CE; 

and therefore AK, CE, are double oiAKi « 

but AK, CE*axe the gnomon AKFand the square CK; 
therefore the gnomon AKF and the square CK are double of AK^ 
but twice the rectangle AB, BC, is double of AK, j 

for ^JTis equal to BC; (n. 4. Cor.) 
therefcHre the gnomon ^JSTJF'and the square CK, are equal to twice thi 
rectangle AB, BC; 
to each of these equals add JIF, which is equal to the square on A A 
liierefore the gnomon AKF, and the squares CK, HF, are equal t% 
twice the rectangle AB, BC, and the square on ^ C; j 

but the gnomon AKF, together with the squares CK, HF\ makn 
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up the wli(^ figure ADEB and CJT, which are the squares on AB 

therefore the squares on AB and BCare equal to twice the rectangle 
AB, BC, together with the square on AC. 

Wherefore, if a straight line, &c. Q.E.D. 

PROPOSITION Vni. THEOBEM. 

If a ttratght Une he divided into any two parts, four timet the rectangle 
eontained by the tchole line, and one of the parte, together with the square on 
ike other part, is eqtial to the square on the straight line, wJUch is made up 
of the whole and that part. 

Let the straight line AB be divided into any two parts in the point C, 
y Then ibur times the rectangle AB, B C, together with the square on 
AC, shaU be equal to the square on ihe straight line made up of AB 
ind^C together. 

A C B D 

N 
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E H L P 

Produce AB to D, so that BB be equal to €B, (l. 8.) 
upon AD describe the square AEFB, h, 46.) and join I>E, 
through B, C, draw BL, CH parallel to AE or DF, and cutting BE 
in the points K, P respectively, and meeting j&l^in L, H; 
through K, P, draw MGKN, XPRO parallel to AD or EF, 
Then because CB is equal to BD, CB to OK, and BD to EN; 
therefore G^JTis equal to KN; 
for the same reason, PJc is equal to i20; 
and because CB is equal to BD, and OX to EN, 
tiiCTef(Hre the rectan^e CK is equal to BN, and OB to EN-, (i. 36.) 
but CK is eaual to EN, (i. 43. ) 
because they are the complements of the parallelogram CO ; 
therefore also ^iVis equjd to OE; 
ttd the four rectangles BN, CK, OE, EN, are equal to one another, 
and so are quadruple of one of them CK 

Again, because CB is equal to BD, and ^i>to BK, that is, to CO; 
and because CB is equal to OK, that is, to OP ; 

therefore CO is equal to OP. 

And because CO is equal to OP, and PE to EG, 

therefore the rectangle AOis equal to MP, and PL to EF; 

but the rectangle MP is equal to PL, (i. 43.) 
because they are the complements of the parallelogram ML : 
wherefore also AOis equal to EF: 
^Ittr^we Hie four rectangles AO, MP, PL, EF, are equal to one 
anoth^, and so are quadruple of one of them AO. 
And it was demonstrated, that the four CK, BN, OE, and EN, are 
quadruple of CK: 
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therefore the eight rectangles which coDtainthe gnomon AOH, are 

quadruple of AK, 

And because ^ JT is the rectangle contained by ABt BC, 

for BK is equal to BC; 

therefore four times the rectangle AB, BCis quadruple of AK: 

but the jenomon A OH was demonstrated to be quadruple of AK; 

therefore rour times the rectangle AB, B Cis equal to the gnomon^ Oil] 

to each of these equals add JlS', which is equal to the square on AC; 

therefore four times the rectangle AB, BC, toffether witn the square 

on ^C is equal to the ^omon A OH and the square KH; 
but the gnomon A OH and XET make up the figure AEFD, which is 
the square on AD ; 
therefore four times the rectangle AB, BC together with the square 
on ^ C, is equal to the square on AD, that is, on AB and BC added 
together in one straight une. 

Wherefore, if a straight line, &c, Q.E.D. 

PROPOSITION IX. THEOREM. 

If a 9tra%gkt Une he divided into two equal, and alto into two unequal 
parte; the aquarea on the two unequal parts are together double of the square 
on half the line, and of the square on the line between the pointa of aectwn. 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts in the point D. 

Then the squares on AD, DB together, shall be double of the 
squares on Av, CD. 

£ 




From the point Cdraw CE at rieht angles U)AB, (l 11.) 

make Cj& equal to ^ Cor CB, (i. 3.) and join BA, JEB; 

through D draw 2>J' parallel to CE, meeting EB in F, (l. 31.) 

through Fdraw FQ parallel to BA, and join AF. 

Then, because ACi& equal to CM, 

therefore the angle AECis equal to the angle EAC; (l. 6.) 

and because A CE is a right angle, 

therefore the two other angles AEC, EA C of the triangle are together 

equal to a right angle ; (l. 32.) 

and since they are equal to one another ; 

therefore each of them is half a right angle. 

For the same reason, each of the angles CEB, EB Cis half a right angle; 

and therefore the whole AEB is a right angle. 

And because the angle OEF is half a right angle, 

and EuFa. right angle, 

for it is equal to the interior and opposite angle ECB, (l. 29.) ij 

therefore the remaining anple EPG is half a right angle ; 

wherefore the angle OEF is equal to the angle EFO, 

and the side GF equal to the side EO, (l. 64, 
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Again, because the angle 9.1 B u half a right angle, 

and FDS a right angle, 

for it is equal to the interior and opposite anffle JSCB, (i. 29.) 

therefore the remaining angle BFD is halt a right angle ; 

wherefore the angle at ^ is equal to the angle BFV, 

and the side I>-F equal to the side DB. (I. 6.) 

And because ACia equal to CE, 
the square on ^Cis equal to the square on CJS; 
therefore the squares on A C, CF are double of the square on A C\ 
but the square on AE is equal to the souares on A C, CE^ (i. 47.) 
because A CE is a rignt angle ; 
therefore the square on ^^ is double of me square on AC. 
Again, because EG is eoual to OF, 
the square on EG is equal to tne square on OF; 
therefore the squares on EG, OF are double of the square on OF; 
ktthe square on EFi& equal to the squares on EG, OF; (i. 47.) 
therefore the square on J^^is double of the square on OF; 

and G'-Pis equal to CJ); (L 34.) 
therefore the square on EF is double of the square on CJD ; 

hhut the square on ^ J^ is double of the square on ^ C; 
fore the squares on AE^ EF are double of the squares on A C, CD ; 
but the square on AF ia equal to the squares on AE, EF, 
because AEF is a right angle : (l. 47.) 
1 therefore the square on -4^ is double of the squares on A C, CD : 

but the squares on AD, DFtae equal to the square on AF; 
, because the angle ADF is a right angle ; (l. 47.) 

krefore the squares on A D, DFaie double of uie squares on A C, CD ; 
I and DF is equal to DB ; 

kefore the squares on AD, DB are double of the squares on A C, CD. 
I If therefore a straight line be divided, &c. Q.E.D. 

PROPOSITION X. THEOREM. 

(f a ttraight line be bisected, and produced to any point, the tquare on 
JirAofe line thue produced, and the square on the part of it produced, are 
NA«r double of the square on half the line bisected, and of the sqtmre on 
^hemade up of the half and the part produced, 

\ 1^ the straight line AB be bisected in C, and produced to the 

mi). 

■ Then the squares on AD, DB, shall be double of the squares on 

C, CD. 

' E p 




From the point C draw CE at right angles to AB, (l. 11.) 
make CE equal to -4 Cor CB, (i. 3.) and join AE, EB; 

through E draw -E-F parallel to AB, (l. 31.) 
and through D draw D-F parallel to CE, meeting EFin F. 
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Then because the straight line J? J* meets the parallels CE, FD. 

therefore the anffles CEF^ EFD are equal to two right angles ; (i. 29 

and therefore the angles BEF^ EFD are less than two right angles 

But straight lines, which with another straight line make the ii 

terior angles upon the same side of a line, less than two right angle 

will meet if produced far enough ; (i. ax. 12.) 

therefore EB, FD will meet, if produced towards jB, 2> ; 

let them be produced and meet in (?, andjoin AG, 

Then, because -4(7 is equal to CE^ 

therefore the angle CEA is equal to the angle EAC; (i. 5.) 

and the angle A CE is a right angle ; 

therefore each of the angles CEA^ EA C is half a right angle, (i. 32. 

For the same reason, 

each of the angles CEB^ EBC is half a right angle ; 
therefore the whole AEB is a right angle. 
And because EBC is half a right angle, 
therefore DBO is also half a right angle, (i. 15.) 
• for they are vertically opposite ; 
but BDO is a right angle, 
because it is equal to the alternate angle DCE; (l. 29.) 
therefore the remaining angle DOB is half a ri^ht angle ; 
and is therefore equal to the angle DBtf ; 
wherefore also the side BD is equal to the side DO, (l. 6.V 
Again, because EOF is half a right angle, and the angle at ^ is i 
right angle, beine equal to the opposite an^le ECD, (l. 34.) 

therefore the remaining angle FEO is half a right angle, 

and therefore equal to the angle EOF; 

wherefore also the side 6ri^ is equal to 3ie side FE. (i. 6.) 

And because EC is equal to CA ; 

the square on EC is equal to the square on CA ; 

therefore the squares on EC, CA are double of the square on CA ; 

but the square on EA is equal to the squares on EC, CA ; ^i. 47.) j 

therefore the square on EA is double of the square on AC 

Again, because OF is equal to FE, 

the square on 6r J^ is equal to tne square on FE; 

therefore the squares on OF, FE are double of the square on FE; 

but the square on EO is equal to the squares on OF, FE; (i. 47, 

therefore the square on EG is double of the square on JFE; 

and FE is equal to CD ; (l. 34.) 
wherefore the square on EG is double or the square on CD ; 
but it was demonstrated, 

that the square on EA is double of the square on ^ C; 

therefore the squares on EA, EG are double of the squares on AC, CD 

but the square on ^O is equal to the squares on EA, EG; (i. 47.) 

therefore the square on ^ 6r is double of the squares on A C, CD : 

but the squares on AD, DO are equal to the square on AG; 

therefore the squares on AD, DOsLre double of the squares on A C, CD 

but DO is equal to DB ; 

therefore the squares on AD, DB are double of the squares on A C, CL 

Wherefore, if a straight line, &c. Q. E. D. 
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Tb divide a given straight line into two parts ^ so that the rectangle con' 
ked by the whole and one of the parts, shall be equal to the square on 
i other part, 

> Let ABhQ the given straight line. 

It is required to divide AB into two parts, so that the rectangle 
Dtained by the whole line and one ot the parts, shall be equal 
the square on the other part. 

F G 



C K D 

Upon AB describe the square ACDB; (l. 46.) 
bisect ACmE, (l. 10.) and join BE, 
I produce CA to JP, and make EF equal to EB, (l. 3.) 

upon AF describe the square FGUA, (i. 46.) 
Then AB shall be divided in H, so that liie rectangle AB, BH is 
lial to the square on AH, 

Produce GHijo meet CD in K. 
en because the straight line A Cis bisected in E, and produced to F, 
therefore the rectangle CF, FA together with the square on AE, 
b equal to the square on EF; (ii. 6.) 
' but ^i^is equal to ^jB; 

Jierefore the rectangle CF, FA together with the square on AE, is 

equal to the square on EB\ 
at the squares on BA, AE are equal to the square on EB, (l. 47.) 

because the angle EAB is a right angle ; 
iierefore the rectangle CF, FA, together with the square on AE, 
is equal to the squares on BA, AE; 
take away the square on AE, which is common to both ; 
iierefore the rectangle contained by CF, FA is equal to the square 
on BA. 
But the figure l^.X' is the rectangle contained by CF, FA, 
for FA is equal to FQ ; 
and AD is the square on AB ; 
therefore the figure FK is equal to AD ; 
take away the common part AK, 
therefore the remainder FH is equal to the remainder HD ; 
but HD is the rectangle contained by AB, BH, 
for ^^ is equal to BD ; 
and FH is the square on AH; 
therefore the rectangle AB, BH, is e^ual to the square on AH, 
Wherefore the straight line AB is divided in H, so that the 
rectangle AB, BH is equal to the square on AH. Q.E.F. 
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PROPOSITION XII. THEOREM. 

In chiu$$»angled trianfflet, if a perpendicular be drawn from either « 
the aetite anglea to the oppoeiie side produced^ the square on the tide iw 
tending the obtuee angle, ie grectter than the tquaree on the sides containm 
the oUuse angle, by twice the rectangle contained by the side upon which 
when produced, the perpendicular falls, and the straight line interceftt^ 
without the triangle between the perpendicular and the obtuse angle. 

Let ABC he an obtuse-angled triangle, having the obtuse an^^ 
A CB, and from the point A, let AD be drawn perpendicular to Bi 
produced. 

Then the square on ^^ shall be greater than the squares on At 
CB, by twice the rectangle BC, CD, I 

A 




Because the straight line BD is divided into two parts in the poist ( 
therefore the square on BD is equal to the squares on £C, CL 
and twice the rectangle BC, CD; (n, 4.) 

to each of these equals add tne square on DA ; , 

therefore the squares on BD, DA are equal to the squares on B(\ 

CD, DA, and twice the rectangle BC, CD ; 

but the square on BA is equal to the squares on BD, DA, (l. 47.) 

because the angle at i> is a right angle ; I 

and the square on CA is equal to the squares on CD, DA ; 

therefore the square on BA is equal to the squares on BC, C^,^ 

twice the rectangle BC, CD; 
that is, the square on BA is greater than the squares on BC, CA, b] 
twice the rectangle BC, CD, 

Therefore in obtuse-angled triangles, &c. Q. E. D. 

PROPOsrnoN xiii. theorem. 

In every triangle, the square on the side subtending either of the acuX^ 
angles, is less than the squares on the sides containifig that angle, bytwict 
the rectangle contained by either of these sides, and the straight line inier^ 
cepted between the acute angle and the perpendicular let fall upon ii fi'o^ 
the opposite angle. 

Let ABC be any triangle, and the angle at B one of its acutt 
angles, and upon BC, one of the sides containing it, let &11 tb< 
perpendicular AD from the opposite angle. (l. 12.) 

Then the square on ^C opposite to the angle B, shall be less thai 
the squares on CB, BA, by twice the rectangle CB, BD. 

A 




B 1) C 
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First, let ^D fall within the triangle ABC, 
Then because the straight line CB is divided into two parts in A 
liie squares on CB, BD are equal to twice the rectangle contained by 

CB, BD, and the square on DC\ (il. 7.) 
I to each of these equals add the square on AD ; 

therefore the squares on CBj BD, DA, are equal to twice the 
' rectangle CB, BD, and the squares on AD, DC; 

but the square on AB is equal to the squares on BD, DA, (l. 47.) 
I because the angle BDA is a right angle ; 

and the square on ^Cis equal to the squares on AD, DC; 
therefore the squares on CB, BA are equal to the square on AC, 
and twice the rectangle CB, BD : 
iiatis, the square on ^C alone is less than the squares on CB, BA, 
by twice the rectangle CB, BD. 
ndly, let AD fall without the triangle ABC, 




B CD 

Then, because the angle at 2> is a right angle, 
the angle ACB is greater than a right angle ; (l. 16.) 
W therefore the square on ^^ is equal to the squares on AC, CB, 
and twice the rectangle BCu,CD ; (ii. 12.) 

to each of these equals add the square on BC; 
«reforethe squares on AB, BC sue equal to the square on AC, 
twice the square on BC. and twice the rectangle BC, CD ; 
but because BD Js diviflrotnto two parts in C, 
erefore the rectangle DB, 2(£S^is equal to the rectangle BC, CD, 
and the square on J?C; Til. 3.) 

and the douoles of these are equal ; 
»t is, twice the rectangle DB, BC ib equal to twice the rectangle 
BC, CD and twice the square on BC: 
Aerefore the squares on AB, BC&re equal to the square on AC, 

and twice the rectangle DB, BC: 
MR&re the square on AC alone is less than the squares on AB, BC; 

by twice the rectangle DB^ BC. 
^J, let the side ^C be perpendicular to BC. 



B 

^tken ^C is the straight line between the perpendicular and the 
■teangleat B; * 

M it is manifest, that the squares on AB, BC, are equal to the 
square on A C, and twice the sqjiare on BC. (i. 47.) 
Therefore in any triangle, &c. Q.E.D. 

F 
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PBOFOBinON XIY. PROBLEM. 

To deseribe a square that $hall be eqtuU to a given reoUUneal figure. 

Let A be the giyen rectilineal fie:are. 
It is required to describe a square that shaU be equal to A, 



^ '& 



Desorihe the rectangular parallelogram BCDJE equal to the reed 
lineal figure A, (l. 450 

Then, if the sides of it, B£, ED, are equal to one another, 

it is a square, and what was required is now done. 

But if BE, ED, are not equal, 

produce one of them BE to F, and make EF equal to EB, 

bisect^!?' in G\ (i. 10.) 

from the center O, at the distance OBy or OF, describe the semicird 

BHF, ^ 

and produce BE to meet the circumference in IT. 

The square described upon J^if shall be equal to the given rect 

lineal figure A, 

Join 6?ir. 

Then because the straight line BF is divided into two equal par 
in the point O, and into two unequal parts in the point E; 

therefore the rectangle BE, EF, together with the square on Ei 
is equal to the square on OF; (ll. 5.) 

but GFia equal to GH; (def. 15.) 
therefore the rectangle BE, EF, together with the square on EG, 

equal to the sq>iare on GH; 
but the squares on HE, EG are equal to the square on GH; (l. 4"] 
therefore the rectangle BE, EF, together with the square on Ei 
is equal to the squares on HE, EG ; 
take away the square on EG, which is common to both ; 
therefore the rectangle BE, EFia equal to the square on HE. 
But the rectangle contained by BE, EF is the parallelogram B. 
because EF is equal to ED j 

therefore BD is equal to the square on EH; 

but BD is equal to the rectilineal figure A ; (constr.) 

therefore the square on ^.ETis equal to the rectilineal figure A, 

Wherefore a square has been made equal to the given rectilinc 

fi^e Af namely, the square described upon EH. Q.E.F. i 
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In Book T, Geometrical magnitudes of the same kind, lines, angles 
I and surfaces, more particularly trianeles and parallelograms, are oom- 
, pared, either as being absolutely equal, or unequal to one another. 

In Book II, the properties of right-angled parallelograms, but without 
I reference to their magnitudes, are demonstrated, and an important 
extension is made of Euc. i. 47, to acute-angled and obtuse- angled 
triangles. Euclid has giyen no definition of a rectangular parcUlelogram 
or rectangle : probably, oecause the Greek expression irapa\KtjiK6ypafiti,09 
i^oyowtov, or 6pQoy'u:viov simply, is a definition of the figure. In English, 
the term rectangle, formed from reetua anguhta, ought to be defined l^fore 
its properties are demonstrated. A rectangle may be defined to be a 
parallelogram haying one angle a right-angle, or a right angled paral- 
HogTam ; and a square is a rectangle haying all its sides equcu. 

As the squares in Euclid's demonstrations are squares described or 
wpposed to be described on straight lines, the expression ** the square 
n AB" is a more appropriate abbreyiation for " the square detcribed on 
W Une AB" than ** the sq^xare of AB," The latter expression more 
itly expresses the arithmetical or algebraical equiyalent for the square 
B the line ^5. 

In Euc. I. 35, it may be seen that there may be an indefliiite number 
if parallelograms on the same base and between the same parallels whose 
ireas are always equal to one another ; but Ihat one of them has all its 
tag^ right angles, and the length of its boundary less than the boundary 
imj6&eT parallelogram upon ^e same base and between the same 
toallds. The area of this rectangular parallelogram is therefore de- 
ennined by the two lines which contain one of its right angles. Hence 
(is stated i^Def. 1, that eyery right-angled parallelogram is said to be 
intained by any two of the straight lines which contain one of the right 
Dgles. No distinction is made in Book ii, between equality and identity, 
I the rectangle may be said to be contained bj two lines which are 
[Wd respectiyely to the two which contain one right angle of the figtire. 
may be remarked that the rectangle itself is bounded by four straight 

L It is of primary importance to discriminate the Geometrical conception 
[a rectangle from the Arithmetical or Algebraical representation of it. 
pe subject of Geometry is magnitude not nurnher, and therefore it would 
pa departure from strict reasoning on space, to substitute in Geometrical 
nnonstrations, the Arithmetical or Algebraical representation of a rect- 
me for the rectangle itself. It is howeyer, absolutely necessary that 
ke connexion of number and magnitude be clearly understood, as far 
I regards the representation of lines and areas. 

Ail lines are measured by lines, and all surfaces by surfaces. Some 
te line of definite length is arbitrarily assumed as the linear unit, and 
e length of eyery oSier line is represented by the number of linear 
lits, contained in it. The square is the figure assumed for the measure 
surfaces. The square unit or the unit of area is assumed to be that 
lUare, the side of which is one unit in length, and the magnitude of 
ery aurfSace is represented by the number of square units contained 
it. But here it may be remarked, that the properties of rectangle!! 
d squares in the Second Book of EucUd are proyed independently 

f2 
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of the consideration, whether the sides of the rectangles can be repre^ 
sented by any multiples of the same linear unit. If^ howeTer, th^ 
sides of rectangles are supposed to be divisible into an exact nimibe] 
of linear units, a numericu representation for the area of a rectangl< 
may be deduced. 

On two lines at right angles to each other, take AB equal to 4, an^ 
AD equal to 3 linear units. ' 

Complete the rectangle A BCD, and through the points of division o 
AB, AD, draw EL, FM, QN parallel to ^I>; and HP, iCQ parallel t< 
AB respectively. 

A E F G B 

-I" 

D L M N C 

Then i^ig whole rectangle AC is divided into squares, all equal to eac{ 
other. 

And AC is equal to the sum of the rectangles AL, EM, FN, GC ; (ii. li 
cdso these rectangles are equal to one another, (i. 36.) 
therefore the whole AC is equal to four times one of them AL, \ 

Again, the rectangle AL is equal to the rectangles EH, HR, Rt\ 
ind these rectangles, by construction, are squares described upon th 
equal lines AH, HK, KD, and are equal to one another. 

Therefore the rectangle AL is equal to 3 times the square on AH, 

but the whole rectangle AC is equal to 4 times the rectangle AL, 
therefore the rectangle AC is 4 x 3 times the square on AH, or 1 
square units : 

that is, the product of the two numbers which express the number ^ 
linear units in the two sides, will give the number of square units in th 
rectangle, and therefore will be an arithmetical representation of its arej 

And generally, if AB, AD, instead of 4 and 3, consisted of a and 
linear units respectively, it may be shewn in a similar manner, that tlj 
area of the rectangle AC wonld. contain ab square units ; and therefore il 
product od is a proper representation for the area of the rectangle AC. \ 

Hence, it follows, that the term rectangle in Geometry corresponds j 
the term product in Arithmetic and Algebra, and that a similar coi^ 
parison mav be made between the products of the two numbers whi<| 
represent the sides of rectangles, as between the areas of the rectanglj 
themselves. This forms the basis of what are called Arithmetical \ 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if 5 be equal to 
the figure is a square, and the area is represented by aa or a". 

Also, siAce a triangle is equal to the half of a parallelogram of t1 
same base and altitude ; 

Therefore the area of a triangle will be represented by half the re<^ 
angle which has the same base and altitude as the triangle : in otli 
words, if the length of the base be a units, and the altitude be 1> units ^ 

Then the area of the triangle is algebraically represented by Joft. 

The demonstrations of the first eight propositions, exemplify t| 
obvious axiom, that, " the whole area of every figure in each case, 
equal to all the parts of it taken together." 

I>ef. 2, The parallelogram EK together with the complements A 
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FC^ is also a gnomotit as well as the parallelogram HQ together with the 
same complements. 

Prop. I. .For the sake of brevity of expression, ** the rectangle con- 
tained by the straight lines AB, fiC,'* is called "the rectangle JB, BC;** 
and sometimes *• the rectanele ABC** 

To this proposition may be added the corollary : If two straight lines 
be divided into any number of parts, the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the several parts of 
one Une and the several parts of the other respectively. 

The method of reasoning on the properties of rectangles by means of 
the products which indicate the number of square units contained in their 
areas is foreign to Euclid's ideas of rectangles, as discussed in his Second 
Book, which have no reference to any particular unit of length or measure 
of surface. 

Prop. T. The figures BH^ BK, DL, EH are rectangles, as may 
readily be shewn. For, by the parallels, the angle CEL is equal to EDK ; 
and the angle EDK is equal to BDG (£uc. i. 29.). But hDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL, EU 
is a right angle, and therefore (£uc. i« 46, Uor.) these figures are 
rectangular. 

Prop. I. Algebraically, (fig. Prop, i.) 

Let the line BC contain a linear imits, and the line A, h linear imits oi 
t the same length. 

Also suppose the parts BD^ DE, EC to contain m, n, p linear units 
respectively. 

Then a=im + n+p^ 

multiply these equals by 6, 

therefore a5 = 6m + 6n + 6p. 
That is, the product of two numbers, one of wliich is divided into any 
nomber of parts, is equal to the sum of the products of the undivided 
niunber, and the several parts of the other ; 

or, if the Geometrical interpretation of the products be restored, 

I The number of square units expressed by the product ab, is equal 

to the number of square units expressed by the simi of the products 6m, 

I Prop. II, Algebraically, (fig. Prop, ii.) 

Let AB contain a linear units, and AC, CB, m and n linear units 
■ respectively. 

Then m + n = a> 
multiply these equals by a, 

therefore am -^ an = a\ 
That is, if a number be divided into any two parts, the sum of the 
products of the whole and each of the parts is equal to the square of the 
vhole number. 
Prop. III. Algebraically, (fig. Prop, iii.) 

Let AB contain a linear imits, and let BC contain m, and AC, n linear 
miits. . 

Then a^m-^-fi, 
multiply these equals by m, 

therefore ma = m* + nm» 
That is, if a number be divided into any two parts, the product of 
the whole number and one of the parts, is equal to the square of that 
part, and the product of the two parts. 
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Prop. IT. might haTe been deduced from the two precedtsg profto- 
•itions ; but Euclid has preferred the method of exhibiting, in the de- 
monstrationB of the second book, the equalitY of the spaces compared* 

In the corollary to Prop. xlti. Book I, it is stated that a |>araflelogram 
which has one rieht angle, has all its angles right angles. By applying 
this corollary, tne demonstration of Prop. iv. may be considerably 
shortened. 

If the two parts of the line be equal, then the square on the whole 
line is equal to four times the square on half the line. 

Also, if a line be divided into any three parts, the square on the whole 
line is eaual to the squares on the three parts, and twice the rectangles 
contained by every two parts. 

Prop. rv. Algebraically, (fig. Prop, rv.) 

Let the line JB contain a linear units, and the parts of it JCBud BCf 
m and ft linear units respectively. 

Then a ^m -{-n, 

squaring these equals, .*. a* si {m-{- n)\ 

or a* ^m* ■\- 2mn + n*. 

That is, if a niunber be divided into any two parts, the square of the 
number is equal to the squares of the two parts togeth^ with twice the 
product of the two parts. 

From Euc. ii. 4, may be deduced a proof of Euc. i. 47. In the fig* 
take DL on DE, and EM on EB, each equal to BC, and loin C^, HLf 
LMf MC, Then the figure HLMC is a square, and the rour triangles 
CAH, HDLf LEMf MBCe^xe equal to one another, and together are equal 
to the two rectangles AGt GE, 

Now AQt GEf FH, CKsi^ together equal to the whole figure ADEB ; 
and BLMC, with the four triangles CAH, HDL, LEB, MBC also make 
up the whole figure ADEB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles ; 

but AG, GE aie equal to the four triangles. 

wherefore FH, CK are equAl to HLMC, 

that is, the squares on AC, AH are together equal to the square on CH* 

Prop. V. It must be kept in mind, that the sum of two straight lines 
in Geometry, means the straight line formed by joining the two lines 
together, so that both may be m the same straight line. 

The following simple properties respecting the equal and unequal 
division of a line are worthy of being remembered. 

I. Since AB = 2BC ^2(BD + DC) = 2.BD + 2DC. (fig. Prop, y.) 

md JB=^AD + DB; 
.-. 2CD + 2DB = i4D + DB, 
and by subtracting 2DB from these equals, 

/. 2CD ^AD~ DB, 
and CD^^{AD-'DB), 
That is, if a line -4Bbe divided into two equal parts in C, and into two 
unequal parts in Z), the part CD of the line between the points of section 
is equal to half the difference of the unequal parts A D and DB. 

II. Here AD = AC + CD, the sum of the unequal parts, (fig. Prop, y.) 

and DBs'AC" CD their difference. 
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Hence by adding tliete equals together, 

/. AD-^DB^ 2AC, 
or the Bun and difference of two lines AC, CD, are together eqxud to 
twice the greater line. 
And the halves of these equals are equal, 

,\i,AD -hi. DBr^ AC, 
or, half the sum of two unequal lines AC, CP added to half their diffe- 
rence is equal to the greater line AC, 

m. Again, since AD r>z AC -^ CD, ua^ DB nx AJC -^ CD^ 
by subtracting these equals, 

/. AD^DB^ 2CD, 
(St, the difference between the sum and difference of two unequal lines is 
^qoalto twice the less line. 
And the habres of these equals are equal, 

.-. i.AD-i.DB ^CD, 
r, half the difference of two lines subtracted £rom half their sum is equal 
lithe less of the two lines. 
IT. Since AC- CD^ DBihe difference, 

/. AC = CD+ DB, 
ttSaddzng CD the less to each of these equals, 

.'. AC + CDr:^ 2CD + DB, 
ffy^ sum of two unequal lines is equal to twice the less line together 
viththe diff^ence between the lines. 
Ftop. Y. Algebraically. 

Let AB contain 2a linear units, 
its half BC will contain a linear units, 
ifidlet CD the line between the points of section contain m Unear units. 
MOi AD the greater of the two imequal parts, contains a-{- m linear units ; 
and DB the less contams a — m units. 
Also m is half the difference of a + ^ and a ~ m; 
/. (a + m) (a — m) = a" — m\ 
to each of these equals add m* ; 
,\ (a + m) (a — m) + m* s= «•. 

That is, if a niunber be divided into two equal parts, and ^also into two 
Vnequtd parts, the product of the unequal parts together with the square 
of half their difference, is equal to the square of hsdf the niunber. 

Bearing in mind that AC, CD are respectively half the sum and half 
^ difference of the two lines AD, DB ; ^e corollary to this proposition 
laaybe expressed in the following form: "l^e rectangle contained by 
two straight lines is equal to the cufference on the squares of half their 
nmand naif their difference." 

The rectangle contained hy AD and DB, and the square on BC are 
<ich bounded by the same extent of line, but the spaces enclosed differ 
■f the square on CD. 

Affiven straight line is said to be produced when, ithas its length increased 
k either direction, and the increase it receives, is called the part produced,' 

If a point be takm in a line ot in a line produced, the line is said to 
be divided tn^^nm^ or ewUmaUp^ and the distances of the point £:om 
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the endf of the line are called the internal or external se^ents of the 
line, according as the point of section is in the line or tiie line produced. 
Prop. Yi. Algebraically. * 

Let AB contain 2a linear units, then its half BC contains a units ; and 
let BD contain m units. 

Then AD contains 2a + m units, 

and /. (2o -{■ m) m t^ 2am + m» ; 

to each of these equals add a*, 

/. (2a •\' m) m -{■ a^ ^ a* + 2am + m*. 

But a* + 2am + »* = (a + m)\ 

/. (2a + m) m + a* = (a + m)*. 

That is, If a number be divided into two equal numbers, and anotha 

number be added to the whole and to one of the parts ; the product tf 

the whole number thus increased and the other number, together with tie 

square of half the given number, is equal to the square of the number 

which is made up of half the given number increased. 

The algebraical results of rrop. v. and Prop. vi. are identical, as i1 Ib 
obvious that the difference of a + m and a — m in Prop. v. is equal to the 
difference of 2a + m and m in Prop, vi, and one algebraical result ex- 
presses the truth of both propositions. 

This arises from the two ways in which the difference between two 
imequal lines may be represented geometricidly, when tiiey are ia the 
same direction. 

In the diagram (fig. to Prop, v.), the difference DBof the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making 
CB equal to ^C the greater. 

Tlien the part produced DB is the difference between AC and CD, 
for AC is equal to CB, and taking CD from each, 
the difference of AC and CD is equal to the difference of CB and CD, 
In the diagram (fig. to Prop. v£.), the difference DB of the two un- 
equal lines CD and CA is exhibited by cutting off from CD the greater, 
a part CB equal to CA the less. 

Prpp. VII. Either of the two parts AC, CB of the line AB may be 
taken : and it is equally true, that the squares on AB and AC are equal 
to twice the rectangle AB, AC, together with the square on BC, 
Prop. VII. Algebraically. 

Let AB contain a linear units, and let the parts AC and CB contains! 
and fi linear units respectively. 

Then a = m + n; 

squaring these equals, 

/. o« = m« 4- 2mn + fi», 

add »■ to each of these equals, 

.'. o* + »* = m* + 2mn + 2n\ 

But 2mn + 2«» = 2 (m + «) n = 2a«, 

.*. a» + »»• = iw* + 2ait, 

That is, If a number be divided into any two parts, the square of the 

whole number and of one of the parts, is equal to twice the product of the 

whole number and that part, together with the square of the other part 

Prop. VIII. As in Prop. vii. either part of the line may be taken, 

and it is also true in this Proposition, mat four times the rectangle con- 
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taSa^ by JB^ ^Ctogether with the square on BOt is equal to the square 
on the straight line made up of AB and AC together. 

The truth of this proposition may be deduced from Euc. ii. 4 and 7. 
For the square on AD (fig. Prop. 8.) is equal to the squares on AB^ 
BD, and twice the rectangle AB^ BD; (Euc. ii. 4.) or the squares on 
AB, BC, and twice the rectangle AB, BC, because BC is equal to BD: 
and tbe squares on AB, BCaie equal to twice the rectangle AB, BC with 
the 8<^uare on AC: (Euc. ii. 7.) therefore the square on ^D is equal to 
four tunes the rectangle AB, BC together with the square on AC, 
Prop. VIII. Algebraically. 

Let the whole line AB contain a linear units of which the parts AC, 
CB contain m, n units respectively. 

Then m + n = a, 
and subtracting or taking it from each, 
,'.m ssa — n, 
squaring these equals, 
.*. m* =: a* ^ 2an + n*, 
and adding 4an to each of these equals, 
/. ian + »»• = «• + 2a» + n*. 
But a* + 2an + n* := {a -j- n)«, 
.*. 4an 4- »«* = (a + n)». 
That is, If a number be divided into any two parts, four times the pro- 
duct of the whole number and one of the parts, togetlier with the square 
(tf the other part, is equal to the square of the number made of the whole 
and the part first taken. 

Prop. VIII. may be put under the following form : The square on the 
sun of two lines exceeds the square on their difference, by four times the 
rectangle contained by the lines. 

Prop. IX. The demonstration of this proposition may be deduced 
from ^c. II. 4 and 7. 

For (Euc. u. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectuigle ^C, CD; (fig. Prop. 9.) and adding the square 
on DB to each, therdbre the squares on ^D, DB are equal to the squares 
on AC, CD and twice the rectangle AC, CD together with the square on 
DB ; or to the squares on BC, CD and twice the rectangle BC, CD with 
the square on DB, because BC is equal to AC, 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB. (Enc, ii. 7.) 

Wherefore the squares on AD, DB are equal to twice the squares on 
JBCandCD. 

Prop. IX. Algebraically. 

Let AB contain 2a linear units, its half ilC or BC will contain a units; 

and let CD the line between the points of section contain m units. 

Also AD the greater of the two imequal parts contains a + m unitSt 

and DB the less contains a — m units. 

Then (a + m)" = a« + 2am + m\ 

and (a - m)* = a* — 2am + m*. 

Hence by adding these equals, 

/. (a + m)» + (a - m)* = 2a» + 2m«. 
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That is, If a numbte be divided into two equal parts, and also into two 
unequal parts, the sum of the squares of the two unequal parts is equal 
to twice the square of half the number itself, and twice the square of 
half the dilFerence of the unequal parts. 

The proof of Prop. z. may be deduced from Euc ii. 4, 7> as Prop. ix. 
Prop. X. Algebraically. 

Let the line AB contain 2a linear units, of which its half AC or CB 
will contain a units ; 

and let BD contain m units. 

Then the whole line and the part produced will contain 2a + m units, 

and half the line and the part produced will contain a + m units, 

/. (2a + m)» = 4a» + 4am + m', 

add m' to each of these equals, 

,-, (2a + »!)• + m» = 4a« + 4ai» + 2m*, 

Again, (a + m)" = a* + 2am + m\ 

add a* to each of these equals, 
/, (a + my + a* = 2a« + 2om + m\ 
and doubling these equals, 
/. 2 (a + »)* + 2a' = 4a" + 4am + 2m\ 
But (2a + m)« + m* = 4a* + 4am + 2m'. 
Hence .-. (2a + »>)• + m* = 2a* + 2 (a + m)\ 
That is. If a number be divided into two equal parts, and the whole 
number and one of the parts be increased b^ the addition of another num- 
ber, the squares of the whole number thus increased, and of the number 
by which it is increased, are equal to double the squares of half the num- 
ber, and of half the number increased. 

The algebraical results of Prop, ix, and Prop, x, are identical, (the 
enimciations of the two Props, arising, as in Prop, v, and Prop, ti, from 
&e two ways of exhibiting the difference between two lines) ; and both 
may be included under Sie following proposition: The square on the 
sum of two lines and the square on their difference, are together equal to 
double the sum of the squares on the two lines. 

' Prop. xr. Two series of lines, one series decreasing and the other 
series increasing in magnitude, and each line divided in the same man- 
ner may be found by means of this proposition. 

(1) To find the decreasing series. 

In the fig. Euc. ii. 11, AB = AH + BS 

and since AB.BH^ AH*, /. (AB + BH) . BH - AS*, 

.-. BH* = AH* - AH. BH^AH. {AH -- BH), 

If now in HA, HL be taken equal to BH, 

then HL* = AH(AH - HL), or AH . AL ^ HL* : 

that is, AH is divided in L, so that the rectangle contained by the whole 

line AH and one part, is equal to the square on the other part HL, By a 

similar process, HL may be so divided ; and so on, by always taking from 

the greater part of the divided line, a part equal to the less. 

(2) To find the increasing series. 

From the fig. it is obvious that CF^FA = CA*, 
Hence CFis divided in /^, in the same manner as AB ia divided in M 
oy adding AFsk line equal to the greater segment, to the given line CA 
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or AB, And by successively adding to the last line thus diyided, its 
greater segment, a series of lines inoreadng in magnitude may be found 
similarly dlyided to AB, 

It may also be shewn that the squares on the whole line and on the less 
segment are equal to three times the square on the greater segftient. 
(£uc. xni. 4.) 

To solve Prop, xi, al|;ebraically, or to find the point H m AB raoh 
that the rectangle contained by the whole line AB and the part Hilahall 
be equal to the square on the other part AH, 

Let AB contain a linear units, and AH one of the unknown p«rta eon- 
tain s units, 

then the other part HB contains a — « units. 
And /. a (a — a:) = «*, by the problem, 
or j:* + <u; ss a*, a quadratic equation. 

,„^ + o V5 — a 
Whence x = n • 

The former of these values of x determines the point H. 

So that z =s ^^ . AB « AH^ one part, 

3 - VS 
and a-x^a- AH t= — - — ,AB ^HB, the other part. 

It may be observed, that the parts AH and HB cannot be numerically 
expressed by any rational number. Approximation to their true values 
in terms of AB, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square rout of 5 to any number of decimals. 

To ascertain the meaning of the other result « = r — . a. 

In the equation a (a — a;) s «*, 
for X write ~ x, then a(a + x) =s «■, 
which when translated into words gives the following problem. 

To find the length to which a given line must be produced so that th« 
rectangle contained by Uie given line and the line made up of the given lin« 
and the part produced, may be equal to the square on the part produced. 
Or, the problem may also be expressed as follows : 
To find two lines having a given difference, such that the rectangle con* 
tained by the difference and one of them may be equal to the square oH 
the other. 

It may here be remarked, that Prop. xi. Book ii, affords a limpli 
Geometrical construction for a qtiadratic equation! 
Prop. xu. Algebraically. 
Assuming the truth of £uc. i. 47. 

Let jBC, CA, AB contain a, 5, c linear units respectively, 

and let CD, DA, contain m, n units, 

then BD contains a + m units. 

And therefore, c* « (a + »•)• + n«, from the right-angled triangle ABD, 

also 6" = m* + n* from ACD ; 

,'. c* - 5* s= (a + »»)• - m' 

=t a« + 2am + m« - si« 
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/, «• r= 6« 4. a« + 2am, 
that is, c* is greater than ft* + a" by 2am. 

Prop. xin. Case 11. may be proved more simply as follows. 

Since BD is diyided into two parts in the point D, 
therefore the squares on CBt BD are equal to twice the rectangle con- 
tained by CB, BD and the square on CD ; (n. 7.) 

add the square on AD to each of these equals ; 
therefore the squares on CB, BD, DA are equal to twice the rectangle 

CB, BD, and the squares on CD and DA, 
but tile squares on BD, DA are equal to the square on AB, (i. 47.) 

and tne squares on CD, DA are equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on AC 9 and 

twice the rectangle CB, BD, That is, &o. 
Prop. XIII. Algebraically. 

Let BC, CA, AB contain respectively a, ft, 6 linear units, and let BD 
and AD also contain m and it units. 

Case I. Then DC contains a — m units. 

Therefore <^^fi?^m^ from the right-angled triangle ABD^ 
and ft« = »• + (a - i»)« from ADC ; 
.-. c» - ft» = m« - (a - m)« 

=^in* ^a* ■\- 2am — m* 
= -<»« + 2am, 
:. a» + c» = ft" + 2am, 
or b* + 2am = a* + c^, 

that is, ft* is less than a* + c* by 2am, 
Case II. DC ssm-' a units, 

/, «■ =s m* + n* from the right-angled triangle ABDf 
and ft* = (m - a)« + n» from A CD, 
:. c^ ^h* = m*^{m-' a)\ 

= m* ^m* ■\' 2am — a* 
= 2am — a*, 
/. o^ + c« = ft" + 2am, 

or ft* + 2am = a* + c^, 
that is, ft" is less than a" + <^ by 2am. I 

Case III. Here m is equal to a. 

And ft" + a" = c\ from the right-angled triangle ABC, 
Add to each of these equals a", 

/. ft«+.2a" = c" + a», I 

that is, ft* is less than c* + a" by 2a", or 2aa, 
These two propositions, Euc. 11. 12, 13, with Euc. i. 47, exhibit thB 
r^ations which subsist between the sides of an obtuse-angledi an acute* 
angled, and right-angled triangle respectively. 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY. 

The ancient Geometry of the Greeks admitted no symbols besides the 
diagrams and ordinary language. In later times, after symbols of opera- 
tion had been devised by writers on Algebra, they were very soon adopted 
and employed on account of their brevity and convenience, in writings 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the language of Elementary Geometry, and dis- 
tinedy states in the preface to his Euclid, that his object is ** to content 
the desires of those who are deliehted more with symbolical than verbal 
demonstrations." As algebraic^ symbols are employed in almost all 
works on the mathematics, whether geometrical or not, it seems proper 
in this place to give some brief account of the marks which may be re- 
garded as the alphabet of symbolical language. 

Themark = was first used by Robert Recorde, in his treatise on Algebra 
entitled, •• The Whetstone of Witte," 1657. He remarks ; " And to avoide 
the tediouse repetition of these woordes : is eqtuiUe to : I vnll sette as I 
doe often in woorke use, a paire of paralleles, or Gemowe lines of one 
lengthe, thus : =, bicause noe 2 thynges can be more equalle." It was 
employed by him as simply affirming the equality of two numerical or 
algebraical expressions. Geometricsd equality is not exactly the same 
as numerical equality, and when this symbol is used in geometrical reason- 
ings, it must be understood as havmg reference to pure geometrical 
equality. 

The signs of relative magnitude, > meaning, is greater than, and <, is 
lets than, were first introduced into algebra by Thomas Harriot, in his 
"Artis Analyticse Praxis," which was published after his death in 1631. 

The signs + and — were firstemployed by Michael Stifel, in his "Arith- 
metica Integra," which was published in 1544. The sign + was employed 
by him for the word plus, and the sign — , for the v^rd minus. These 
8^8 were used by Stifel strictly as the arithmetical or algebraical signs 
of addition and subtraction. 

The sign of multiplication x was first introduced by Oughtred in his 
"Clavis Mathematica," which was published in 1631. In algebraical 
multiplication he either connects the letters which form the factors of a 
product by the sign x , or vmtes them as words without any sign or mark 
between them, as had been done before by Harriot, who first introduced 
the small letters to designate known and unknown quantities. However 
concise and convenient the notation AB x BC or AB . BC may be in 
pactice for '* the rectangle contained by the lines AB and BC" ; the student 
is cautioned against the use of it, in the early part of his geometrical 
stadiesy as its use is likely to occasion a misapprehension of Euclid's 
. meaning, by confounding the idea of Geometrical equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC, by ** AB ductum in 
BC" ; that is, if the line AB be carried along the line BC in a normal 
position to it, until it come to the end C, it will then form with BC, the 
rectangle contained by AB and BC, Dr. Barrow sometimes expresses 
**the rectangle contained by AB and BC" by **the rectangle ABC." 

Michael Stifel was the first who introduced integral exponents to 
denote the powers of algebraical symbols of quantity, for which he em- 
ployed capital letters. Yieta afterwards used the vowels to denote known, 
and the consonants, unknown quantities, but used words to designate the 
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powers. Simon Stevin, in hia treatise on Algebra, which was published 
in 160*5, improved the notation of Stifel, by placing the figures that in- 
dicated the powers within small circles. Peter Ramus adonted the 
initial letters /, a, e, bq of latut^ quadrattu, cubus^ btquadrcUus, as the nota- 
tbn of the first four powers. Harriot exhibited the different powers of 
algebraical symbols by repeating the s^bol, two, three, four, &c. times, 
according to the order of the power. Descartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed the notation 
ABq, for ** the square on the line AB^' in his edition of Euclid. The 
notations ilB*, AB^^ for " the square and cube on the line whose extremities 
are A and B," as well as AB x BC, for •• the rectangle contained by AB 
and BC" are used as abbreviations in almost all works on the Mathe- 
matics, though not wholly consistent with the algebraical notations a* 
and aK 

The symbol V, being originally the initial letter of the word radix^ was 
first used by St^el to denote the square root of the number, or of thi 
symbol, bemre which it is placed. 

The Hindus, in their treatises on Algebra, Indicated the ratio of twb 
numbers, or of two algebraical symbols, by placing one above the other, 
without any line of separation. The line was first mtroduced by the Ara- 
bians, from whom it passed to the Italians, and from them to the rest of 
Europe. This notation has been employed for the expression of geome- 
trical ratios by almost all writers on the Mathematics, on account of its 
great convenience. Oushtred first used points to indicate proportion \ 
thus, aibueidf means ttiat a bears the same proportion to 6, as does to d. 



QUESTIONS ON BOOK H. 

1. Is reetanffle the same as recttts angulust Explidn the distinction} 
and give the corresponding Greek terms. 

2. What is meant by the sum of two, or more than two straight lines 
in Geometry ? 

8. Is there any difference between the straight lines by which a rect- 
angle is said to be contained, and those by which it is bounded t 

4. Define a gnomon. How many gnomons appear from the same con- 
struction in the same rectangle ? Find the difference between them. 

6. What axiom is assumed in proving the first eight propositions of 
the Second Book of Euclid ? 

6. Of equal squares and equal rectangles, which must necessarily coin- 
cide? 

7. How may a rectangle be dissected so as to form an equivalent 
rectangle of any proposed length ? 

8. When the adjacent sides of a rectangle are commensurable, the area 
of the rectangle is properly represented by the product of the number of 
units in two adjacent sides of the rectangle. Illustrate this by considering 
the case when the two adjacent sides contain 3 and 4 imits respectively, 
and distinguish between the units of the factors and the units of the product 
Shew generally that a rectangle whose adjacent sides arerepresentedby the 
integers a and 6, is represented by ab. Also shew, that in the same sense, 

ah a b 

the rectangle is represented by — -, if the sides be represented by -1 ^ • 
mil fn n 

Digitized by VjOOQIC 



QUESTIOlfS ON BOOK II. Ill 

9. Why may not Algebraical or Arithmetical proofs be subf tituted (as 
being shorter) for the demonstrations of the Propositions in the Second 
Book of Euclid? 

10. In what sense is the area of a triangle said to be equal to half the 
product of its base and its altitude } What two proposiUons of Euclid 
may be adduced to prove it } 

11. How do you shew that the area of a rhombus is equal to half the 
rectangle contained by the diagonals ? 

12. How may a rule be deduced for finding a numerical expression 
for the area of any parallelogram, when two adjacent sides are given } 

13. The area of a trapedum which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. What propositions of the First and Second Books of Euclid 
are employed to prove tins ? Of what service is the above in the men- 
suration of fields with irregular borders ? 

U. From what propositions of Euclid may be deduced the following 
role for finding the area of any quadrilateral figure : — *' Multiply the sum 
of the perpenmculars drawn nrom opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product. 

15. In Euchd, ii. 8, where must be the point of division of the line, so 
that the rectangle contained by the two parts may be a maximum ? £x- 
em|^y in the case where the line is 12 mches long. 

16. How may the demonstration of Euclid ii. 4, be legitimately short- 
ened } Give the Algebraical proof, and state on what suppositions it can 
be regarded as a proof. 

17. Shew that the proof of Euc. ii. 4, can be deduced from the two 
previous propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19.^ If the line AB^ as in Euc. ii. 4, be divided into any three parts, 
enunciate and prove the analogous proposition. 

2Q. Prove ^metricall^ that if a straight line be trisected, the square 
on the whole Ime equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc, i. 47. 

22. If a straight line be divided into two parts, when is the rectangle 
ctmtained bv the parts, the grecUeat possible f and when is the sum of the 
squares of tne parts, the least poeeiblef 

23. Shew that if a line be divided ipto two equal parts and into two 
unequal x>arts ; the part of the line between the points of section is equal, 
to half the difierence of the imequal parts. 

24. If half the sum of two unequal lines be increased by half their 
^^SoKface, the sum will be equal to the greater Une : and if the sum of 
two lines be diminished by half their dmerence, the remainder will be 
sqoal to the less line. 

25. Explain what is meant by the internal and external segments of a 
line ; and show that the sum of the external segments of a line or the 
(difference of the internal segments is double me distance between the 
points of section and bisection of the line. 

26. Shew how Euc. u. 6, may be deduced immediately from the 
preceding Proposition. 

27. Prove Geometrically that the squares on the sum and difference 
w two lines are equal to twice the squares on the lines themselves. 

28. A given rectangle is divided by two straight lines into four rect- 
angles. Given the areas of the two which have not common sides : find 
the areas of the other two. 
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29. In how many ways may the difference of two lines be exhibited? 
Enunciate the propositions in Book n. which depend on that circumstance. 

30. How may a series of lines be found sinularly divided to the line 
^BinEuc. Ti. 11? 

31. Divide Algebraically a given line (a) into two parts, such that 
the rectangle contained by the whole and one part may be equal to the 
square of the other part. Deduce Euclid's construction from one so- 
lution, and explain the other. 

32. Gtven the lesser segment of a line, divided as in Euc ii. 11, 
find the greater. 

33. Enunciate the Arithmetical theorems expressed by the following 
Algebraical formulse, 

(a + 6)« = a« + 2a6 + ft«:a« - 6« = (a+ft) (a-ft) : (a-ft)« = a* - 2a6 + ft«, 
and state the corresponding Qeometrical propositions. 

34. Shew that the first of the Algebraical propositions, 

(a -f ar) (a - ar) + «• = a« : (a + «)« 4 (a - «)* = 2a« + 2««, 
Is equivalent to the two propositions v. and ti., and the second of them, 
to the two propositions ix. and x. of the Second Book of Euclid. 

35. Prove Euc. ii. 12, when the perpendicular BE is drawn from 
B on ^C produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE, 

86. Include the first two cases of Euc. n. 13, in one proof. 

37. In the second case of Euc. ii. 1 3, draw a perpendicular CE from 
the obtuse angle C upon the side AB, and prove that the square on AB 
is equal to the rectangle AB, AE together with the rectangle BC, BD, l 

38. Enunciate Euc. ii. 13, and give an Algebraical or Arithmetical I 
proof of it. 

39. The sides of a triangle are as 3, 4, 6. Determine whether ihel 
angles between 3, 4 ; 4, 5 ; and 3, 5 ; respectively are greater than, equal I 
to, or less than, a right angle. 

40. Two sides of a triangle are 4 and 6 inches in length, if the 
third side be 6^ inches, the triangle is acute-angled, but u it be 6^1 
inches, the triangle is obtuse-angled. 

41. A triangle has its sides 7, 8, 9 units respectiyely ; a strip of 
breadth 2 units being taken off all round from the triangle, find the 
area of the remainder. 

42. If the original figure, Euc. n. 14, were a right-angled triangle^ 
whose sides were represented by 8 and 9, what number would represidll 
the side of a square of the same area ? Shew that the perimeter of tW 
square is less than the perimeter of the triangle. I 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the sil 
of the equivalent square ? 

44. *' All plane rectilineal figures admit of quadrature." Point oil 
the succession of steps by which Euclid establishes the truth (xi thi 
proposition. 

45. Explain the construction (without proof) for making a squall 
equal to a plane polygon. 

46. Shew from Euc. n. 14 that any algebraical surd as Va can IM 
represented by a line, if the unit be a line. 

47. Could any of the propositions of the Second Book be made 
roUaries to other propositions, with advantage ? Point out any such pr« 
positions, and give your reasons for the alterations you would make. 
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GEOMETRICAL EXERCISES ON BOOK 11. 



PROPOSITION I. PROBLEM. 

Divide a given straight line into two parts euch^ that their rectangle may 
he equal to a given aqvare ; and determine the greatest square which the 
rectangle can equal, 

^ Let ABhe the given straight line, and let 3f be the side of the 
given square. 

It is required to divide the line AB into two parts, so that the 
rectangle contained by them may be equal to the square on J£. 
D E 




A F C B 

Bisect AB in Cy with center C, and radius CA or CB^ describe the 
semicircle ADB. 

At the point B draw BE at right angles to AB and equal to M. 

Through E, draw ED pa;Kdlef to AB and cutting the semicircle 
ini>5 

and draw DF parallel to EB meeting ABvn F. 

Then ^^ is divided in F, so that the rectangle AF^ FB is equal 
to the square on M. (ll. 14.) 

The square will be the greatest, when ED touches the semicircle, 
or when M is equal to half of the given line AB, 



PROPOSITION n. THEOREM. 

The square on the excess of one straight line above another is less than the 
squares on tJie two lines by twice their rectangle. 

Let AB^ BChe the two straight Knes, whose difference is ^C 
Then the square on -4 C is less than the squares on AB and BChj 
twice the rectangle contained hy AB and BC. 
A c B 



H p^rr 



D F E 

Constructing as in Prop. 4. Book n. 

Because the complement AGHs equal to GE, 

add to each CJT, 

therefore the whole AKk equal to the whole CE', 
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and AK^ CE together aie double of AK\ 

but AK^ CE are uie ffnomon ^JT^and CK^ 

and AK\b the rectangle contained by AB^ BC; 

therefore the gnomon AKF and CK 

are equal to twice the rectangle AB, BC, 

but AEf CK are equal to the squares on ABf BC; 

taking the former equals from these equals, 

therefore the difference of AE and the gnomon AKF is equal 

the difference between the squares on AB, BC, and twice the rectangi 

AB,BC; 

but the difference AE and the gnomon AKF la the figure H. 
which is equal to the square on A C. 
Wherefore the square on ^ C is equal to the difference betw«mi tbi 
squares on AB, BC, and twice the rectangle AB, BC,- I 



PROPOSITION in. THEOREM. | 

In any triangle the squares on the two sides are together double of the 
squares on half the base (md on the straight line Joining its bisection with the \ 
opposite angle. 

Let ASChetL triangle, and^D the line drawn from the vertex A 
to the bisection JD of the base BC. 




From A draw AE perpendicular to BC, 
Then, in the obtuse-angled triangle ABD, (ll. 12.) ; ' 

the square on AB exceeds the squares on AD, DB, by twice the , 
rectangle BD, DE\ 

ana in the acute-angled triangle ADC, (n. 13.) ; 
the square on ^ C is less than the squares on AD, t>C, by twice 
the rectangle CD, DE: 
wherefore, since me rectangle BD, DE is equal to the rectan^e CD, 
DE; it foUows that me squares on AB, AC axe double of the 
squares on AD, DB. 



PROPOSITION rV. THEOREM. 

If straight lines be drawn from each atigle of a triangle bisecting the ' 
opposite sides, four times the sum of the squares on these lines is equal to 
three times the sum ojthe squares on the sides of the triangle. 

Let ABC ho any triangle, and let AD, BE, CF be drawn from 
A, B, C,toD, E, P, the bisections of the opposite sides of the tri- 
angle : draw AG perpendicular to BC 
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Then the square on ^ J? is equal to the squares on JBD, DA together 
Wth twice the rectangle BDy DO, (n. 12.) 

and the square on <^C is equal to the squares on CD, DA dimi- 
nished by twice the rectajigle CD, DG; (ll. 13.) 
I therefore the squares on AB, A C are equal to twice the square on 
BD^ and twice the square on AD ; for DC is equal to iD : 
and twice the squares on AB, AC are equal to the square on BC, 
and four times the square on AD: for BC is twice BD. 
I Similarly, twice the squares on AB, BCare equal to the square on 
pC, and four times the square on BE: 

I also twice the squares on BC, CA are equal to the square on AB, 
and four times the square on FC: 

hence, oy adding these equals, 
four times the squares on AB,AC,BC are equal to four times ^e 
squares on AD, BE, CFtogether with the souares onAB,A C,BC: 
and taking the squares on AB, AC, BChcom these equals, 
therefore three times the' squares on AB, AC, BCoxe equal to four 
times the squares on AD, BE, CF. 



PROPOSITION V. THEOREM. 

The *um of the perpendiculars let fall from any point within an eguila- 
^ triangle, will be equal to the perpendicular let fall from one of its 
^lettqton the opposite side. Is this proposition true when the point is in 
^ of the steles of the triangle? In what manner must the proposition he 
^^ineiated when the point is without the triangle f 

Lst ^jJ^Cbe an equilateral triangle, and P any point within it: 
andfromPletfall PD,PE, Pi^perpendicularson the sides AB, BC, 
^lespectively, also from A let fall A Q perpendicular on the base BC, 
Then AQ is equal to the sum ^ FD, FE, FF. 




From P draw FA, FB, FC to the angles A, B, C 
Then the triangle ABC is equal to the three triangles FAB, FBC, 
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But since erery rectangle is double of a triangle of the same bai 
and altitude, (l. 41.) 

therefore the rectangle AO^ BC,i» equal to the three rectaDgl( 
AB, PJD; AC, P-F and BC, PE. 

Whence the line ^ G' is equal to the sum of the lines Pi), PE, F\ 

If the point P fall on one side of the triangle, or coincide with JEi > 

then the triangle ABCis equal to the two tiiangles APQ BPA: 

whence AOib eoual to the sum of the two perpendiculars PD, FI 

If the point P fall without the base PC of the triangle : 

then the triangle ABC is equal to the difference between the sm 
of the two triangles APC, BPA, and the triangle PCS, 

Whence ^ G' is equal to the difference between the sum of Pi 
PF, and PJ5. i 



6. If the straight line AB be divided into two unejjual parts] 
D, and into two unequal parts in E, the rectangle contained by JJ 
EB, will be greater or less than the rectangle contained by AD, Bl 
according as Eia nearer to, or further from, the middle point of Al 
thanJD. ' 

7. Produce a given straight line in such a manner that the squai 
on the whole line thus produced, shall be equal to twice the square ^ 
the given line. 

8. If AB be the line so divided in the points C and E, (fig. Efl 
II. 5.) Shewthat^P«=4.Ci)« + 4.^2).DP. | 

9. Divide a straight line into two parts, such that the sum of th^ 
squares may be the least possible. I 

10. Divide a line into two parts, such that the sum of the 
squares shall be double the square on another line. 

11. Shew that the difference between the squares <m the two vi 
equal parts (fig. Euc. II. 9.) is equal to twice the rectangle contain 
by the whole fine, and the part between the points of section. J 

12. Shew how in all the possible cases, a straight line mayl 
geometrkaUy divided into two such parts, that the sum of their sqiiai 
shall be equal to a ^ven square. I 

13. Divide a given straight line into two parts, such that^ 
squares on the whole line and on one of the parts shall be equal to twl 
the square on the other part. 

14. Any rectangle b the half of the rectangle contained by i 
diameters of the squares on its two sides. ' 

15. If a straight line be divided into two equal and into two u 
equal parts, the squares on the two unequal parts are equal to twi 
the rectangle contained b^ the two unequal parts, together with £d 
times the square on the hne between the points of section. ' 

16. If tne points C, D be equidistant from Uie extremities oft 
straight line A B, shew that the squares constructed on AD and A 
exceed twice the rectangle -4 C, ^2) by the square constructed on CJ 

17. If any point be taken in the plane of a parallelogram fh 
which perpendiculars are let fall on the diagonal, and on t^e sid 
which include it, the rectangle of the diagontu and the perpendicd 
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t it, is equal to the sum or difference of the rectangles of the lidef 
lid the peipendiculars on them. 

r 18. ABCD is a rectangular parallelogram, of which A, C art 
bosite angles, E any point in BC, F&ny point in CD. Prove that 
hce the area of the tnangle AJBF together with the rectangle JB£t 
fFi& equal to the parallelogram A C, 

! 

I 19. Shew how to produce a ffiven line, so that the rectangle con- 
ped by the whole line thus produced, and the produced part, shall be 
flual tothe square (1) on the given line (2) on the part produced. 
^20. If in the figure Euc. n. 11, we jom BF and CH, and produce 
pJTto meet BF in X, CL is perpendicidar to BF. 

21. If a line be divided, as in Euc. II. 11, the squares on the whole 
le and one of the parts are together three times the square on the 
liCTpart. 

22. If in the ^g, Euc. n. 11, the points F, D be joined cutting 
\BB, GHKmf, d respectively; then shall F/^Dd. 

\ ■ 

[23. If from the three angles of a triangle, lines be drawn to the 
pnts of bisection of the opposite sides, the squares on the distances 
ptween the angles and the common intersection, are together one-third 
P the squares on the sides of the triangle. 

' 24. ABCv& a triangle of which the angle at Cis obtuse, and the 
D^e at P is half a right angle : D is the middle point ofAB, and CE 
\ arawn perpendicular tjo AB, Shew that .the square on ul C is double 
f tbe squares on AD and DE. 

25. If an angle of a triangle be two-thirds of two right angles, 
1^ that the square on the side subtending that angle is equal to the 
Ipttes on the sides containing it, together with the rectangle con- 
^ by those sides. 

.26. The square described on a straight line drawn from one of 
f^ttigles at tne base of a triangle to the middle point of the opposite 
^ is equal to the sum or difference of the square on half the side 
"wted, and the rectangle contained between the base and that part of 
Urof it produced, which is intercepted between the same angle and 
Ppcrpendicular drawn from the vertex. 
' 27. ABC is a triangle of which the angle at (7 is obtuse, and the 

Sat B is half a right angle : jD is the middle point of AB, and 
.J drawn perpendicular to AB. Shew that the square on Jt C is 
Nle of the squares on AD and DE. 

IJ8. Produce one side of a scalene triansrle, so that the rectangle 
■^ it and the produced part may be equal to the difference of 3ie 
fNes on the other two sides. 

L 29. Given the base of any triangle, the area, and the line bisecting 
*base, construct the triangle. 
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IV. 



30. Shew that the 8<^uare on the hypotenuse of a right-angl^ 
trianglei is equal to four tunes the area of the triangle together wi 
^e square on the difference of the sides. 

31. In the triangle ABC, if AD be the perpendicular let M 
upon the side BC; then the souare on .^C together with the rectann 
contained by BC^ BD is equal to the square on AB together wid 
the rectangle CB, CD, y 

32. ABC\s9k triangle, right angled at C, and CD is the perpen- 
dicplar let fall from Cupon AB\ if HK is equal to the sum of tM 
ndes .^C, CB, and X3f to the sum ofABf CD, shew that the squarj 
on HK together with the square on CD is equal to the square on X3u 

33. .^^Cis a triangle having the angle at ^ a right angle : it i^ 
required to find in AB a point P sjioh that the square on AC mai 
exceed the squares on AP and PC by half the square on AB. 

34. In a right-angled triaxigle, the square on that side which is th^ 
greater of the two sides containing the right an^le, is equal to th^ 
rectan^e by the siun and difference of the other sides. 

35. The hypotenuse AB of a right-angled triangle ABC is tri-{ 
sected in the pomts D, E; prove that if CD, CJS be joined, the sum 
of the squares on the sides of the triangle CDJS is equal to two-third^ 
of the square on AB, 

36. From the hypotenuse of a right-angled triangle portions are 
cut off equal to the aajacent sides : shew that the square on the middle^ 
segment is equivalent to twice the rectangle under the extreme 
segments. , 

V. 

37. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on a 
side of the triangle by the rectangle contained by the segments of the 
base : and conversely. 

38. If from one .of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle containea by 
that side and the segment of it intercepted between me perpendicular 
and base, is equal to the half of the square described upon the base. 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpendicu- 
lar is equal to me square on the line intercepted between the othei 
equal angle and the perpendicular, together with twice the rectangle 
contained by the segments of that side. 

40. The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
square on either of the sides containing the obtuse angle. 

42. If ABi one of the sides of an isosceles triangle ABChe pro- 
duced beyond the base to 2>, so that BD-AB^ shew that 

CD^=ABU2.BC*. 
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43. If ABC be an isosceles triangle, and DE be drawn parallel 
to the base BC, and BB be joined ; prove that BB* ^BCy BE^ CB\ 
I 44. If ^^C be an isosceles triangle of which the angles at B and 
P are each double qIA ; then the square on .4 C is equal to the square 
Dn BC together with the rectangle contained by A Caxid BC, 

' VL 

I 45. Shew that in a parallelogram the s(]^uares on the diagonalt are 

equal to the sum of the squares on all the sides. 

46. JfABCD be any rectangle, A and C being opposite angles, 
md any point either within or without the rectangle : 

47. In any quadrilateral figure, the sum of the squares on the 
^ffonals together with four times the square on the line joining their' 
middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
X^the squares on the other two sides, together with the squares on the 
^gonals, is equal to the sum of the squares on the bisected sides, 
kogether with four times the square on the line joining the points of 
bisection. 

49. The squares on the diagonals of a trapezium axe together 
double the squares on the two lines joining tne bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
are not pa^rallel, and twice the rectangle contained by the sides which 
pffe parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
irea is equal to that of a triangle contained by its altitude and half 
the sum of the parallel sides. 

' 52. If a trapezium have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the sq[uare on one of the other sides, will oe equal to the square 
Dn the straight line joining two opposite angles of the trapezium. 

53. If squares be described on the sides of any triangle and the 
ingukr points of the squares be joined ; the sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 

vn. 

M. Find the side of a square equal to a given equilateral triangle. 

55. Find a square which shall be equal to the sum of two given 
rectilineal figures. 

56. To divide a given straight line so that the rectangle under its 
segments may be eqi^ to a given rectangle. 

57. Construct a rectangle equal to a given square and having the 
lifiTerence of its sides equal to a given straight line. 

58. Shew how to describe a rectangle e^ual to a given square, and 
mving one of its sides equal to a given straight line. 
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DEFIOTTIONS. 
I. 

Equal circles are those of which the diameters are equal, or from 
the oeuters of which the straight lines to the circumfereiices are 
equaL 

This is not a definition, but a theorem, the truth of which is evident; for, 
if the circles be applied to one another, so that their centers coincide, the 
circles must likewise coincide, since the straight lines from the centers ait 
equal. 

n. 

A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 




Circles are said to touch one another, which meet, but do not cut 
one another. 

IV. 

Straight lines are said to be equally distant from the center of a 
circle, when the perpendiculars drawn to them from the center are 
equal. 




And the straight line on which the greater perpendicular falls, ii 
said to be further from the center. 

VI. 

A segment of a circle is the figure contained by a straight line, and 
iht! arc or Uie part of the circumference which it cuts ofL 
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vn. 

The angle of a segment is that which if contained by a straight 
line and a part of the circumference. 

vm. 

An angle in a segment is any angle contained by two straight lines 
\ drawn from any point in the arc of me segment, to the extremities of 
tlie straight line which is the base of the segment. 

IX. 

An angle is said to insist or stand upon the part of the drcum- 
feieooe intercepted between the straight lineB that contain the angle. 




A sector of a circle is the figure contained by two straight lines 
drawn from the center and the arc between them. 




XI. 

Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 




^s 
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PROPOSITION L PROBLEM. 

To/9ndthec6nierofaffn)6Heirele, 

Let AjBC\)e the given oirde : it is required to find its center. 

c 




Draw 'within it any straight line AB to meet the circumference ii 
A, B; and bisect AB iaS; (i. 10.) from the point 2> draw DC a 
n^t angles to AB, (l 11.) meeting the circumference in C, product 
di) to ^ to meet the circumference again in JB, and bisect C£ in F. 

Then the point J* shall be Ihe center of the circle ABC. 
For, if it be not, if possible, let O be the center, and join OA, GD, GB. 
Then, because DA is equal to DB, (constr^ 
and BO common to the two triangles ABO, BBO^ 
the two sides AB, BO, are equal to the two BB, BO, each to each; 
and the base OA is equal to the base OB, (l. de£ 15.) 
because thev are drawn from the center O : 
therefore the angle ABO is equal to the angle OBB : (i. 8.) i 
but when a strai^t line standi^ upon another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle; (l. def. 10.) 

therefore the angle OBB is a right angle : 
but FBB is likewise a riffht angle ; ^constr.) 
wherefore the angle FBB is equal to the angle OBJB, (ax. 1.) 
the greater anffle equal to the less, which is impossible ; 
therefore Q is not ^e center of ih^ circle ABC. I 

In the same manner it can be shewn that no other point out of the 
line CE is the center ; 

and since CE is bisected in F, 
any other point in CE divides CE into unequal parts, and caniM 
be the center. 

Therefore no point but J* is the center of the circle ABC. 

Which was to be found. 

Ck)B. From this it is manifest, that if in a circle a straight Hi 

bisects another at right angles, the center of the circle is in the lil 

which bisects the other. 



PROPOSITION n. THEOREM. 

If any two points be taken in the eireumferenee of a circle, the etraift 
line which joins them shall fall within the circle. 

Let ABC he a circle, and A, B any two points in the circumferencj 
Then the straight line drawn from Ato M shall fidl within the circl 
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A EB 

For if AB do not fall within the drole, 

let it fall, if possible, without the ciicle as AEB ; 

find JD the center of the circle ABC, {UL 1.) and join DA, DB ; 

in the circumference AB take any point F, 

join DF, and produce it to meet jlB in E, 

Then, because DA is equal to DB, (l. def. 15J 

therefore the angle DBA is equal to the angle DAJd; (l. 5.) 

and because AF, a side of the triangle DAB, is producea to 1 

the exterior angle DEB is greater than the intmor and opposite 

angle DAE-, (l. 16.) 

but DAJS was proTed to be equal to the angle DBE ; 

therefore the angle DEB is greater than the an^le DBE; 

but to the greater angle the greater side is opposite, (l. 19.) 

therefore DB is greater than D£ : 

but DB is equal to JDJP; (l. def. 15.) 

wherefore DF is greater than DE, 

the less than the greater, which is impossible ; 

therefore the straight line drawn from ^ to ^ does not fall without 

the circle. 
In the same manner, it may be demonstrated that it does not fall 
upon the circumference ; 

therefore it MIb within it. 
Wherefore, if any two points, &c. Q. E. D. 

PROPOSITION in. THEOREM. 

, ^aitraiffhi line drawn through the center of a circle hieect a etraight 
^in a tAieh does not pate tkrough the center, it ahaU cut it at right 
01^: and eonverselg, if it cut it at right angles, it ahaU biaect it. 

Let ^^Cbe a circle ; and let CD, a straight line drawn through 
tbe center, bisect any straight line AB, which does not pass through 
the center, in the point F. 

Then CD ahall cut AB at right angles. 




Take J^the center of the circle, (m. 1.) and join EA, EB. 

Then, bcksause AFib equal to FB, (^yp.) 

and FE common to the two triangles AFE, BFE, 

g2 
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there are two tides in the one equal to two sides in the other, each 
to each; 

and the base EA is equal to the base EB ; (l. def. 15.) 
therefore the angle AF£ is equal to the angle BFJB; (l. 8.) 
but when a straignt line standii^ upon another straight line makes 
the adjacent angles equal to one another, 

each of them is a right angle; (i. defl 10.^ 
therefore each of the angles AFJS, BFE, is a rignt angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another AB that does not pass through the center, cuts the same at 
right angles. 

Conyersely, let CD cut AB at right angles. 
Then CD shall also bisect AB, that is, ^i^shall be equal to FB. 

The same construction being made, 
because, EB^ EA, from the center are equal to one another, 
(I. def. 16.) 

therefore the angle EAFia equal to the angle EBF; (I. 5.) 
and the right angle AFE is equal to the right angle BFE ; (l. def. 10.} 

therefore, in the two triangles, EAUF't EBF, 
there are two angles in the one equal to two angles in the other, each 

to each 5 
and the side EF, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore ^e other sides are equal ; (l. 26.) 

therefore ^-Fis equal to FB, 
Wherefore, if a straight line, &c. Q. E. D. 

PROPOSITION rV. THEOREM. 

ff ina circle two straight lines cut one another, which do not both pan 
through the center , they do not bisect each other. 

Let ABCD be a circle, and A C, BD two straight lines in it which 
cut one another in the point E, and do not both pass through the center. 
Then A C, BD, shall not bisect one. another. 




c 
f'or, if it be possible, let AE be eaual to EC, and BE to ED. 

If one of the lines pass tnrough the center, 
it is plain that it cannot be bisected by the other which does nol 
pass through the center: 

but if neither of them pass through the center, 

find ^the center of the cuxle, (ni. 1.) and join EF. 

Then because FE, a straight line drawn through me center, bisect 

another ^C which does not pass through the center, (hyp.) 

therefore FE cuts AC at right angles : (in. 8.) 

wherefore FEA is a right angle. 
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Again, because the straiffht line FE bisects iSb» straight line BD, 
which does not pass through the center, (hyp.) 

therefore FE outs BD at right angles : (nL 8.) 

wherefore FEB is a right angle : 

but FEA was shewn to be a right ans^e ; 

therefore the angle FEA is equal to the angle yEB, (ax. 1.) 

the less equal to the greater, which is impossible : 

therefore AC, BD do not bisect one another. 

Wherefore, if in a circle, &c. Q« B.D. 

I PBOPOsrnoN v. theobbm. 

Ifiwo circles ettt one another^ they shall not have the same center, 

let ihe two circles ABCf CDG, cat one another in the points B, C. 
They shall not have the same center. 




If possible, let J? be the center of the two circles? join EC, 
ttddiaw any straight line EFG meeting the circumferences in J'and O, 
And because E is the center of the circle ABC, 

therefore J^l^is equal to EC: (l. def. 15.) 

again, because E is the center of the circle CJDO, 

therefore EO is equal to EC: (l. def. 15.) 

but ^-Fwas shewn to be equal to EC} 

therefore EFis equal to EG, (ax. 1.) 

the less line equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDG, 

Wherefore, if two circles, &c. Q.E.D. 

PBOPOsrnoN VI. theobem. 

If one circle touch another mtemaUyf they shall not have the same center 

Let the circle CDE touch the circle ABC internally in the point C. 
They shall not have the same center. 





If possible, let JPbe the center of the two circles : join FC, 
•^cliaw any straight line JPKB, meeting the circumferences in J&and^. 
And because -Fis the center of the circle ABC, 
FB is equal to FC-, (i. def, 15.) 
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alio, b«o«iiM FiM the center of the circle CDE^ 

FE is equal to FCi (l. defc 16.) 

but FB was shewn to be equal to FC\ 

therefore FE is equal to FB^ (ax. 1.) 

the less line equal to the greater, which is impossible : 

therefore Pis not the center of the cirdes-^^JSC, C2>J5L 

Thereforci if two oirdes, &c. Q. e. D. 

PROPOSITION Vn. THEOREM. 

J[f anif point be taken in the diameter of a eirole ioMeh it not the center, 
of an the itraight linee which can he drawn from U to the cireumferenoet 
the greateit is that in which the center u, and the other part of that 
diameter is the leatt; and, of the rest, that which it nearer to the 
line which paeses through the center is always greater than one more remote: 
and from the same pomt there can be drawn only two equal sircUght Unes 
to the circumference one upon each side of the diameter , 

Let ABCD be a circle, and AD its diameter, in which let any point 
F be taken which is not the center : 

let the center be E. 
Then, of all the straight lines FB, FC, FO &c. that can be drawn 
from i^ to the circumference, 

FA, that in which the center is, shall be the greatest, 
and FD, the other part of the diameter AD, shall be the least : 
and of the rest, FB, the nearer to FA, shall be greater than FC 
the more remote, and FC greater than FO. 

B A 




G D 

Join BE, CE, QE. 

Because two sides of a triangle are greater than the third side, (l. 20.) 

therefore BE, ^1^ are greater than BFi 

but AE is equal to SE-, (i. def. 15.) 

therefore AE, EF, that is, ^i^is greater than BF. 

Again, because BE is equal to CE, 

and JP£ common to the triangles BEF, CEF, 

the two sides BE, EFare equal to the two CE, EF, each to each;-, 

but the anffle BEF is ^eater than the anffle CEF; (ax. 9.) 

tiierefore the base BFib greater than the base CF. (l. 24.) 

For the same reason CFis greater than OF. 

Again, because OF, FE are greater than EO, (I. 20.) 

and EO is equal to ED ; 

therefore OF, FE are greater than ED : 

take away the common part FE, 

and the remainder OF is greater than the remainder FD. (ax. 5. 
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Therefore, FA is the jEreatett, 
and FB the least of all the straight lines fiom P to the cironmference ; 
and j9i^is sreater than CF^ and CFthan OF. 
Also, there can be drawn only two equal straight lines from the 
point P to the circmnfiBrence, one upon each side of the diameter. 

At the point J?, in the straight line EF^ make tiie angle FEK 
equal to the angle FEQ, (l. 23.) and join FH. 

Then, because QE is equal to EH, {l^ def. l/U 

and EF common to the two triangles QEF^ HEF\ 

the two sides QEy EFaxe equal to the two HE, EF, each to each ; 

and the angle OEFib ecpsl to the angle HEF; (constr.) 

therefore the base FG is eoual to the base FHz (L 4.) 

bo^ besides FH, no other straight line can be drawn from P to the 

circumference equal to FO : 

for, ifpossible, let it be FK: 

and because PJl is equal to FG, and FG to FH, 

therefore i^JTis equal to FH; (ax. 1.) 

that is, a line nearer to that which passes through the center, is equal 

to one which is more remote ; 

which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q.E.D. 

PROPOSITION YIIL THEOBEM. 

If any point he taken mthout a circle, and etraight Une$ he drawn from 
>iioihe circumference, whereof one paesee through the center ; of those 
^ohHekfaU vpon the concave part of the circumference, the greatest i$ that 
^^whpassee through the center; and of the rett, thai which ie nearer to the 
OMpauing through the center is always greater than one more remote : but 
tf those which faU upon the convex part of the circumference, the least is 
that between the point without the circle and the diameter; and of the rest, 
^ which is nearer to the least is always less ihan one more remote; and 
only two equal straight lines can he drawn from the same point to the circum- 
ference^ one upon each side of the line which passes through the center. 

Let ABCh% a circle, and D any noint without it, from which let 
theBtraigkt lines DA, BE, DF, iJUhe drawn to the circumference, 
whereof DA passes through the center. 




W those which Ml upon the concave part of the circumference 
^EFC, tb.e greatest shall be BA, which passes through the center; 
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and any line nearer to it shall be mater than one more remote. 

Til. DJ^ shall be greater than DF, and DJ* greater than I>C\ 

but of those which &11 upontheoonyexpartofthecircumference JZXJTCry 

the least shall be i>& between the point 2> and the diameter AQ\ 

and any line nearer to it shall be lees than one more remote, 

Ti2. DJTless than DL, and DL less than DH. 

Take M the center of the circle ABC, (m. 1.) 

and jom ME, MF, MC, MX, ML, Mm 

And because AM is equal to MF, 

add MD to each of these equals, 

therefore AD is equal to FM, Mt)i (ax. 2.) 

" ■ ~~ ^'>') 



but J?3f,Jf 2) are greater than J?2); (I. 20.] 
therefore also AD is greater than FD. 
Again, because MF is equal to MP, and MD common to the tri- 
angles FMD, FMD; EM, MD, are equal to FM, JfD, each to each; 
but the angle FMD is greater than the anele FMD ; (ax. 9.) 
therefore the base ED is sreater than the base FD. (l. 24^ 
In like manner it may be shewn that FD is greater than CJD, 
Therefore DA is the greatest; 
and DE greater than DF, and D^ greater than DC, 
And, because MK, KD are sreater Sian MD, (l. 20.) 
and MK is equal to MQ, (i. def. 16.) 
the remainder KD is greater than the remainder OD, (ax. 5.) i 

that is, OD is less than KD : 
and because MLD is a triangle, and from the points M, D, the 
extremities of its side MD, the straight lines MK, DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than ML, LD : (l. 21.) 

but MK is equal to ML ; (i. def. 15.) 

therefore, the remainder DK is less than the remainder DL. (ax. 5.) 

In like manner it may be shewn, that DL is less than DH. 
Therefore, DQ is the least, and DK less than DL, and DL less 
than DH. (i 

Also, there can be drawn only two equal straight lines from the 
point 2) to the circmnference, one upon each side of the line which 
passes through the center. 

At the point M, in the strai^t line MD, 
make the angle DMi equal to the angle DMK, (i. 23.) and join D^- 
And because MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each; 
and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base DJtu equal to the base DB : (i. 4.) 
but, besides DB, no straight line equal to DK can be drawn from B 
to the circumference, 

for, if ]^ssible, let it be DN; 

and because DK is equal to DN, and also to DB, 

therefore DB is equal to D^; 

that is, a line nearer to the least is eaual to one more remote, 

which has been proved to be impossible. 

K therefore, any point, &o. Q.KD. 
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PBOPOSmON DL THEOBEIL 

If a point he taken within a circlet from which there /dR more than 
two equal straight Unee to the circumference^ that point is the center of the 
eirele. 

Let the point Dbe taken within thecircle.<19C7,froni which to theciroum- 

feience there Mi more than two equal straight lines, viz. DA, DB, D C 

Then the point D shall oe the center of the circle. 




A JB 



For, if not, let E^ if possible, be the center : 
join DE, and produce it to meet the circumference in P, (? ; 
then FO is a diameter of the circle ABC: (i. def. 17.) 
and because in FO^ the diameter of the circle ABC, there is taken 
the point 2>, which is not the center, 
therefore DG* is the greatest line drawn from it to the circmmference, 
and 2>C is greater than DB, and DB greater than DA : (in. 7.) 
but these lines are likewise equal, (hyp.) which is impossible: 
therefore E is not the center of the circle ABC, 
In like manner it may be demonstrated, 
that no other point but D is the center ; 
D therefore is the center. 
Wherefore, if a point be taken, &c. Q. E. D. 4 

PROPOSITION X. THEOREM. 

Ono circumference of a circle cannot cut another in more than two points. 

If it be possible, let the circumference ABC cut the circumference 
DEF in. more than two points, yiz. in B^ G, F. 




Take the center K of the circle ABC, (in. 3.) and loin KB, KG, KF. 
Then because iT is the center of the circle ABC, 
therefore KB, KG, KFare all equal to each other: (i. def. 15.) 
and because within the circle DEF there is taken the point K, from, 
which to the circumference DEF Mi more than two equal straight 
lines KB, KG, KF; 

therefore the point iST is the center of the cirde DEFi (m. 9.) 
but jBTis also the center of the circle ^^C; (constr.) 
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therefore the same point is the center of two cireles that cut one 
ano^er, which is impossible, (m. 6.) 
Therefore, one circumierence of a circle cannot cut another in more 
than two points. Q.E.D. 

PBOPOSmON XI. THEOREM. 

If one cireU touch another internally in any point, the straight Une 
which Joine their centers being produced, shaU pass through that point of 
contact. 

Let the circle u^DJ^touch the circle u^^C internally in the point Ai 
and let J* be the center of the circle ABC, and O the center of the 
circle ADH; 

then the straight line which joins the centers F, G, being produced, 
shall pass l£rough the point A. 




For, if FG produced do not pass through the point A, 
let it fall otherwise, if possible, as FGDM, and jom AF, u±G. 
Then, because two sides of a triangle are together greater than the 
third side, (i. 20.) 

therefore FG, GA are greater than FA : 

but FA is equal to FM; (i. def. 15.) 

therefore FG, GA are greater than FM: 

take away from these unequals the common part FG; 

therefore the remainder AG is greater than the remainder G'JST; (ax«5.} 

but ^G^ is equal to GD ; (l. def. 15.) 

therefore GD is greater than GH, 

the less than the ^eater, which is impossible. 

Therefore the straight line which joins the points t*, G, being produced, 

cannot fall otherwise than upon the pomt A, 

that is, it must pass through it. 
Therefore, if one circle, &c, Q.£.I>. 

PROPOSITION Xn. THEOREM. 

If two circles touch each other eastemally in any point, the straight line 
which joins their centers, shall pass through that point ofeontact. 

Let the two circles AJBC, ADE, touch each other externally in the 
point A ; 

and let i^be the center of the circle -^-BC, and G the center ofADF. 
Then the straight line which joins the points F, G, shall pass through 

the point of contact A, 
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If not, let it pass otherwise, if possible, as FCDO^ and join FA, A G. 
And because J* is the center of the circle ABC^ 

J'^isequaltoiPC: 
also, because G^ is the center of the circle ADE, 

G'u^ is equal to QDi 

therefore FA^ AOaie e<}ual to FC, DO; Tax. 2.) 

therefore the whole FG is greater than FA, AG: 

but FG is less than FA, A G ; (i. 20.^ which is impossible : 

therefore the straight line which joins tne points F, &, cannot pass 

otherwise than through A the point of contact, 

that Lb, FG must pass through the point A. 
Therefore, if two circles, sc. Q. E. D. 

PROPOSITION Xra. THEOREM. 

One circle cannot touch another in more points than one, whether it 
touches it on the inside or outside. 

For, if it be possible, let the circle J^^jP touch the circle ABC in 
more points than one, 

and first on the inside, in the points B, D. 



B 


r^^^^^ 


R[f 


\ \ 


S* 


_i^ 




Join BD, and draw G^jETbiseetinj^ BD at right angles, (l. 11.) 

Because the points ^, D are in the circumferences of each of uie circles, 

Iherefore tne straight line BD falls within eadli of them ; (in. 2.) 

therefore their centers are in the straight line (^JSTwhich bisects JBD 

at right angles ; (ni. 1. Cor,) 

therefore G^ZT passes through the point of contact: (m. 11.) 

but it does not pass through it, 
because the points B, D are without the straight line GH\ 

which is absurd : 
therefore one circle caimot touch another on the inside in mcnre points 
than one. 
Nor can two circles toudi one another on the outside in more than, 
one point. 

For, if it be possible, 

let the circle A CK touch the circle ABC in the points A, d 

join AC. 
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Because the two points A, C are in the circumference of the circle 
ACK, 

therefore the straight line A C which Joins them, falls within the circle 
ACK:{m.2,) 

but the circle ACK is without the circle ABC; (hyp.) 

therefore the straight line AC in without this last circle : 

but, because the points ^, Care in the circumference of the circle ABCj 

the straight line ^Cmust be within the same circle, (m. 2.) 

which is absurd; 
therefore one circle cannot touch another on the outside in more than 

one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than one. 

Therefore, one circle, &c. Q.E.D. 

PROPOSITION XIV. THEOREM. 

EqtuU straight lines in a circle are equally distant from the center; 
and conversely f those which are equally distant from the center, are eqwU 
to one another* 

Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another. 

Then AB and CD shall be equally distant from the center, 
c 

A/ 




Take JS the center of the circle ABBC, (m. 1.) 
from E draw BF^ EG perpendiculars to AB, CD, (1. 12.) and join 

EA, JSC. 
Then, because the straight line ^JP passing through the oent^, 
cuts AB, which does not pass through the center, at right angles ; 
^2^ bisects AB in the pomt Fi (m. 3.) 
therefore AF is equal to FB, and AB double of AF. 
For the same reason CD is double of CO : 
but AB is equal to CD : (hyp.) 
therefore -4^is equal to 6^6?. (ax. 7.) 
And because AE is equal to EC, (l. def. 15.) 
the square on AE is equal to the square on EC: 
but the squares on AF, FE are equal to the square on AE, (l. 47.) 
because the angle AFE is a right angle ; 
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and for the same reason, the squares on EO, OCexe equal to the 

square on EC; 
therefore the squares on AF, FE are equal to the squares on CQ^ 
QEi (ax. 10 

but the square on AF\% equal to the square on CQ, 
because AF\& equal to CQ\ 
therefore the remaming square on EF is equal to the remaining 
square on EQy (ax. 3.) 

and the straight line EF is therefore equal to EQ : 
but straight lines in a circle are said to be equally distant from the 
center, -when the perpendiculars drawn to them from the center are 
equal : (m. def. 4.) 

therefore AB, CD are equally distant from the center. 
Conyersely, let the straight Imes AB^ CD be equally distant from 
the center, (m. def. 4.^ 

that IS, let FE be equal to EO\ 

then AB shall be equal to CD. 

For the same construction being made, 

it may, as before, be demonstrated, 

that AB is double of AF, and CD double of CO, 

and that the squares on FE^ AF are equal to the squares on EQ, QCi 

but the square on FE is equal to the square on EQ^ 

because FE is equal to EG\ (hyp.) 

therefore the remaining square on AF is equal to me remaining square 

on CO: (ax. 3.) 

and the straight line ^J^is therefore equal to COi 

but AB was shewn to be double of AF^ and CD double of CQ ; 

wherefore AB is e^ual to CD, (ax. 6.) 

Therefore equal straight lines, &c. Q.E.D. 

PROPOSITION XV. THEOREM. 

T%s diameter is the greatest straight line in a circle; and of the rest ^ 
ihoJt which is nearer to the center is altoays greater than onfi more remote: 
and conversely the greater is nearer to the center than the less. 

Let AB CD be a circle, of which the diameter is AD, and the center E ; 

and let ^C be nearer to the center than F&. 
Then AD shall be greater than any straight line BC, which is not 
diameter, and BC shall be greater than FG, 

A B 




From E draw EH, perpendicular to BC, and EZ to FQ, (i. 12.) 

and join EB, EC, EF. 

And because AE is equal to EB, and ED to EC, (i. def. 15.) 

therefore AD is equal to EB, EC: (ax. 2.) 

but EB, EC are greater than BC; (I. 20.) 

wherefore also AD is greater than BC.qqq[^ 
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And, because BC is nearer to the center tlian FQ^ (hyp.) 

therefore EH\& less than EKi {in. def. 6.). 

but, as was demonstrated in the preceoing proposition, 

BC is double of BH, and FO double of FK, ^ 

and the squares on EH, HB are equal to the squares on EK, KF: 

but the square on EH is less than the square on EK, 

because EHi& less than EK\ 

therefore the square on BH is greater than the square on FK, 

and the straight line ^If greater than PK^ v 

and thererore -BCis greater than FQ, 
Next, let BC be greater than FQ j 
then BC shall be nearer to the center than FO^ that is, the same con- 
struction being made, ^^ shall be less than EK. (ill. def. 5.) 
Because ^C is greater than FG^ 
BH likewise is greater than KFx 
and the squares on BH, HE are equal to the squares on FK, KE 
of whicn the square on ^^is greater than the square on JPJT, 

because BHib ^eater than FK: 

therefore the square on EH is less than the square on EK, 

and the straight line ^Jfless than EK: 

and therefore ^C is nearer to the center than FG, (m. def. 6.) 

Wherefore the diameter, &c. Q.E.D. 

PROPOSITION XVI. THEOREM. 

The atraight line dravm at right angles to the diameter of a circle, from 
the extremity of it /falls without the circle ; and no straight line can he drom 
from the extremity between that straight line and the circumference, so as net 
to cut the circle : or, which is the same thing, no straight line can make to 
great an acute angle unth the diameter at its extremity, or so small an angle 
with the straight line which is at right angles to it, as not to cut the circle* 

Let ABCh^ a circle, the center of which is D, and the diameter AB. 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fall without the circle. 




For, if it does not, let it fall, if possible, within the circle, as ^ C; 

and draw DC to the point C, where it meets the circmidference. 

And because DA is equal to DC, (I. def. 16.) 

the angle DAC'vs equal to the angle ACD i (l. 6.) 

but DAC is a right wigle ; (hyp.) 

therefore ^ CD is a right angle ; 

and therefore the angles DAC, ACD are equu to two right angles; 

which is impossible : (i. 17.) 
therefore the straight line drawn from A at right angles to BA, does 
not fall within the circle. 
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In the same manner it may be demonstrated, 
that it does not fall upon uie circumference ; 
therefore it must fall without the circle, as AjB, 
Also, between the straight line ^ J^and the circumference, no straight 
Ime can be drawn from tne point A which does not cut the drde. 
For, if possible-, let ^i^fall between them, 

F£ 




and from the point 2), let BG be drawn perpendicular to AF, (l. 12.) 

and let it meet the circumference in H. 

And because AGD is a right angle, 

and DAG less than a right angle, (I. 17.) 

therefore DA is greater than DG: (l. 19.) 

but DA is equal to DH; (l. def. 15.) 

therefore DHia greater than DGt 

the less than the greater, which is impossible : 

therefore no straight line can be drawn from the point A, between 

A^ and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight Hne makes with the diameter at the point A, or however 
small an angle it makes with AE, the circumference must pass be- 
tween that straight line and the perpendicular AK Q.E.D. 

Gob. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle £om the extremity 
of it touches the circle ; (ill. def. 2.) and that it touches it only in one 
point, because, if it did meet the circle in two, it would fall within it. 
(m. 2.) ** Also, it is evident, that there can be but one straight line 
which touches the circle in the same point." 

PROPOSITION XVII. PROBLEM. 

To draw a ttraight line from a given pointy either without or in the cir- 
atmferencef which shtUl touch a given circle. 

First, let .^ be a giv^i point without the given circle BCD ; 
it is required to draw a straight line from A which shall touch the Qircle. 




Find the center jS of the circle, (ni. 1.) and join AE; 
and from the center S, at the distance JBA, describe tiie circle AFG ; 
from the point D draw DF&t right angles to JBA, (l. 11.) meeting 
the circumference of the circle AFG in F^ 

and join EBF, AS. „, „^,,Google 
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Then AB shall touch the circle BCD in the point S, 
Because ^ is the center of the circles BCD, AF(f, (i. def. 15.) 

therefcnre JBA is equal to EF, and FD to FB; 
therefore the two sides AF, FB, are equal to the two FF, FD^ 

each to each : 
and they contain the angle at F common to the two triangles AEBf 
FFD; 
therefore the base DFU equal to the base AB, (i. 4.) 
and tibe triangle FFD to the triangle AFB, 
and the other angles to the other angles : 
therefore the ahgle FBA is equal to the angle FDFi 
but FJDFia a right angle, (constr.; 
wherefore FBA is a right angle : (ax. 1.) 
and FB is drawn from the center: 
but a straight line drawn from the extremity of a diameter, at right 
angl^ to it, touches the circle : (ni. 16. Cor.) 
therefore AB touches the circle ; 
and it is drawn from the given point A, 
Secondly, if the given point be in the circumference of the drclet 
as the point D, 
draw DF to the center F, and DFat right angles to DF: 
then D J* touches the circle, (iii. 16. Cor.) Q.E.F. 

PROPOSITION XVin. THEOREM. 

If a tiraight line touch a circle^ the etraight line drawn from the center to 
the point of contact f shall be perpendicular to the line touching the circle. 

Let the straight line DF touch the circle ABC in the point C; 

take the center F, and draw the straight line FC. (m. 1.) 

Then -PC shall be perpendicular to DF. 




c OE 

If J*(7be not perpenaicular to DF*, from the point P, if possiblef 
let FBO be drawn perpendicular to DF. 

And because FGCia a right angle, 

therefore QCFib an acute angle; (i. 17.) 

and to the greater angle the greater side is opposite : (1. 19.) 

therefore FC is greater than FG : 

but FC is equal to FB ; (I. def. 15.) 

therefore FB is greater than FO, 

the less than the greater, which is impossible: 

therefore FG is not perpendicular to DF. 

In the same manner it may be shewn, 

that no other line isperpendicular to DF besides FC^ 

that is, Fu is perpendicular to DF. 

Therefore, if a straight line, &c. a. e. d. 
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PROPOSITION XIX. THBORBM. 

If a atraighe Une touch a circle, and from thepokU of eoniaet a ttraiffht 
line be drawn at rigfU angles to the touching line, the center of the eirele ehall 
he m that Une, 

Let the straiKht line DE toneh the circle ABC in C, 

and from C let CA be drawn at riffht angles to DJS. 

Then the center of the circle shall be in CA. 




For, if not, let P be the center, if possible, and join CF. 

Because DE touches the circle ABC, 

and PC is drawn from the center to the point of contact, 

therefore FC is perpendicular to DF; (in. 18.) 

therefore FCF is a right angle : 

but ACF is also a riffht angle ; (hyp.) 

therefore the angle FCF is equal to the angle A CF, (ax. 1.) 

the less to the greater, which is impossible : 

therefore Fu not the center of the circle ABC 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center; 

that is, the center of the circle is in CA, 

Therefore, if a straight line, &c. . Q. E. D. 

PROPOSITION XX. THEOREM. 

The angle at the center of a circle ie double of the angle at the dreumfer^ 
mise upon the same base, that ie, vipon the eame part of the cireumferenee. 

Let ABChe a circle, and BFC an angle at the center, and BAC 
an angle at the circumference, which have ^Cthe same part of the 
cbroumference for their base. 

Then the angle ^^C shall be double of the angle BAC. 




Join AF, and produce it to F. 
First, let the center of the circle be within the angle BAC. 

Because FA is equal to FB, 

therefore the angle FBA is equal to the angle FAB ; (l. 5.) 

therefore the angles FAB, FBA are double of the ang^e FAB: 

but the angle BFFia equal to the angles FAB, FBA ; (i. 32.) 
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therdbre also the angle BEF is double of the angle EAB : 

for the same reason, the an^e FECva double of the angle EAC: 

therefore the whole angle BjBCu double of the whole angle EAC. 

Secondly, let the center of the circle be without the angle EAC, 




It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FA C, 
and that FEB, a part of the first, is double of FAB, a part of the other; 
therefore the remaining angle EEC is double of the remaining 
angle ^^ a 

Therefore the angle at the center, &c. Q.KD. 

PROPOSITION XXI. THEOREM. 
1%$ anglet «n the same segment qfa circle are equal to one cmother. 

Let ABCD be a circle, 

and SAD, BED angles in the same segment BAED. 

Then the angles BAD, BED shall be eqim to one another. 

First, let the segment BAED be greater than a semicircle. 

A B 




C 

Take j; the center of the circle ABCD, (in. 1.) and join BF, FD. 

Because the angle BFD is at the center, and the angle BAD a^ 

the circumference, and that they have tiie same part of the circonH 

ference, viz. the arc BCD for their base ; 

therefore the angle BFD is double of the angle BAD\ (in. 20.) 

for the same reason the angle BFD is double of the angle BED : 

therefore the angle BAD is equal to the angle BED. (ax. 7.) 

Next, let the segment BAED be not greater than a semicircle. 

A£ 




Draw .^jPto the center, and produce it to C, and join CE. 

Because ^C is a diameter of the circle, 

therefore the segment B ADC is greater ^an a semicircle ; 

and the angles in it BAC, BECsie equal, by the first case: 
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for the same feaaon, because OB ED is greater than a semioiroley 

the angles CADf CED, are equal : 

therefore the whole angle BAD isequal to the whole angle BED. (ax. 2.) 

Wherefore the angles in the same segment, &c Q. S.D. 

FBOPOSmON XXU. THEOREM. 

3^ oppoiite angki of <mjf qyadrikUeral fiqwe inscribed in a eirek, ate 
together equal to two right anglee. 

Let ABCD be a quadrilateral figure in the circle ABCD. 
Then any two of its opposite angles shall together be equal to two 
right angles. 

D 




Join^C, J&D. 

And because the three angles of eyery triangle are equal to two 
right angles, (I. 32.) 
the t&ee angles of the triangle CAB^ viz. the angles CAB^ ABCf 

BCA, are equal to two right angles : 
but the angle CAB is equal to the angle CDB, (m. 21.) 
because they are in the same segment CDAB; 
and the angle A CB is equal to the angle ADB, 
because they are in the same segment ADCB : 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADCi (ax. 2.) 

to each of these equals add the angle ABC\ 
therefore the three angles ABC, CAB, BCA 9xe equal to the two 
angles ABC, ABCi fax. 2.) 
but ABCy CAB, Be A, are equal to two right angles ; 
therefore also the angles ABC, ABC are equal to two right angles. 
In the same manner, the angles BAD, DCB, may be shewn to be 
equal to two right angles. 

Therefore, the opposite angles, &c Q.B.D. 

PROPOSITION XXm. THEOREM. 

JJpon the same straight line, and i^po»» the tame side of it, there cannot 
he two similar tegments of circles, not coinciding with one another. 

If it be possible, upon the same straight line AB, and upon the 
same aide of it, let there be two similar segments of circles, ACB, 
ADB, not coinciding with one another. * 
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Then, because the oironmference A CB cuts the^circumfereiice.^S 
in the two points A^ B, they cannot cut one another in any 
other point : (m. 10.) 

theierore one of the sclents must fkll within the other : 

letACBfeM within ADB : 

draw the straight line BCD, and join CA, I)A» 

Because the segment ACB is similar to the sesment ADB, (hyp.) 

and that similar segments of circles contain equal angles ; fUL oid, 11.) 

therefore the angle ACBib equal to the angle ADB, 

the exterior angle to the interior, which is impossible. (l. 16.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the same line, which do not coincide. Q.E.D. 

PROPOSITION XXrV. THEOREM. 
Smilar tegmenti cfeiirele$ vpon tgual ttraighi Knet, are equal to one another^ 

Let ABBf CFD be similar segments of circles upon the equal' 
strai^t lines AB, CD, 

^en the segment ABB shall be equal to the segment CFD. 
E F 

A B CD 

For if the segment AEB be applied to the sej^ment CFD, 

so that the point A may be on C, and the straight Ime AB upon CBy 

then the point B shall coincide with the point D, 

because AB is equal to CD : 

therefore, the straight line AB coinciding with CD, 

the segment AEB must coincide with the segment CFD^ (m. 23.) 

and therefore is equal to it. (i. ax. 8.) 

Wherefore similar segments, &o. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

A tegment of a circle being given, to deecribe the circle of which it it ihi 
tegment. 

Let ABC be the given segment of« circle. 

It is required to describe the circle of which it is the segment. 

Bisect ^C in D, (i. 10.) and from the point D draw DB at right 
andes to AC, (l. 11.) and join* ^^. 

First, let the angles ABD, BAD be equal to one another : 



^L^ 



A D 

then the straight line DA is equal to DB, (l. 6.) and therefore, to DC; 
and because the three straight lines DA, DB, DC are all equal, 

therefore 2> is the center of the circle, (m. 9.) 
From the center D, at the distance of any of tne three DA, BB, 
DC, describe a circle; 

this shall pass through the other points ; 
and the circle of whicn ABC is a segment has been described: 
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and because the center D ia in -<dt C, the segment ABCvt a ■emidrde. 
But if the angles ABD, BAD are not equal to one another : 



'^" (^ 



at the point A, in the straight line ABf 

make the angle BAE equal to the an^e ABD, (I. 23.) 

and produce Bn, if necessary, to meet AjS in JB, and join JBC. 

Because the an^le ABjB is equal to the angle BAB, 

therefore the straight line BA is equal to BjBi (l. 6.) 

and because AD is equal to DC, and DB common to the triangles 

ADE, CDS, 

ie two sides AD, DB, are equal to the two CD, DB, each to each; 
and the angle ADJS is equal to the angle CDB 
for each of them is a right ansle ; (constr.) ^ 

therefore the base BA is equal to the base BC: (1. 4.) 
but BA was shewn to be equal to BB : 
wherefore also BB is equal to BCx (ax. 1.) 
and therefore the three straight lines BA, BB, BC sie equal to one 
another: 

wherefore J? is the center of the circle, (m. 9.) 
From the center B, at the distance of any of the three BA, BB, 
SCj describe a circle ; 

this shall pass throu^ the other points ; 
and the circle of which ABuis a segment, is described. 
And it is evident, that if the anele ABD be greater than the angle 
Bad, the center B falls without tne segment ABC, which therefore 
i« less than a semicircle : 

but if the angle ABD be less than BAD, the center B falls within 
ti^ s^ment AmC, which is therefore greater than a semicircle. 

Wherefore a segment of a circle being giyen, the circle is described 
of which it is a segment. Q.E.F. 

PROPOSITION XXVI. THEOREM. 
In egval circlet, equal angles iUmd ttpon equal arct, whether the anglee be 
^ the centers or circwnferencee* 

Let ABC, DBF he equal circles, 

and let the angles BOC, BuF at their centers, 

and BAC, EDF^X their circumferences be equal to each other. 

Then the arc BKC shall be equal to the arc BLF. 

A D 





L 
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Join BC, EF. 
^ And because the circles^^Ci DJBFsxe equal, 
the ttraiffht lines drawn from their centers are equal : (m. drf. 1.) 
therefore the two sides BO, OC, are equal to the two Eff, HF, ea( 
to each: 

and the angle at G^ is equal to the angle at JET; (hyp.) 
therefore the base BC is equal to the base BF. (i. 4J) 
And because the an^le at ^ is equal to the an^e at jD, 
the segment BA C is smiilar to the se^ent BDFi (ill. 
and they are upon equal straight lines BC, EFi 
but similar segments of circles upon equal straight lines, are equal 1 
one another, (in. 24.) 

therefore the segment BACia equal to the segment EDFi 
but the whole circle ABC is equal to the whole JDEF; (hyp.) 
therefore the remaining segment mKC is equal to the remaining sq 
ment ELF, (i. ax. 3.) 

and the arc BKC to the arc ELF. 
Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXVn. THEOREM. 

In equal circles, the angles which stand ^^pon equal arcs, are equal to m 
another, whether ^ey be at the centers or circumferences, J 

Let ABC, DEFhe equal circles, ' 

and let the angles BGC, EmF at their centers, 
and the angles SaC, EDF?X their circumferences, ' 

stand upon the eaual arcs BC, EF. | 

Then the angle J^G'C shall be equal to the an^e EHF^ 
and the angle BA C to tne angle EDF. 





If the angle BGC he equal to the angle EITF, 
it is manifest that the angle BACis also equal to EDF. (m. 20. an 
I. ax. 7.) 
But, if not, one of them must be greater than the other : 
if possible, let the angle BGC be ^eater than EJSF, 
and at the point G, in the straight line BG, 
make the angle BGK equal to the angle EHF. (l. 23.) 
Then because the angle BGJSH is equal to the angle EHF, J 
and that equal angles stand upon equal arcs, when they are at If 
centers; (ill. 26.) 

therefore the arc BK is equal to the arc EFi 

but the arc EF\& equal to the arc BC-, (hyp.) 

therefore also the arc BK is equal to the arc BC, 

the less equal to the greater, which is impossible: (I. ax. 1.) 
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therefore the angle ^G^Cis not unequal to the angle EHFi 

that is^ it ia equal to it: 

but the anrie at -4 is half of llxe angle BQCAm. 20.) 

( and t£e angle at D, half of the angle EHF] 

therefore the angle at -4 is equal to the angle at D, (l. ax. 7.) 

Wherefore, in equal circles, &c. Q.B.D. 

PROPOSITION XXVni. THEOREM. 

In equal eirclea, equal straight lines cut off equalarct, the oreater egwd 
^thegreater, and the lees to the less. 

Let ABC, DEF be equal circles, 
ind B C, EF equal straight lines in them, which cut off the two greater 

arcs BA C, EDF, and the two less BOC, EHF. 
. Then the greater arc BA C shall be equal to the m-eater EDF, 
and the less arc BGC to the less EmF. 





f G _ 

rakeZ,X, thecenters of the circles, (ra. 1.) and join BK, JSTC, EL, LF 
Because the circles ABC, JDEFate equal, 
the s^cdght lines from their centers are equal : (m. def. 1.) 
the4fere BK, EC axe equal to EL, LF, each to each : 
ind the base BCis equal to the base EF, in the triangles BCE, EFL; 
therefore the angle BECk equal to the angle ELF: (i. 8.) 
out equal angles stand upon equal arcs, wnen they are at the 
centers : (iii. 26.) 

therefore the arc BGC is equal to the arc EHF: 
but the whole circumference ABCh equal to the whole EDF; (hyp.) 

therefore the remaining part of the circiunference, 

Ti2. the arc BAC, is equal to the remaining part EDF. (l. ax. 3.) 

Therefore, in equal circles, &c. Q.E.D. 

, PROPOSITION XXIX. THEOREM.. 

In equal circles, equal arcs are subtended by equal straight Unes, 

Let ABC, BEFhe equal circles, 
I and let the arcs BGC, EHF also be equal, 

and joined by the straight lines BC, EF, 
Then the straight line BC shall be equal to the straight line EF, 

B 



d by Google 





144 buclib's elements. 

Take JT, X, (in. 1.) the centers of the cirdeB, andjoin BK^KCBL, LI 

Because the arc BOC\b equal to the arc EHF, 

therefore the angle BKC is equal to the angle ELF\ (m. 27.) 

and because the circles ABC^ DBF, are equal, 

the straight lines from their centers are equal; (in. deil 1.) 

therefore BK, KC, are eoual to EL, LF, each to each : 

and they contain equal angles in the triangles BCK, EFL\ 

therefore Uie base BC is equal to the base EF, (l. 4.) 

Therefore, in equal circles, &c. Q. £. D. 

PROPOSITION XXX. PROBLEM. 

To bisect a given are, that is, to dlyide it into two equal parts. 

Let ADB be the given arc : 

it is required to bisect it. 

D 



^I^ 



Join -4jB, and bisect it in Cj (1. 10.} 

from the point C draw CD at right angles to AB, (l 11.) 

Then the arc ADB shall be bisected in the point 2>. 

Join AD, DB. 

And because ^ C is equal to CB, \ 

and CD common to the triangles ACD, BClk 

the two sides AC, CD are equal to the two BC, CD, 4fc to eadi; 

and the angle A CD is equal to the angle BCD, \ 

because each of them is a right angle : 

therefore the base AD is equal to the base BD, (l. 4.) 

But equal straight lines cut off equal arcs, (m. 28.) 

the fl;reater arc equal to the greater, and the less arc to the less; 

and the arcs AD, DB are each of them less than a semicircle; 

because DC, if produced, passes through the center: (m. 1. Cor.) 

therefore the arc AD is e^ud to the arc 2>A 

Therefore the giyen arc ^D^ IS bisected in D. Q.E.F. 

^ PROPOSITION XXXI. THEOREM. 

In a circle, the angle in a temicirele is a right angle ; but the angle in ' 
segment greater than a semicircle is less than a right angle; and the angi 
in a segment less than a semicircle is greater than a right angle, j 

Let ABCD be a curcle, of which the diameter is ^Q and center i 
and let CA be drawn, dividing the circle into the segments ABC, AM 
Join BA, AD, DC. 
Then the angle in the semicircle ^^(7 shall be a right an^e ; 
and ihe angle in the segment ABC, which is greater than aaem^iiclj 

shall be less than a right angle ; 
and the angle in the segment ADC, which is less than a s^nidrcli 
shall be greater than a right angle. j 
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p ' 
a/ 




Join AEf and produce BA to F. 
First, because JEB is equ^l to JBA, (l. def. 15.) 
the angle BAB is equal to BBA ; (l. 6.) 
also, because BA is equal to BC, 
the angle BCA is equal toJ^ulC; 
wherefore the if^hole angle J^^Cis equal to the two angles BBA, 
BCA; (I. ax. 2.) 
but FAC9 the exterior angle of the triangle ABC, is equal to the two 
angles BBA, BCA ; (l. 32.) 

therefore the angle BACia equal to the anele FAC; (ax. 1.) 
and therefore each of them is a right angle : (l. def. 10.) 
wherefore the angle BACin a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABC axe together less than two right angles, (i. 17.) 

and that BA C has been proved to be a right angle ; 
therefore ^^Cmust be less than a right angle : 
and therefore the angle in a segment ABC greater thui a semicircle, 
is less than a right angle. 

And lastly, because aScD is a quadrilateral figure in a circle, 

my two of its opposite angles are equal to two right aisles : (ni. 22.). 

therefore the angles ABC, ADC, are equal to two right angles : 

and ABC\i9A been proved to be less than a right angle ; 

wherefore the other ADCiB greater than a right angle. 

Therefore, in a circle the angle in a semicircle is a right angle ; &e, Q.E.D. 

Cob. Prom this it is manifest, that if one angle of a triangle be 

equal to the other two, it is a right angle : because the angle adjacent 

to it b equal to the same two ; (l. 32.) and when the adjacent angles 

are equal^ they are right angles. (l. def. 10.) 

PROPOSITION XXXn. THEOREM. 

If a itraight line touch a circle, and from the point of contact a straight 
I Ime be drawn meeting the circle; the angles which this line makes with the 
I Une touching the circle shall be equal to the angles which are in the alter' 
note segments of the circle, 

\ Let the straight line BF touch the circle ABCD in B, 

I and from the point B let the straight line BD be drawn, meeti^ 
the circumference in 2>, and dividing it into the segments DCB, DAB, 
of which DCB is less than, and DAB greater than a semcircle. 

Then the angles which BD makes with the touching line BF, 
ihall be equal to the angles in the alternate segments of the circle ; 
I that is, the angle DBF shall be equal to the angle which is in the 
segment DAB^ 
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md the ande D. 
segment I)CB, 



and the an^e DBE shall be equal to the angle in the alternate 




From the point B draw BA at right angles to EF, (l. 11.) meeting 
the circumference in A \ 

take any point (7 in the arc DB, and join AB, DC, CB, 
Because the straight line BF touches the circle ABCD in the 
point B, 

and BA is drawn at right angles to the touching line from the 
point of contact J?, 

the center of the circle is in BA : (m. 19.) 
therefore the angle ADB in a semicircle is a right angle : (m. 31.) 
and consequently the other two angles BAD, ABD, are equal to 
a right angle ; (i. 32.] 

but ABFis likewise a right angle ; (constr.) 
therefore the angle ABF is equal to the angles JBAD, ABD : (i.ax. 1.) 

take 6om these equals the common angle ABD : 

therefore the remainingangle D^i^is equal to theangle^^2>y (i. ax. 3.) 

which is in BjDA, the alternate segment of the circle. 

And because ^ J? CjD is a quadrilateral figure in a cirde, 

the opposite angles BAD, BCD are equal to two right angles : (in.22.) 

but the angles DBF, DBF are likewise equal to two right angles; 

(1. 13.) 
therefore the angles DBF, DBF are equal to the angles BAB, 
BCD, (I. ax. 1.) 

and DBF has been proved equal to BAD ; 
therefore the remaining angle DBF is equal to the angle BCD io 
BDC, the alternate segment of the circle. (l. ax. 2.) 
Wherefore, if a straight line, &c. a. E. D. 



PROPOSITION XXXIII. PROBLEM. 

Upon a given straight line io detcribe a segment of a circle, which shaU 
contain an angle equal to a given rectilineal angle. 

Let AB be the given straight line, 
and the angle Cthe given rectilineal angle. 
It is required to describe upon me given straight line AB, a'segment 
of a circle, which shall contain an angle equal to the angle C 
First, let the angle C be a right angle. 



\^(Z^ 
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Bisect AB in F, (l. 10.) 
and from the center JF*, at the distance F£, descnbe the semicircle^ J72?, 
and draw AH, JBH to any point H in the circumference. 

Therefore the angle AMB in a semicircle is equal to the riffht 
angle C. (m. 31.) 

But if the angle Cbe not a right angle : 




1/ 

r 




at the point A, in the straight line AB, 

make the angle BAD equal to the angle C, (i. 23.) 

and from the point A draw AE at right angles to AD\ (l. 11.) 

bisect AB in F, (i. 10.) 

and from J^ draw FG at right angles to AB, (i. 11.) and join OB, 

Because AF is equal to FB, and FG conunon to the triangles 
AFG, BFG, 

the two sides AF, FG are equal to the two BF, FG, each to each, 
and the angle AFG is equal to the angle BFG ; (i. def. 10.) 

therefore- the base -4 G' is equal to the base GB; (i. 4.) 
and the circle described from the center G, at the distance OA, 
shall pass through the point B : 

let this be the circle AHB, 
The segment AHB shall contain an angle equal to the given rec- 
tilineal angle C. 

Because from the point A the extremity of the diameter AE, 
AB is drawn at right angles to AE, 

therefore AD touches the circle: (ill. 16. Cor.) 
and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHBx (m. 320 

but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment AHB, 
Wherefore, upon the given straight line AB, the segment AHB 
of a circle is described, which contains an angle equal to the given 
angle C Q.E.F. 

PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut off a segment, which ehall contain an angle 
ejwU to a given rectilineal angle. 

Let ABC he the given circle, and D the rfven rectilineal angle. 
It ia required to cut off from the circle aSc b. segment that shall 
contain an angle equal to the given angle D, 
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B B Jf 
Draw tha ftraiffht line EF touchinff the circle ABC in any point Bt 
(m. 17.) 

and at the point B, in the straight line BF^ 
make the ang^e FBC equal to the angle D. (i. 23.) i 

Then the segment Bui (7 shall contain an angle equal to the giren 
angle D. 

Because the straight line j^J? touches the circle ABC^ 
and BC is drawn from the point of contact Bf 
therefore the angle FBC is equal to the angle in the alternate 
segment BA C of the circle : (m. 32.) 
but the angle FBC is equal to the ai^le D ; (constr.l 
therefore the angle in the segment BAC is equal to tne angle 

D. (Lax.l!) 
Wherefore from tne given circle ABC, the segment BAC is cut 
off) containing an angle equal to the giyen angle 2). Q. £. F. 

PEOPOSmON XXXV. THEOKEM. 

If two straight ttnet cut one another within a circle^ the rectangle eontainei 
by the tegmentt of one qf them, it equal to the rectangle contained by the 
tegmentt of the other. 

Let the two straight lines AC, BD, cut one another in the point 
E, within the circle A BCD. 

Then the rectangle contained by AE, EC shall be equal to flie 
rectangle contained by BE, ED, 




First, MAC, BD pass each of them through the center, so that B 
is the center; 

it is evident that since AE, EC, BE, ED, being all equal, (l. def. 15.) 
therefore the rectangle AE, EC is equal to the rectangle BE, ED* 
' Secondly, let one of them BD pass through the center, and cut the 
other ^C, which does not pass through the center, at right angles, in 
the point E. 
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Then, ifJBDhe bisected in F, 

i^ is the center of the circle ABCD. 

Join AF. 

Because BD which passes through the center, cuts the straight 

Hne ^C, which does not pass through the center, at riffht angles in F, 

therefore AF is equal to FC: (in. 3 J 

and because the straight line 3D is cut into two equal parts in the 

point F, and into two unequal parts in the point F, 
therefore the rectangle BF, JBJD, together with the square on FF, 
is equal to the square on FB ; (il. 5.) 

that is, to the square on FA : 
Imt the squares on AF, FF, are equal to the square on FA : (l. 47.) 
therefore vie rectangle BF, FD, together with tlie square on FF, 
is equal to the squares on AF, FFi (i. ax. 1.) 
take away the common square on Fp, 
and the remaining rectangle BF, FI> is equal to the remaining 
square on AF\ (i. ax. 3.) 

that is, to the rectangle AF, FC. 
Thirdly, let BD, which passes through the center, cut the other A C, 
which does not pass througn the center, in F, but not at right angles. 




Then, as before, if BD be bisected in F, 

F is the center of the circle. 

Jom AF, and from F draw FO perpendicular Xo AC; (l. 12.) 

therefore ^6!' is equal to (?C; (ill. 3.) 
wherefore the rectangle AF, FC, together with the square on FG, 
is equal to the square on ^ 6^ : (ii. 5.) 

to each of these equals add the square on OF; 
therefore tifie rectangle AF, EC, together with the squares on FO, 

OF, is equal to the squares on AO, OF; (i. ax. 2^ 
out the squares on FO, OF, are equal to the square on FF; (i. 47.) 
and the squares on AO, OF axe equal to the souare on APi 
therefore the rectangle AF, FC, together with tne square on FF, 
is equal to the square on AF; 

that is, to the square on FB : 
bat the souare on FB is equal to the rectangle BF, FD, together 
with the square on FF; (ii. 5.) 
. therefore the rectangle AF, FC, together with the square on FF, 
^ equal to the rectangle BF, FD, together with the square on 
^F; (i.ax.1.) 

take away the common square on FF, 
and the remaining rectangle AF, FC, is therefore equal to the re* 

maining rectangle BF, FD, (ax. 3.) 
Lastly, let neither of the straight lines A C, BD pass through the 
center. 
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B 

Take the center F, (m. l.J 
and through E the intersection of the straignt lines A C, BB^ 

draw the diameter QEFH. 
And because the rectangle AE^ EC is equal, as has been shewn, 
to the rectangle OE,'EH\ 

and for the same reason, the rectangle BE, ED is equal to the 
same rectangle OE, EH\ 
therefore the rectangle AE, EC is equal to the rectangle EE, ED. 
(I. ax. 1.) 

Wherefore, if two straight lines, &c. Q.E.D. 

PROPOSITION XXXVI. THEOREM. 
If from any point without a circle two straight linet be drawnt me rf 
which cute the circlet and the other touches it ; the rectangle containtd bjf 
the whole line which cuts the circle, and the part of it without the circUf 
shall be equal to the square on the line which touches it. 

Let D be any point without the circle ABC, 

and let DCA, DB be two straight lines drawn from it, 

of which DCA cuts the circle, and DB touches the same. 

Then the rectangle -42), DC shall be equal to the square on D-B. 

Either DCA passes through the center, or it dofes not: | 

first, let it pass through the center E. 




therefore the angle EBD is a right angle, (m. 18.) 
I because the straight line ^ C is bisected in .fe, and produced 



Andl 

to the point 2), 

therefore rectangle AD, DC, together with the square on^Rw 
equal to the square on ED : (il. 6.) 

but CE is eoual to EB ; 
therefore the rectangle AD, DC, together with the square on ^A 
is equal to the square on ED : 
but the square on ED is equal to the squares on EB, BD, (i. 47.) 
because JaBD is a right angle : 
therefore the rectangle AD, DC, together with the square on JSB* 
is equal to the squares on EB, BD: (ax. 1.) 
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take away the common square on JBB; 
therefore the remaining rectangle AD, DC is equal to the aquare 
on the tangent DB. (ax. 3.) 
Xext, if DCA does not pass through the center of the circle ABC, 



D 




Take J? the center of the circle, (m. 1.) 
draw JEP perpendicular to AQ (i. 12.) and join EB.EC, ED, 
Because the straight line EF^ which passes through the center, 
cuts the straight line AC, which does not pass through the center, at 
right angles ; it alsb bisects AC, (ill. 3.) 

therefore AFia equal to FC\ 

ind because the straight line ^ C is bisected in F, and produced to D, 

the rectangle AD, DC, together with the square on FC, 

is equal to the sauare on FD : (ii. 6.) 

to each of these equals add the square on FE\ 

therefore the rectangle AD, DC, together with the squares on CF, FE, 

is equal to the squares on DF, FE: (i. ax. 2.) 

but the square on ED is equal to the squares on DF, FE, (l. 47.) 

because EFD is a right angle ; 

and for the same reason, 

the square on EC is equal to the squares on CF, FE; 

therefore the rectangle AD, DC, together with the square on EC, 

is equal to the square on ED : (ax. 1.) 

but CE is equal to EB ; 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the square on ED : 
but the squares on EB, BD, are equal to the sauare on ED, (l. 47.) 

because EBD is a right angle : 

thereforethe rectangle AD, DC, toge3ier with the square on EB, 

is equal to the squares on EB, BD ; 

take away the common square on EB ; 

and the remaining rectangle AD, DC is equal to* the square 

on DB. (i. ax. 3.) 

Wherefore, if from any point, &c. Q.E.D. 
Cor. If from any point without a circle, there be drawn two straight 
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lines cuttinff it, as AB, AC, the rectangles contained by the wholi 
lines and tne parts of them without the circle, are equal to on( 
another, yiz. the rectangle BA, AE, to the rectangle CA, AF: foi 
each of them is equal to the square on the straight line AD^ vhicl 
touches the circle. 

PROPOSITION XXXVIL THEOREM. 

Iffnm a point without a circle there be drawn two straight Unee, one ej 

which cute the circle^ and the other meete it ; if the rectangle contained bif tki 

whole line which cuts the circle, and the part of it without the circle, be equd U 

tlte square on the line which meets it, the line which meets, shall touch the chtU, 

Let any point D be taken without the circle ABC, 

and from it let two straight lines DCA and DB be drawn, of which 

JDCA cuts the circle in the points C, A, and DB meets it iu 

the point B, 

If the rectangle AD, DC he equal to the square on DB; 

then DB shall touch the circle. 

D 




Draw the straight line DE, touching the circle ABC, in the point 
JE; (hi. 17.) 

find F, the center of the circle, (iii. 1.) 

Bnd}omFB,FB,FD. 

Then FED is a right angle : (ni. ISJ 

and because DE touches the circle ABC, and DCA cuts it, 

therefore the rectangle AD, DC is equal to the square on DE : (in. 36.) 

but the rectangle AD, DC, is, by hypothesis, 

equal to the square on DB : 

therefore the square on DE is equal to the square on DB ; (i. ax. 1) 

and the straight line DE equal to the straight line DJS: 

and FE is equal to FB ; (i. def. 15.) 

wherefore DE, EF are equal to DB, BF, each to each ; 

and the base FD is common to the two triangles DEF, DBF; 

therefore the angle D^-P is equal to the angle DBF: (l. 8.) 

but DEF was shewn to be a right angle ; 

therefore also DBF is a right an^Ie : (i. ax. 1.) 

and BF, if produced, is a diameter ; ^ i 

and the straight line which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle ; (iii. 16. Cor.) 

therefore DB touches the circle A^C. 

Wherefore, if from a point, &c. Q. E. D. 
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In the Third Book of the Elements are demonstrated the most 
elementary- properties of the circle, assuming all the properties of figures 
demonstrated in the First and Second Books. 

It may be worthy of remark, that the word eircU will be found some- 
times taken to mean the surface included within the circumference, and 
sometimes the circumference itself Euclid has employed the word («t/>i- 
4>ipua) periphery, both for the whole, and for a part of the circumference 
^ a circle. If ^e word circttmferenoe were restricted to mean the whole 
circumference, and the word arc to mean a part of it, ambiguity might 
be avoided when speaking of the circumference of a circle, where only 
a part of it is the subject imder consideration. A circle is said to 
be given in position, when the position of its center is known^ and 
in magnitude, when its radius is known. 

B^. I. And it may be added, or of which the circumferences are 
equal. And conversely: if two circles be equal, their diameters and 
radii are equal ; as also their circumferences. 

Bef. I. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have considered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equality 
of circles. 

Bef. n. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily^ 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle ; 
and a straight line which cuts a circle is called a secant, 

Bef. iv. The distance of a straight line from the center of a drcla 
is the distance of a point from a straight line, which has been already 
explained in note to Prop. n. page 53. 

Bef. Ti. X. An arc of a circle is any portion of the circumference ; 
tnd a chord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two unequal segments, 
one greater than, and the other less than a semicircle. And in the same 
j manner, two radii drawn from the center to the circumference, divide 
the circle into two unequal sectors, which become equal when ike two, 
ndii are in the same straight line. As Euclid, however, does not notice 
^entering angles, a sector of the circle seems necessarily restricted 
to the figure which is less than a semicircle. A quadrant is a sector 
whose radii are perpendicular to one another, and which contains a fourth, 
part of the circle. 

Bef. VII. Ko use is made of this definition in the Elements. 

Bef. XI. The definition of similar segments of circles as employed in 
the Third Book is restricted to such segments as are also equal. Props, 
uin. and xxrv. are the only two instances, in which reference is made 
to similar segments of circles. 

tProp. I. " Lines drawn in a circle," always mean in Euclid, such 
es only as are terminated at their extremities by the circumference. 
If the point G be in the diameter CE, but not coinciding with the 
nit F, tne demonstration given in the text does not hold eood. At 
i same time, it is obvious that G cannot be the centre of the circle^ 
because GC is not equal to GE. 
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Indirect demonstrations are more frequently employed in the Third 
Book than in the ^irst Book of the Elements. Of the demonstrations 
of the forty- eight propositions of the First Book, nine are indirect: but 
of the thirty-seven of the Tliird Book, no less than fifteen are indirect 
demonstrations. The iruUrect is, in general, less readiljr appreciated 
by the learner, than the direct form of demonstration. The indirect form, 
however, is equally satisfactory, as it excludes every assumed hypothesis 
as fEdse, except that which is made in the enunciation of the proposition. 
It may be here remarked that Euclid employs three methods of de- 
monstrating converse propositions. First, by indirect demonstrations as 
in Euo. I. 6 : rii. I, &c. Secondly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc. i. 19, 26. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. i. 47: 
m, 87. 

Prop. II. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, bv shewing that every 
straight line joining any two points in the arc falls entirely within the 
circle, and can neiUier coincide with any part of the circumference, nor 
, meet it except in the two assumed points. It excludes the idea of tlie 
circumference of a circle being flexible, or capable ander any circum- 
stances, of admitting the possibility of the line falling outside tlie circle. 
If the line could fall partly within and partly without the circle, the 
oiroumference of the circle would intersect the line at some point between 
its extremities, and any part without the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow that a straight line 
doincides with a curved line. 

From this proposition follows the corollary, that "a straight line 
cannot cut the circumference of a circle in more points than two. ' 

Commandine*s direct demonstration of Prop, u, depends on the fol- 
lowing axiom, ** If a point be taken nearer to the center of a circle than 
the circumfer^ice, that point falls within the circle." 

Take any point E in AB, and join DA, DE, DB, (fig. Euc. nr. 2.) 

V Then because DA is equal to DB in the triangle DAB ; 

therefore the angle DAB is equal to the angle DBA ; (i. 5.) 

but since the side ^E of the triangle Z)^£; is produced to ^, 

therefore the exterior angle DEB is greater th&n the interior and opposite 

angle 2)i4E; (i. 16.) 

but tiie angle DAE is equal to the angle DBE^ 

therefore the angle DEB is greater than the angle DBE. 

And in every triangle, the greater side is subtended by the greater angle; 

therefore the side DB\s greater than the side DE ; 

but DB from the center meets the circumference of the circle^ 

therefore DE does not meet it. 

Wherefore the point E falls within the circle : 

and E is any point in the straight line AB : 

therefore the straight line AB falls within the circle. 

Prop. vii. and Prop. viii. exhibit the same property ; in the former, 

the point is taken in the diameter, and in the latter in the diameter 

produced. 

Prop. viii. An arc of a circle is said to be convex or concaoe with 
respect to a point, according as the straight lines drawn from the point 
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meet the eutsiit or intide of the cireular are : and the two pointa found 
ia ^ dreumference of a circle by two straight Hnea drawn firom a giTcn 
poiat to touch the di cle, divide the circumference into two portions, one 
of wMc^ ia eonvex^ and the other concavs, with respect to the given point. 

Prop. IX. This appears to follow as a Corollary from Eue. iii. 7. 

Prop. XT. and Prop. xii. In ^e enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in anv 
ptMiit, the straight line which joins their centers being produced, shaU 
pass through that point in which the drclea touch each other. In 
Vmp, xm. It is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that this is 
unposdble. 

Prop, xin. The following is Euclid's demonstratioa of the caae, in 
which one circle touches anoUier on the inside. 

If posfdble, let the circle EBF touch the circle JBC on the inside, 
in more points than in one point, namelv in the i>oints B, D. (fig. Euc 
in. 13.) I^t P be the center of the circle ABC, and Q the center of EBF. 
Join P, Q ; then PQ produced shall pass through the points of contact B, D. 
For since P is the center of the circle ABC, PB is equal to PD, but PB 
is greater than QD^ much more then is QB greater than QD, Again, 
since the point Q is the center of Uie circle EBF, QB is equal to QD ; but 
QB has been shewn to be greater than QD, which is impossible. One circle 
tkerefbre cannot touchanotheron the insideinmore points thanin one point. 

Prop. XVI. may be demonstrated directly by assuming the following 
aiiom ; *^ If a point be taken further from tiie center of a circle than the 
chrcumference, that point fells without the circle." 

If one circle touch another, either internally or externally, the two 
circles can have, at the point of contact, only one common tangent. 

Prop. xvn. When the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may be drawn 
from the given point to touch the circle, as may be seen from the d i a gr a m 
to Prop. VIII. 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following : join the given point 
and the center of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required. 

Cirdes are called concentric circles when they have the same center. 

Prop. xvin. appears to be nothing more than the converse to Prop, 
xn., because a tangent to any point of a circumference of a circle is a 
straij^ht line at right angles at the extremity of the diameter which meeta 
the circumference in that point. 

Prop. XX. This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, and tne 
demonstration is free from objection. If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines from the center to the extremities of the arc becoming 
one straight line. Ajid, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from the center, does not stand 
on the same arc, but upon the arc which the assumed arc wants of the 
whole circumference. 

If Euclid's definition of an angle be strictly observed. Prop. xx. is 
geometrically tiue, only when the angle at the center it less than two. 
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right inglet. If; howerer, the defect of an anele from four right in|^ 
may be resarded as an angle, the proposition is universally true, asmsT 
be prored by drawing a line from the angle in the dreumference throng 
the center, and thus toiming two angles at the center^ in Euclid's stnct 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the^first is double of the second, and the third double of the fourth, 
then the first and third together shall be double of the second and fourth 
together : also in tiie second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the second, which is, in fact, a particular case of Prop. y. Book t. 

Prop. xzi. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc. 

Prop. xxiT. The converse of this Proposition, namely : If the oppo- 
site angles of a quadrilateral figure be eoual to two right angles, a ciriele 
can be described about it, is not proved oy Euclid. 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the exterior angle is equal 
to the opposite angle of the figure. 

Prop. xzui. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. XXV. The three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given arc, bisecting them, 
and from me points of bisection drawing perpendiculars. The j^int in 
which they meet will be the center of the circle. This problem is equi- 
valent to that of finding apoint equally distant from three given points. 

Props. XXVI— XXIX. The properties predicated in these four proposi- 
tions with respect to equal circlet^ are also true when predicated of 
the tttine circle. 

Prop. XXXI. suggests a method of drawing a line at right angles to 
another when the given point is at the extremity of the given line. And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected by the circumference. 

Prop. XXXV. The most general case of this Proposition might have 
been first d^nonstrated, and the other more simple cases deduced from it 
But this is not Euclid's method. He always commences with the more 
simple case and proceeds to the more difficult afterwards. The following 
process is the reverse of Euclid's method. 

Assuming the construction in the last fig. to Euc. iii. 35. Join FA, FD, 
and draw FK perpendicular to AC, and FL perpendicular to SV, 
Then (Euc. ii. 5. ) the rectangle AE, EC with square on EK is equal to 
the square on AK: add to these equals the square on FK: therefore the 
rectangle AE, EC, with the squares on EK, FK, is equal to the squares 
on AK, FK. But the squares on EK, FKaxe equal to the square on EF, 
and the squares on AK, FK&Te equal to the square on AF. Hence the 
rectangle AE, EC, with the square on EF is equal to the square on AF. 

In a similar way may be shewn, that the rectangle BE, ED with the 
square on EF is equal to the square on FD, And the square on FD i« 
equal to the scjuare on AD, Wherefore the rectangle AE, EC with the 
square on EC is equal to the rectangle BE. ED with the square on EF. 
Take from these equals the square on EF, and the rectangle AE, EC 
u equal to the rectangle BE, ED, 
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• 

Tho other more simple cases may easily be deduced from this general 
ease. 

The conyerse is not proyed by Euclid ; namely,— If two straight lines 
iDtenect one another, so that the rectangle contained by l^e parts of 
me is equal to the rectangle contained by the parts of the other; tiien 
I circle maj be described passing through the extremities of ihe two 
pes. Or, m other words :~If the diagonals of a quadrilatertd figure * 
bteiBect one another, so that the rectangle centained by the segments 
none of them is equal to the rectangle contained by the segments of the 
pier; then a circle may be described about the quadrilateral. 
"^Prop. XXXVI. The converse of the corollary to this proposition may 
w thus stated :— If there be two straight lines, such tnat, when pro- 
jraced to meet, the rectangle contained by one of the lines produced, and 
Be part produced, be equal to the rectangle contained by the other 
Poe produced and the part produced; then a circle can be described 
^ 'ng through the extremities of the two straight lines. Or, If two 
dte sides of a quadrilateral fixture be produced to meet, and the 
ogle contained by one of the sides produced and the part produced, 

equal to the rectangle contained by the other side produced and the 

"produced; then a circle may be described about the quadrilaterid 

^ ftop. xxxvii. The demonstration of this theorem may be made 
porter by a reference to the note on Euclid iii. Def. 2 : for if DB meet 
Bb drde in B and do not touch it at that point, the line must, when 
poduced, cut the circle in two points. 

. It is a circumstance worthy of notice, that in this proposition, as well 
pin Prop. xLViii. Book i. Euclid departs from the ordinary ex dbiurdo 
bde of proof of converse propositions. 



|bey 



QUESTIONS ON BOOK III. 

1. Befinb accurately the terms radius^ arc, circumference, chord, secant. 
2.^ How does a sector differ in form from a segment of a circle } Are 
Jy in any case coincident ? 

3, What is Euclid's criterion of the equality of two circles ? What 
I meant by a given circle ? How many points are necessary to deter- 
pine the magnittide and position of a circle ? 

4. When are segments of circles said to be similar ? Enunciate the 
^positions of the Third Book of Euclid, in which this definition is em- 
poyed. Is it employed in a restricted or general form ? ^ 

[ ^. In how many points can a circle be cut by a straight line and by 
pother circle ? 

I 6, When are straight lines equally distant fronwthe center of a circle? 
i 7. Shew the necessity of an indirect demonstration in Euc. iii. 1. 
18. Find the centre of a given circle without bisecting any straight 

[9. Shew that if the circumference of one of two equal circles pass 
ppugh the center of the other, the portions of the two circles, each of 
phich lies without the circumference of the other circle, are equal.^ 
i 10. If a straight line passing through the center of a circle bisect a 
Paight line in it, it shall cut it at right angles.. Point out the excep- 
m ; and shew that if a straight line bisect the arc and base of a segment 
p» eircle, it will, when produced, pass through the center. 
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11. If any point be taken within a circle^ and a right line be dzawi 
from it to the circumference, how many lines can generally be diam 
equal to it ? Draw them. 

12. Find the ahortest distance between a circle and a given atraigh 
line without it. 

13. Shew that a circle can only have one center, stating the axiom 
.upon which your proof depends. 

14. Why would not the demonstration of Euc. in. 9, hold good, i 
there were only two such eq^ual straight lines ? 

15. Two paralld chords m a circle are respectively six and eight incha 
in length, and one inch apart ; how many inches is the diameter in lengtiil 

16. Which is the greater chord in a circle whose diameter is 1 inches 
that whose length is 6 inches, or that whose distance from the center ii 
4 inches } 

17. What is the locus of the middle points of all equal straight linei 
in a circle ? 

18. The radius of a circle BCDGF, (fig. Euc. m. 16.) wliose centa 
is £, is equal to five inches. The distance of the line FG from the cental 
is four inches, and the distance of the line BC from the center is three 
inches, required the lengths of the lines FG, BC. ' i 

19. If the chord of an arc be twelve inches long, and be divided iiit( 
two segments of eight and four inches by another chord : what is the 
length of the latter chord, if one of its segments be two inches ? 

20. What is the radius of that circle of which the chords of an ai^ 
and of double the arc are five and eight inches respectively ? 

21. If the chord of an arc of a circle whose diameter is 8 J inche& 
be five inches, what is the length of the chord of double the arc of tlM{ 
same circle ? j 

22. State when a straight line is said to touch a circle, and shei 
from your definition that a straight line cannot be drawn to touch a circll 
from a point within it. .J 

23. Can more circles than one touch a straight line in the sane 
point? 

24. Shew from the construction, Euc. in. 17, that tvoo equal straight 
lines, and only two, can be drawn touching a given circle firam a girea 
point without it : and one, and only one, nrom a point in the ea\ 
cumference. 

25. What is the locus of the centers of all the circles which tod 
a straight line in a given point ? 

26. How may a tangent be drawn at a given point in the drcnl 
ference of a circle, without knowing the center ? 

27. In a circle place two chords of given length at right anglefi 
each other. 

28. From Euc. m, 19, shew how many circles equal to a gi^ 
circle may be drawn to touch a straight line in the same point. 

29. Enunciate EuC. in. 20. Is this true, when the base is great 
than a semicircle ? If so, why has Euclid omitted this case ? 

30. The angle at the center of a circle is double of that at the drca 
ference. How will it appear hence that the angle in a semicircle is an{ 
angle ? 

31. What conditions are essential to the possibility of the inscriptj 
and circumscription of a circle in and about a quadrilateral figure ? 

32. What conditions are requisite in order that a parallelogram 
be inscribed in a circle ? Are there any analogous conditions reqi 
that a parallelogram may be described about a circle ? 

33. Define the angle in a segment of a circle^^^nd the angle on a 
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pent } and aliew that in the aame oirole, they are together eqoal to two 

li^t angles. 

34. State and prove the converse of Euc. ni. 22. 

35. All circles which pass through two given points have their centers 
31 a certain straight line. 

36. Describe the circle of which a given segment is a part. Give 
Euclid's more simple method of solving Uie same problem independently, 
if the magnitude of the given segment. 

37. In the same circle equid straight lines cut off equal circurafer- 
jBfies. If these straight lines have any point common to one another, it 
litut not be in the circumference. Is the enimciation given complete ? 

38. Enunciate Euc. iii. 31, and deduce the proof of it from Euc. iii. 20. 
I 39. What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse } 

I 40. How ma^ a perpendicidar be drawn to a given straight line from 

one of its extremities without producing the linef 

' 41. If the angle in a semicircle be a right angle ; what is the angle 

n a quadrant ? 

' 42. The sum of the squares of any two lines drawn from any point 

in a semicircle to the extremity of the diameter is constant. Express 

^constant in terms of the radius. 

43. In the demonstration of Euc. in. 30, it is stated that ** equal 
rtraight lines cutoff equal circumferences, the greater equal to the greater, 
tad the less to the less :" explain by reference to the dii^i^am the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points ? In what case is it impossible for a circle 
to pass through three given points ? 

45. Compare the circiunference of the segment (Euc. in. 33.) with 
tile vhole circumference when the angle contained in it is a right angle 
todahalf. -o — o 

46. Include the four cases of Euc. m. 35, in one general proof. 

47. Enunciate .the propositiona which are converse to Props. 32, 35 
^Book in, 

48. If the position of the center of a circle be known with respect 
^Bgiren point outside a circle, and the distance of the circumference to 
^ p<nnt be ten inches : what is the length of the diameter of the circle, 
If a tangent drawn from the given point be fifteen inches ? 

49. If two straight lines be drawn from a point without a circle, and 
wboth terminated by the concave part of the circumference, and if 
Mie of the lines pass through the center, and a portion of the other 
*^ intercepted by the circle, be equal to the radius : find the diameter 
i>f the circle, if the two lines meet the convex part of the circumference, 
»i6, units respectively from the given point. 

50. Upon what propositions depends the demonstration of Euc. m. 
K? Is any extension made of this proposition in the Third Book ? 

51. what conditions must be fmfiUed that a circle may pass through 
^ given points ? 

52. Why is it considered necessary to demonstrate all the separate 
2^ of Euc. in, 35, 36, geometrically, which are comprehended in one 
■"wda, when expressed by Algebraic symboU ? 

53. Enunciate the converse propositions of the Third Book of Euclid 
^ch are not demonstrated ex absurdo : and state the three methods 
^ch Euclid employs in the demonstration of converse propositions in 
"^e First and Third Books of the Elements. 
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PROPOSITION I. THEOREM. 



IJ AB» CD U ekordi of a circle at right angUi to each other, prove that Uii 
*um of the arcs AC, BD is equal to the ikm of the arcs AD, EC. 

Draw tlie diameter ^6^JJ parallel to AB, and catting CD in JJ. 




Then the arcs FDO and FCO are each half the circumference. 
Also since CD is bisected in the point H, 
the arc FD is equal to the arc JPC, 
and the arc FD is equal to the arcs FA, AD, of which, AF is 
equal to ^G', 
therefore the arcs AD, BO are equal to the arc FC; 
add to each CO, 
therefore the arcs AD, BCaie equal to the tacsFC, CG^, which make 
up the half circumference. 
Hence also the arcs AC, DB are equal to half the circumference. 
Wherefore the arcs AD, BCaie equal to the arcs AC, DB. 



PROPOSITION n. PROBLEM. 

The diameter iff a circle having been produced to a gi»en point, it is required 
to find in the part produced a point, from which tf a tangent be drawn to the 
circle, it shall be equal to the segment of the part produced, that is, between the 
given point and the point founds 

Analysis. Let ABB be a circle whose center is C, and whose dift-, 
meter AB is produced to the given point D, i 

Suppose that O is the point required, such that the segment GD 
is equal to the tangent GB drawn from O to touch the circle in £. 




Join DB and produce it to meet the circumference again in F$ 

join also CB and CF. 

Then in the triangle ODF, because OD ia equal to OB, 

therefore the angle OBD is equal to the angle ODB; 
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and because CE is equal to CF, 
the angle CEFU equal to the angle CFE\ 
therefore the angles CEF^ QED are equal to the angles CFE, 
QDE: 

but since OEIb a tangent at Et 
therefore the angle CEO is a right angle, ^iii. 18.) 
' hence the angles CEFt OEFaxe equal to a right angle, 
and consequently, the angles CFE, EVO are also equal to a right 

anjple, 
irnerefore the remaining angle FCD of the triangle CFD is a right 
angle, 

and therefore C!F is perpendicular to AD. 
Synthesis. From the center C, draw CF perpendicular to AD 
Beetmg the circumference of the circle in Fi 

join DF cutting the circumference in E^ 
join also C% and at E draw EG perpendicular to CE and inter- 
secting BD in O, 

Then O will be the point required. 
For in the triangle CFD, since FCD is a right angle, the angles 
CFD, CDF are together equal to a right angle ; 
also since CEO is a right angle, 
therefore the angles CEF^ QED are together equal to a right 

angle; • 
therefore the angles CEF, OED are equal to the angles CFD, 
CDFi 

but because CE is equal to CF, 
the angle CEFis equal to the angle CFD, 
wherefore the remaining angle OED is equal to ihe remaining 

angle CDF, 
and the side OJD is equal to the side OE of the triangle EGD, 
therefore the point O is determined according to the required 
conditions. 

PROPOSITION III. THEOREM. 

(fa chord of a circle he produced till the part produced he equal to the 
f^iiutt and if from its extremity a line be drawn through the center and 
*teting the convex and concave circumferences, the convex is one-third of the 
*>ttw circumference. 

Let AB any chord be produced to C, so that ^C is equal to the 
itdius of the circle : 




and let CEhe drawn from C through the center D, and meeting 
the convex circumference in JF*, and the concave in E. 
Then the arc ^.Fis one-third of the arc AE, 
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Draw EO parallel to AB, and join DB, DG. 

Since the ansle DEO is equal to the angle DOE; (i. 5.) 

and the angle ODFia equal to the angles DEO, DOE', (L 32.) 

therefore the angle uDCia double of the angle DE6. 

But the angle BDCia equal to the angle BCD, (i. 5.) 

and the an^le CEO is equal to the alternate angle ACE ; (i. 29.) 

therefore the angle GDC is double of the angle CDB, 

add to these equals the angle CDB, 

therefore the whole angle GDB is treble of the angle CDB, 

but the angles GDB, CDB at the center D, are subtended by the 

arcs BE, BO, of which ^6? is equal to AE, 
Wherefore the circumference ^^ is treble of the circumference 
BF, and BE is one-third of AE. 

Hence may be solved the following problem : 

AE, BF are two arcs of a circle intercepted oetween a chord and 

a given diameter. Determine the position of the chord, so that one 

arc shall be triple of the other. 

PROPOSITION IV. THEOREM. 

AB, AC and ED are tangents to the circle CFB; at whatever poiif 
between C and B the tangent CFD is drawn, the three sides of the trianglt 
AED are equal to twice AB or twice AC: also the angle subtended by tkt 
tangent EVD at the center of the circle, is a constant quantity. 

Take O the center of the circle, and join OB, OE, OF, GD, GC. 
Then EB is equal to EF, and DC to DF-, (in. 37.) 




therefore ED is equal to EB and DC\ 

to each of these add AE, AD, 

wherefore AD, AE, ED are equal to AB, AC; 

and AB is equal to AC, 

therefore AD, AE, ED are equal to twice AB, or twice A C\ 

or the perimeter of the triangle AED is a constant quantity. 

Again, the angle EOF is half of the angle BOF, 

and the angle DGF is half of the angle COF, 

therefore the angle DOE is half of the angle COB, 

or the angle subtended by the tanffent EDti^t O, is half of the angle 

contained between the two radii whicn meet the circle at the points 

where the two tangents AB, AC meet the circle. 

PROPOSITION V. PROBLEM. 

Given the base, the vertical angle, and the perpendicular in a plane triang^et 
to construct it. 
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Upon the giTen base AB describe a segment of a circle containing 
m angle equal to the given angle, (ni. 33.) 




A 

At the point B draw J? C perpendicular to AB, and equal to the 
ildtude of the triangle, (i. 1 1 , 3.) 

Through O, draw CZ)j& parallel to AB, and meeting the circum- 
ference in D and JS. (i. 31.) 

Join DA, DB ; also ISA, EB ; 
then EAB or DAB is the triangle required. 
It is also manifest, that if CDE touch the circle, there will be only 
<me triangle which can be constructed on the base AB with the given 
altitude. 

PROPOSITION VI. THEOREM. 

V two chords of a circle intersect each other at right angles either within or 
mtkout the circle, the sum of the squares described upon the four segments, is 
<!««< to the square described upon the diameter. 

Let the chords AB, CD intersect at right angles in E. 




B 



Draw the diameter AF, and join AC, AD, CF, DB, 

Then the angle ACF in a semicircle is a right angle, (in. 31.) 

and equal to the angle AED : 

also the angle ADC is eoual to the angle AFC (in. 21.^ 

Hence in the triangles ADE, AFC, there are two angles in tne one 

respectively equal to two angles in the other, 

consequently, the third angle CAF is equal to the third an^le 
DAB; 

therefore the arc DB is equal to the arc CF, riii. 26.) 
«ad therefore also the chord DB is equal to the chord CF, (in. 29.) 
Because AEC is a right-angled triangle, 
the squares on AE, EC are equal to the square on A C\ (l. 47.) 
similarly, the squares on DE, EB are equal to the square on DB ; 
therefore the squares on AE, EC, DE, JEB, are equal to the squares 
on ACyDBi 

but DB was proved equal to FC, 
and the squares on AC, FC are equal to the square on AF, 
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wherefore the squares on AE, EC, DEy EB, are equal to the aquaifl 

on AF, the diameter of the circle. 
lYhen the chords meet without the circle, the property is proTed 

in a similar manner. 



7. Theoitoh a given point within a circle, to draw a chord whidt 
shall he hisected in 5iat point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at^ 
given distance from a given point. I 

9. Find the locus of the middle points of any system of parallel 
chords in a circle. 

10. The two straight lines which join the opposite extremities Q^ 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. i 

11. The straight lines joining towards the same parts, the extze^ 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other. I 

12. A9 B, C, A't B^t C are points on the circumference of a circle;i 
if the lines AB, AC he respectively parallel to A'B', A'C\ shew tha^ 
BC is parallel to BC 

13. Two chords of a circle being given in position and magnitude^] 
describe the circle. j 

14. Two circles are drawn, one lying within the other 5 prove that 
no chord to the outer circle can be bisected in the point in which it 
touches the inner, unless the circles are concentric, or the chord be 
perpendicular to the common diameter. If the circles have the same 
center, shew that every chord which touches the inner circle is bisected 
in the point of contact j 

15. Draw a chord in a circle, so that it may be double of its per-{ 
pendicular distance from the center. 

1 6. The arcs intercepted between any two parallel chords in a circle 
are equal. I 

17. If any point P be taken in the plane of a circle, and FM 
PBf PC,.. be drawn to any number of points A, B, C,.. situated 
symmetrically in the circumference, the sum of FA, FB,,.ia leaa 
when P is at the center of the circle. ' 



n. I 

18. The sum of the arcs subtending the vertical angles madeb^ 
any two chords that intersect, is the same, as long as the angle of inten 
section is the same. ^ J 

19. From a point without a circle two straight lines are drawi^ 
cutting the convex and concave circumferences, and also respectiv^ 
parallel to two radii of the circle. Prove that the difference of ^ 
concave and convex arcs intercepted by the cutting lines, is equal t( 
twice the arc intercepted by the radii. 

20. In a circle with center O, any two chords, AB, CD are dra^ 
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fotdngin^, and 0^, 0^,0(7, OD are joined; prote that the angles 
A0C^BOD^2.AEC, and A0D^B0C^2.AED. 
^ 21. If from any point without a circle, lines be drawn cutting the 
lircle and making equal angles with the longest line, they will cut off 
iqual sennents. 

22. If the corresponding extremities of two intersecting chords of 
I circle be joined, the triangles thus formed will be equiangular. 

23. Tlurough a ^ven pomt within or without a circle, it is required 
to draw a straight hne cutting off a segment containing a given angle. 

24. If on two lines containing an angle, segments of circles be 
fbnribed containing angles equal to it, the lines produced will touch 



25. Any segment of a circle being described on the base of a tri- 
IDgle; to describe on the other sides segments similar to that on the 
luie. 

i 26. If an arc of a circle be divided into three equal parts by three 
•taught lines drawn from one extremity of the arc, the angle con- 
Wned by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to a 
ixed point, describe upon it when so produced a segment of a circle 
^h shall be similar to the given segment, and shew that the two 
Kgments have a common tangent. 

28. II AD, CJE be drawn perpendicular to the sides BCt AB of 
fte triangle ABC, and BE be joined,- prove that the angles ADE, 
tod ACB are equal to each other. 

29. If from any point in a circular arc, perpendiculars be let fall 
BQ its. bounding radii, the distance of their feet is invariable. 

UL 

30. If both tangents be drawn, ffig. Euc. in. 17.) and the points 
■contact joined by a straight line wnich cuts EA in JJ, and on HA 
^ diameter a circle be described, the lines drawn through E to touch 
ws circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given Hne, a line 
wdung a given circle. 

32. If two straight lines intersect, the centers of all circles that 
^ be inscribed between them, lie in two lines at right angles to each 
raer. 

33. Draw two tangents to a given circle, which shall contain an 
Ogle equal to a given rectilinetd angle. 

34. Describe a circle with a ^iven radius touching a given line, and 
J^that the tangents drawn to it from two given points in this line 
fj be parallel, and shew that if the radius vary, the locus of the 
piters of the circles so described is a circle. 

1 35. Determine the distance of a point from the center of a given 
pde, so that if tangents be drawn from it to the circle, the concave 
N of the cii^mference may be double of the convex. 
'36. In a cnord of a circle produced, it is required to find a point, 
^ which if a straight line be drawn touching the circle, the line so 
liim shall be equal to a given straight line. 
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37. Find a point without a given circle, such that the sum of the 
two lines drawn from it touching ihe circle, shall be equal to the line 
drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be drawn ; the 
straight line which joins the points of contact wul be bisected atrigh^ 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diameten 
of a circle, and produced to intersect one another; the straight lines 
joining the opposite points of intersection will both pass througl 
the center. 

40. If from any point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter, lines be drawn to 
the point of contact cutting each other within the circle, the line dravi 
from the points without the circle to the point of intersection, shall he 
perpendicular to the diameter. 

41. If any chord of a circle be produced equally both ways, ad 
tangents to the circle be drawn on opposite sides of it irom its extre- 
mities, the line joining the points of contact bisects the given chord. 

42. AB is a chord, and AD is a tangent to a circle at A. DP< 
any secant parallel to AJB meeting the circle in P and Q. Shew thi 
the triangle I^AD is equiangular with the triangle QAB, 

43. If from any pomt in the circumference of a circle a chord an^ 
tangent be drawn, the perpendiculars dropped upon them from the 
middle point of the sub^nded arc, are equal to one another. 

IV. 

44. In a given straight line to find a point at which two othfl 
straight lines being drawn to two given pomts, shall contain a right 
angle. Shew that if the distance hetween the two given points W 
greater than the sum of their distances from the given line, there wifl 
be two such points; if equals there may be only one; if less, the 
problem may be impossible. 

45. Find the point in a given straight line at which the tangena 
to a given circle will contain the greatest angle. J 

46. Of all straight lines which can be drawn from two given pointi 
to meet in the convex circumference of a given circle, the sima of thoM 
two will be the least, which make equal angles with the tangent at thJ 
point of concourse. 

47. BF is a straight line touching a circle, and terminated bj 
ADf BF, the tangents at the extremities of the diameter AB, she^ 
that the angle which DF subtends at the center is a right angle. 

48. If tangents Am, Bn be drawn at the extremities of^the ^ 
meter of a semicircle, and any line in mPn crossing them and toucl 
the circle in P, and if AN", BM be joined intersectmg in O and cuttinj 
the semicircle in E and F\ shew tnat O, P, and the point of intersec 
tion of the tangents at E and F, are in the same straight line. 

49. If from a point P without a circle, any straigh^ne be drawl 
cutting the circumference in A and B, shew that^the straight line 
joining the points A and B with the bisection of the chord of cental 
of the tangents from P, make equ$J angles with that chord. 
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V. 

50. Describe a circle which shall pass through a given point and 
rbich shall touch a g^ven straight line in a given point 

51. Draw a straight line which shall touch a given circle, and 
ble a ^ven angle with a given straight line. 

' 52. Describe a circle the circumference of which shall pass through 
pi^en point and touch a given circle in a given point. 
' 53. Describe a circle with a given center, such that the circle so 
pKribed and a given circle may touch one another internally. 

54. Describe the circles which shall pass through a given point 
M touch two given straight lines. 

55. Describe a circle with a given center, cutting a given circle in 
le extremities of a diameter. 

56. Describe a circle which shall have its center in a given straight 
M) touch another given line, and pass through a fixed point in the 
bt given line. 

57. The center of a given circle is equidistant from two given 
light lines J to describe another circle which shall touch tJie two 
iight lines and shall cut off from the given circle a segment con- 

an angle equal to a given rectilineal angle. 

VI. 

If any two circles, the centers of which are given, intersect 
bch other, the greatest line which can be drawn through either point 
intersection and terminated by the circles, is independent of the 
Meters of the circles. 

Two equal circles intersect,Athe lines joining the points in 
any straight line through one of the pomts of section, which 
the circles with the other point of section, are equal. 
. Draw through one of the points in which any two circles cut 

t another, a straight line which shall be terminated by their circum- 
^ ices and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
pJtt, and have the line between the points of section equal to a given 

I 62. Two circles cut each other, and from the points of intersection 
Nght lines are drawn parallel to one another, the portions inter- 
Ipted by the circumferences are equal. **•* 

63. ACB, ADB are t\\o segments of circles on the same base 
p, take any point Cin the segment ACB; join AC, BC, and pro- 
pwthem to meet the segment ABB in B and E respectively: shew 
pt the arc BE is constant. 

f64. ABB, A CB, are the arcs of two equal circles cutting one 
toer in the straight line AB, draw the chord A CB cutting the 

& circumference in Cand the outer in B, such that AB a.na BB 
ler may be double of ^ C and CB together. 
|65. If from two fixed points in the circimiference of a circle, 
TOit Un^ be drawn intercepting a given arc and meeting without 
« circle, the locus of their intersections is a circle. 
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66. If two drclM inteneet, the conmum chord produced bueot 
the common tangent* I 

67. Shew that, if two circles cut each other, and from any poU 
in the straight line produced, which j^ins their intersections, two tai 
gents be drawn, one to each circle, they shall be equal to one anothl| 

68. Two circles intersect in the points A and B ; through A aq 
B any two straight lines CAD^ EBF, are drawn cuttinj; the cirdMl 
the points C, 2>, E, F; prove that CE is parallel to DF. J 

69. Two equal circles are drawn intersecting in the points A m 
B, a third circle is drawn with center A and any radius not greti 
than AB intersecting the former circles in D and C Shew that ti 
three points, B, C, £ lie in one and the same straight line. 

70. If two circles cut each other, the straight line joining thei 
centers will bisect their common chord at right angles. 

71. Two circles cut one another ; if through a point of intersectio] 
a straight line is drawn bisecting the angle between the diameters i 
that point, this line cuts off similar segments in the two circles. 

72. ACBt APB are two equal circles, the center of APB hfM 
on the circimiference of ACB, AB being the common chord, if aii 
chord AC of ACB he produced to cut AFB in P, the triangle Fm 
is equilateraL 

vn. 

73. K two circles touch each other externally, and two panlll 
lines be drawn, so touching the circles in points A and B respectifCi 
that neither circle is cut, then a straight line AB will pass througl 
the point of contact of the circles. ^ I 

74. A common tangent is di|twn to. two circles which toudi esi 
other externally; if a circle be described on that part of it which lia 
between the points of contact, as diameter, this circle will pass throi^ 
tiie point of contact of the two circles, and will touch the line whra 
joins their centers. < 

75. K two circles touch each other extemaUjr or internally, an 
parallel diameters be drawn, the straight line joining the extremim 
of Ihese diameters will pass through the point of contact 

76. If two circles touch each other internally, and any circle 1i 
described touching both, prove that Ihe sum of the distances of n 
center from the centers of the two given circles will be invariable. J 

77. If two circles touch each other, any straight line passiil 
through the point of contact, cuts off similar parts of their circamfi 
rences. 

78. Two circles touch each other externally, the diameter of ofl 
being double of the diameter of the other j through the point of oo^ 
tact any line is drawn to meet the circumferences of both ; shew thi 
the part of the line which lies in the larger circle is double of that ] 
the smaller. 

79. Ka circle roll within another of twice its uze, any pobtl 
its circumference will trace out a diameter of the first 

80. With a given radius, to describe a circle touching two gii4 
circles. 
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I 81. Two equal circles touch one another externally, and through 
She point of contact chords are drawn, one to each circle, at right 
l^gpi to each ; prove that the straight line joining the other dxtre- 
pities of these chords is equal and parallel to the straight line joining 
Is centres of the circles. 

[ 82. Two circles can be described, each of which shall totich a 
dhfen circle, and pass through two giyen points outside the circle ; 
new that the angles which me two ffiyen points subtend at the two 

ets of contact, are one greater ana the other less than that which 
subtend at any other point in the given circle. 

I vm. 

I 83. Draw a straight line which shall touch two given circles; 
P) on the same side ; (2) on the alternate sides. 

81 If two circles do not touch each other, and a segment of the 
pe joining their centers be intercepted between the convex circum- 
keiides, any circle whose diameter is not less than that segment may 
kso placed as to touch both the circles. 

85. Given two circles : it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. 

88. Two circles are traced on a plane; draw a straight line 
yottiag them in such a manner that the chords intercepted within the 
lirelei shall have given lengths. 

I 87. Draw a straight line which shall touch one of two given circles 
iDd cut off a given segment from the other. Of how many solutions 
fees lids problem admit P 

f 88. H from the point where a common tangent to two circles 
geetg the line joining their centers, any line be drawn cutting the 
vdeg, it wiU cut off similar segments. 

, 89, To find a point P, so mat tangents drawn from it to the out- 
Wesof two equal circles which touch each other, may contain an angle 
f^ttal to a given angle. 

, ^. Describe a circle which shall touch a ^iven straight line at a 
giyen point, and bisect the circumference of a given circle. 
1 , 91. A circle is described to pa^s through a given point and cut a 
gireu circle orthogonally, shew mat the locus of the center is a certain 
^htlbe. 

I. 92. Through two given points to describe a circle bisecting the 
circumference of a given circle. 

I 93. Describe a circle through a ^ven point, and touching a given 
Iti^ht line, so that the chord joining the given point and pomt of 
Wntact, may cut off a segment containing a ^ven angle. 
I 94. To describe a circle through two given points to cut a straight 
^e given in position, so that a diameter of the circle drawn through 
Hie point of intersection, shall make a given angle with the line. 

95. Describe a circle which should pass through two given points 
•yd cut a given circle, so that the chord of intersection may be'of a 
pveu length. 

I 
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IX. 

96. The ciTcamference of one circle is wholly withm that of an- 
other. Find the greatest end the least straight lines that can be drawn 
toucldng the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be doable timt 
terminated by the interior. What is the least value of the radios of 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting ike exterior ; the distance between the points of contact 
will be halfthat between the points of intersection. 

100. Shew that all equal straight lines in a drcle wffl be touched 
by another circle. 

101. Hiroueh a given point draw a straight Kne so that the part 
intercepted by the circumference of a circle, shall be equal to a giren 
straight line not greater than the diameter. 

1 02. Two circles are described about the same center, draw a diord 
to the outer circle, which shall be divided into three equal parts by the 
inner one. How is the ^ssibiHty of the poblem limited r 

103. Knd a point without a given circle fifom which if two tan- 
gents be drawn to it, they shall contain an an^le equal to a given 
angle, and shew that ihe locus of this point is a cnrde concentric with I 
the given circle. 

104. Draw two concentric circles such that those chords (^tiM^ 
outer circle which touch the inner, may be equal to its diameter. 

105. Find a point in a given straight line from which the tangent 
drawn to a given circle, is of given length. 

106. If any number of chords be drawn in the inner of two ceai- 
centric circles, from the same point ul in its circumference, and each 
of the chords be then produced beyond A to the circumf^srence of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constant for all the cases. 

X. 

^ 107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or aides produced, of the triangle. 

108. The circles which are described upon the sides of a rijht- 
anekd triangle as diameters, meet the hypotenuse in the same point; 
and the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle. 

109. If on the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments. 

110. The perpendiculars let fall from the three angles of an^ tri- 
angle upon the opposite sides, intersect each other in the same pomt 

111. If AD, CE be drawn perpendicular to the sides BC, AB d 
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iht triimgle ASC, prove that the rectangle contained loj BC and BD, 
is equal to the rectangle contained by BA and BE. 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, lul intersect in one point. 

113. Of all triangles on the same base and between €he same 
parallels, the isosceles has the greatest vertical angle. 

1 14. It is reonired within an isosceles triangle to find a point such, 
that its distance nrom one of the equal angles may be double its dts* 
tanoe from the vertical angle. 

115. To find within an acute-angled triangle, a point from which, 
if straight lines be drawn to the three angles of the triangle, they shaH 
mtk.e equal angles with each other. 

116. A flagH3taff of a given height is erected on a tower whose 
height is also given : at what j>oint on the horizon will tiie flag-statf 
i^pear under me greatest possible angle ? 

117. A ladder is gradually raised against a wall ; find the locus of 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
or not) the tangent at^ its extremity, and any line perpendicular 
to the diameter through its other extremi^ will be isosceles. 

A9. ADy BE are perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF perpendicular to ED or ED 
produced ; shew that the angle FBD = EBA. 

XI. 

120. If three equal circles have a common pdint of intersection; 
prove that a straight line joining any two of the points of intersection, 
will be perpendicular to the straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle touches 
each of these two equal circles externally ; the straight line which joins 
the noints of section will, if produced, pass through the center of the 
thira eirde. 

122. A number of circles touch each other at the same pointy and a 
straight line is drawn from it cutting them : the straight hues joining 
each point of intersection with the center of the circle will be all parallel. 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 
point 

124. If three circles touch each, other externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
which shall cut ooth of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts the 
other two on the same side of AB, be in the same straight line. 

xn. 

126. Given the base, the vertical angle, and the difference of the 
sides, to construct the triangle. 
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127. Describe a triangle, having giTen tlie vertical angle, and 
the segments of the base made by a line oisecting the vertical angk. , 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal toj 
two given angles, and whose base shall be equal to a given straight* 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by 
perpendiculiu: firom the vertex ; construct the triangle. 

Itl. Given the vertical angle, and the lengths of two lines drawn. 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whosej 
area is a maximum. 

133. Given the base, the altitude, and the sum of the two re-f 
maining sides ; construct the triangle. 

134. Describe a triangle of given base, area, and vertical anele. 

135. Given the base and vertical angle of a triangle, find thef 
locus of the intersection of perpendiculars to the sides from the||x- 
tremities of the base. 



xm. 



136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the rir- 
cumference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. The angles subtended at the cepter of a circle by any two 
opposite sides ot a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the ad- 
jacent sides produced j shew that the centers of these four circles will 
all lie in the oifcumference of a circle. 

141. One side of a trapezium capable of being inscribed in a gi^'en 
circle is given, the sum of the remaining three si&s is given ; and also 
one of the angles opposite to the given side : construct it. 

142. If the sides of a quadrilateral figure inscribed in a circle be 
prodiiced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together eqiial to the square of the straight line joining the 
points of intersection. 

143. H a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal ; and each sum equal to half the 
perimeter of me figure. 

144. A quadrflateral AJBCJD is inscribed in a circle, JBC and DC 
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mre produced to meet AD and AB produced in JS and i^. Ilie angles 
ABC and ADC are together equal to AFC, AEB, and twice the 
QiighBAC. 

145. If the hypotenuse AB of a right-angled triangle ABC be 
bisected in D, and J^D^ drawn perpendicular to AB, and DB, DF 
cot off each equal to DA, and CJE, CF joined, prove that the last two 
lines will bisect the angle at C and its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Through its angular points tac^nts are drawn so as to form another 
miadruateral figure FBLCHnEA circumscribed about the circle. 
Find the relation which exists between the angles of the exterior and 
the angles of the interior figure. ^ 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to the difference of the angles in 
sepients made by the chord : and also equal to twice the angle con- 
tamed by the same chord and a diameter drawn from either of its 
extremities. 

148. If ABCD be a quadrilateral ^ure, and the lines AB, AC, 
AD be equal, shew that the angle BAJD is double of CBD and CDB 
together. 

149. If the sides of a quadrilateral figure circumscribing a circle, 
touch the circle at the angular points of an inscribed quadrilateral 
figure ; all the diagonals wUl intersect in the same point. 

160. In a quadrilateral figure ABCD is inscribed a second 

n'rilateral by joining the middle points of its adjacent sides; a 
is similariy mscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
ciide if the first three are so. Shew also that two at least of the 
opposite sides df ABCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 

XIV. 

151. If from any point in the diameter of a semicircle, there be 
drawn two straight fines to the circumference, one to the bisection of 
the circumference, the other at right angles to the diameter, the 
K<piares upon these two lines are together double of the square upon 
the semi-oiameter. 

162. K from any point in the diameter of a circle, strsdght lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which the 
diameter is divided. 

163. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight Ime to the concave circumference which shall be bisected by 
the convex circmnference. 

164. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square of 
the diameter diminished by four times the square of the line joining 
the center with their point of intersection. 
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155. Two points aro taken in the diameter of a circle at anv 
equal distances fh>m the center ; through one of these draw any chord, 
and join its extremities and Uie other ^oint The triangle so fonned 
has the turn of the squares of its sides invariable. 

156. If chords drawn from any fixed point in the circnmibrence 
of a. circle, be cut by another chord which is parallel to the tangent 
at that point, the rectangle contidned by each chord, and the part of 
it intercepted between ^e given |M)int and the given chord, is constant 

157. If AJB be a chord of a circle inclined by half a right angle to 
^e tangent at A, and A C, AD be any two chords equally inclined to 
AJB,AC'^AD'^2,AB*. 

ly. A chord POQ cuts the diameter of a circle in Q, in an angle 
equafto half a right angle ; PO^^ OQf <= 2 (rad.]'. 

159. Let ACDB be a semicircle whose diameter is ^B; and 
ADf BC any two chords intersecting in P; prove that 

AB'^DA.AF^ CB.BP. 

160. If A BDChe any parallelogram, and if a circle be described 
passing through the point A, and cutting the sides ABj AC, and the 
diagoiutl AD, in the points F, Q, irrespectively, shew that 

AB.AF^AC.AGz.AD.Am 

1 61. Produce a given straight line, so that the rectangle under the 
given line, and the whole line produced, may equal the square of the 
jjart produced. 

162. If ^ be a point within a circle, BCihe diameter, and through 
Af AD be drawn perpendicular to the diameter, and BAE meeting 
the circumference m jE, then BA*BB-BC.BD. 

163. The diameter A CD of a circle, whose center is C, is pro- 
duced to P, determine a point P in the line AP such that the reeta^le 
PF, PC may be equal to the rectangle PD. PA. 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and Hie part of it produced, 
shall be equal to a given square. 

165. Two straight lines stand at rieht angles to each other, (me of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166* Af Bf C, jD, are four points in order in a straight line, find 
a pointy between B and C, such that AE,EB = BI).ECj by a 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cutting 
tfie circles in P, P', the other in Q, C ; and if the line joining the 
centers of the circles cut them mA/A'\ then 

P'P'^Qqf^A'AK 
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BOOK IV. 



DEFINmONS. 
I. 

A BECTIUNEAL figure is said to be inscribed in anotber rectilineal 
figure, when all the angular points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, each upon each. 




In like manner, a figure is said to be described about another figure, 
vhen all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through ^tdu 

m. 

A rectilineal fijp^ure is said to be inscribed in a cbrde, when all the 
angular points of the inscribed figure are upon the circumference of 

the circle. 




A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circimiference of the circle. 



1 



In hke manner, a circle is said to be inscribed in a rectilineal figure, 
vhen the circumference of the circle touches each side of the figure. 

VI. 

A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angidar points of 
the figure about which it is described. 
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vn. 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 



PROPOSITION I. PROBLEM. 

In a given eireU to place a ttraight Hne, equal to a given ttraigJU line 
which is not greaier than the diameter of the circle. 

Let ABC he the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

It is required to place in the circle ABC a straight line equal to 2). 




Draw B C the diameter of the circle ABC. 

Then, if ^Cis equal to D, the thing required is done ; 

for in the circle ABCb, straight line j^U is placed equal to 2>. 

But, if it is not, ^C is greater than D j (hyp.) . 

make CE equal to D, (i. 3.) 

and from the center C, at the distance CH, describe the circle ABF^ 

and join CA, 

Then CA shall be equal to D. 
Because C is the center of the circle AEF, 
therefore CA is equal to C£: (l. def. 15.) 
but CJE is equal to D ; (constr.) ' 
therefore D is equal to CA. (ax. 1.) 
Wherefore in the circle ABC, a straight line CA is placed equal to 
the given straight line 2), which is not greater than the oiameter of the 
circle. Q.E.F. 

PROPOSITION n. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given triangle. 

Let ABC he the given circle, arid i>^2^ the given triangle. 
It is required to inscribe in the circle ABC a triangle eqmangular 
to the triangle DBF. 




A 

Draw the straight line (?-4 JSTtouching the circle in the point A, (ill. 17.0 
and at the point A, in the straight line AH, 
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make the angle JZ^C equal to the angle DJSFi (L 23.) 

and at the point A, in the straignt line A O, 

make the an^ GAB equal to the angle DFE\ 

and join BCi then ^^(7 shall be the triangle required. 

Because HAO touches the circle ABC, 

and AC is drawn from the point of contact, 

therefore the angle SACIa equal to the angle ABC in the alternate 

segment of the circle : (ui. 32.) 

but HAC\% equal to the angle DEF\ (constr.) 

therefore also the angle ^j&C is equal to DJEFi (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFE: 

therefore the remaining angle BAC is equal to the remaining angle 

EDF\ (I. 32. and ax. 1.) 

wherefore the triangle ABC is equianffular to the triangle DEF, 

and it is inscribed in the circle ABC. Q.E.F. 

PROPOSITION ni. PROBLEM, 
About a given circle to describe a triangle equiangular to a given triangle, 

"Let ABC he the given circle, and D^JPthe ^ven triangle. 
It is required to describe a triangle about the circle ABC equian- 
gular to the triangle DEF. 

h 




f H 



Produce JKFboth ways to the points G, -ET; 

find the center K of the circle ABC, (iii. 1.) 

and from it draw any straight line iCB ; 

at the point K in the straight line EB, 

make the angle BEA equal to the angle DEO, (l. 23.) 

and the angle BKC equ&l to the angle DFm; 

and through the points A, Bt C, ararw the straight lines LAM, MBN, 

NCL, touchmg the circle ABC. (ill. 17.) 

Then LMN shall be the triangle required. 
Becatise LM, MN, NL touch the circle ABC in the points A, B, 
C, to which from the center are drawn KA, KB, EC, 
therefore the angles at the points^, B, C are right angles : (ill. 18.) 
and because the four angles of the quadrilateral figure AmBK are 
equal to four right angles, 

for it can be divided into two triangles ; 

and that two of them KAM, EBMaie nght angles, 

therefore the other two AEB, AMB are equal to two nght angles : 

iax.3.) 
le angles DEG, DEF are likewise equal to two right angles ; 
(I.13.J 

15 
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tfaerefote tlie angles AKB, AMB are equal to tiie angles I>BQi^DBF\ 
(ax,l.) 

of wfaieh AKB is equal to DEG\ (oonstr.) 
wherefore tlie remaining angle AMB is equal to the remaining angle 
DBF. (ax. 3.) 
In like manner, ue angle LNM may be demonstrated to be equal 
to DFB\ 
and therefore the remaining angle MLN is equal to the remaining 

angle EDFi h, 32 and ax. 3.) 
therefore ^e triangle LMN is equianynlar to the triangle DBF: 
and it is described about the cirde ABC* Q.B.F. 

PROPOSITION rV. PROBLEM. 

3b vucTtbe a circle in a given triangle. 

Let the given triangle be ABC. 
It is required to Inscribe a circle in ABC. 




Bisect the angles ABC, BCAhythe straight lines BD, CD meeting 
one another in the point Z>, (l 9.) 

from which draw DB, DF, DO perpendiculars to AB, BC, CA. (l. 12.) 
And because the angle BBJD is equal to the angle FBD, 
for the an^e ABC is bisected by BD, 
and that the right angle B^D is equal to the right angle BFD ; (ax. 11.) 
therefore the two triangles BBD, FBD have two angles of the one 
equal to two angles of the other, each to each ; 
and the side BD, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore their other sides are equal ; (l. 26.) 
wherefore DB is equal to DF: 
for the same reason, DOia equal to DF: 
therefore DB is equal to DG : (ax. 1.) 
therefore the three straight lines DB, DF, DG are equal to one 
another ; 
and the circle described from the center D, at the distance fA any 
of them, will pass through the extremities of the other two, and 
touch the straight lines AB, BC, CA, 

because the angles at the points ^, F, G' are ri^ht angles, 
and the straight line which is drawn from the extremity of a diameter 

at right angles to it, touches the circle : (m. 16.) 
therefore the straight lines AB, BC, CA do each of them touch the 

circle, 
and therefore the circle BFG is inscribed in the triangle AfiC a.E^* 
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PROPOSITION V. PEOBXJBM. 

To describe a oirele about a given triangle » 

Let the giyen triangle be ABC. 

It is required to describe a circle about ABC. 

A . A 





Bisect AB, -4 C in the points D, Et (l. 10^ 

and firom these points draw DF, EF at right angles to AB, A C\ (l. 11.) 

jD-F, J^i** produced meet one another: 

for, if they do not meet, they are parallel, 

wherefore AB, A Cj which are at right angles to them, are parallel ; 

which is absurd : 

let them meet in JP, and join FA ; 
also, if the point J* be not in J?C, join BF, CF. 
Then, because AD is equal to DB, and VF common, and at right 
angles to AB, 

therefore the base AF is equal to the base FB. (i. 4.) 

In like manner, it may be shewn that CF is equal to FA ; 

and therefore ^JPis equal to FC\ (ax. 1.) 

and FA, FB, FC are equal to one another : 

wherefore the circle described from the center F, at the distance of 

one of them, will pass through the extremities of the other two, and 

be described about the triangle ABC Q.E.F. 

Gob. — ^And it is manifest, that when iJie center of the circle falls 
within the triangle, each of its angles is less than a right angle, (m. 31.) 
each of them bemg in a segment ereater than a semicircle ; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, (ill. 31.) is a right anffle; and, if the 
center fsdls without the triangle, the angle opposite to ue side beyond 
which it is, being in a segment less than a semicircle, (in. 31.) is greater 
than a right angle : therefore, conversely, if the g^ven triangle be 
acnte-an^led, the center of the circle falls within it; if it be a right- 

Sed triangle, the center is in the side opposite to the right angle ; 
if it be an obtuse-angled triangle, the center f^ls without the tri- 
angle, beyond the side opposite to the obtuse angle. 

PROPOsrnoN VI. problem. 

To interibe a eqwure in a given circle. 

Let ABCD be the given circle. 
It is required to inscribe a square in ABCD, 

A 
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Draw the diameteni^C;j?J[), at riglit angles to one another, (ni.l. 
and 1. 11.) 

and join A3, JBC, CD, DA. 
The fi|;ure ABCD shall be the tqnare required. 
Because £E is equal to JED, for J? is the center, and that SA is 
commoui and at right angles to JBD ; 

the base BA is equal to the base AD : (i. 4.) 

and, for the same reason, £C, CD are each of them equal to DA, 

or ADi 

therefore the quadrilateral figure ABCD is equikteraL 

It is also rectangular ; 

for the straight line BD being the diameter of the circle ABCD^ 

BAD is a semicircle ; 

-wherefore the angle BAD is a right angle : (in. 31.) 

for the same reason, each of the angles ABC, BCD, CD A is a right 

anfide: 

therefore the quadrilateral figure ABCD is rectangular : 

and it has been shewn to be eauilateral, 

therefore it is a square : (l. aef. 30.) 

and it is inscribed in the circle ABCD. Q.E.F. 

PROPOSITION Vn. PROBLEM. 
To describe a square about a given circle. 

Let ABCD be the given circle. 
It is required to describe a square about it. 

GAP 



f E 



H C K 

Draw two diameters AC, BD of the circle ABCD, at right angles 
to one another, 
and through the points A, B, C, D, draw FO, OH, HK, EF touch- 
ing the circle, (m. IT.V 

The figure OHKF^bUI be the square required. 
Because FO touches the circle ABCD, and EA is drawn firom the 
center ^ to the point of contact A, 
therefore the angles at A are ri^ht angles : (m. 18.) 
for the same reason, the angles at the pomts B, C, D are right angles ; 
and because the^mgle AEB is a right angle, as likewise is EBQ^ 
therefore G^JETis parallel to AC: (i. 280 
for the same reason ACh parallel to FKx 
and in like manner OF, HK may each of them be demonstrated to * 
be parallel to ^J^D: 
therefore the figures OK, OC, AK, FB, BK are parallelograms j 

and therefore qF\& equal to HK, and OHijo FK: (I. 34.) 
and because .^ C is equal to BD, and that ACia equal to each of the 
two OH, FK; 
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and 3D to each of the two OF, HJti 

GH, FKtae each of them equal to OF, or HK\ 

therefore the quadrilateral figure FOHJS^vi equilateral. 

It is also rectangular ; 

for OBEA being a paraIleloj;ram, and AEB a right angle, 

therefore AOB is likewise a right angle : (i. 34.) 

and in the same manner it may be shewn that the angles at JJ, K, F 

are right angles : 

therefore the quadrilateral figure FOHK is rectangular : 

and it was demonstrated to be equilateral ; 

therefore it is a square ; Tl. def. 30.) 

and it is described about the circle ABCD. Q.B.F. 



PROPOSITION Vin. PROBLEM^ 
To imcrihe a circle in a given square. 

Let ABCB be the given square. 
It is required to inscribe a circle in A BCD. 









Bisect each of the sides AB, AD in the points F, F, (l. 10.) 
and through F draw J^JETparallel to AB or DC, (i. 31.) 
and through J^draw JP^ parallel to AD or BCi 
therefore each of t£e figures AK, KB, AH, HD, AG,QC, BO, OD 
is a right-angled parallelogram ; 

and their opposite sides are eoual : (l. 34.) 

and because AD is equal to AB, (l. def. 30.) 

and that AE is the half of AD, and AF the half of AB, 

therefore AE is equal to AF', (ax. 7.) 

wherefore the sides opposite to these are equal, yiz. FO to OE : 

in the same manner it may be demonstrated that OH, OK are each 

of them equal to FO or OEx 
therefore the four straight lines OE, OF, OH, OK are equal to one 

another; 
and the circle described from the center O at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA; 

because the angles at the points E, F, H, K, are right angles, (i. 29.) 

and that the straight line which is drawn irom the extremity of a 

^ diameter, at right angles to it, touches the circle : (ill. 16. Cor.) 

flieiefore each of the straight Imes AB, BC, CD, DA touches the circle, 

which therefore is inscribed in the square ABCD. q.£.f. 
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PEOPOSmON DC. PROBLEM. 

3b dueribe a drele aboui a §ivm squate. 

Let ABCD be the given square. 
It is required to describe a circle c^out ABCD. 

Jl^ ^I> 




Join A C, BB, cutting one another in ^ : 

and because DA is equal to AB^ and ^C common to the tnangles 

DACBAC, (l.def.30.) 

the two sides DA^ ACaie equal to the two BA, A C, each to each ; 

and the base DC is equa\ to the base BC; 

wherefore the anrfe DA C is equal to the an^le BAC; (l. 8.) 

and the angle DAB is bisected by the straight line A Ci 
in the same manner it may be demonstrated that the angles ABCy 
BCD, CDA are severally bisected bj the straight lines DD, AC: 
therefore, because the angle DAB is equal to the angle ABCt 
(I. def. 30.) 
and that the angle ^^i? is the half of 2)^^, and ^^^ the half of ^J?C; 
therefore the angle JEAB is equal to the angle £BA ; (ax. 7.) 

wherefore the side JEA is equal to the side JEB : (l. 6.) 
in the same manner it may be demonstrated, that the straight lines 

JECf JED toe each of them equal to :EA or :EB : 
therefore the four straight lines £A, JEB, EC, ED are equal to one 

another ; 
and the circle described from the center E, at the distance of one 
of them, will pass through the extremities of the other three, and be 
described about the square AB CD. a £. F. 

PROPOSITION X. PROBLEM. 

To describe <m isotcelet triangle^ having e«Kh of the angles at the hats 
double of the third angle* 

Take any straight line AB, and divide it in the point Q (n. 11.) 
so that the rectangle AB, BC may be equal to the square of CA ; 
and from the center A, at the distance AB, describe the circle BBS, 
in which place the straight line BD equal to ^C, which is not greater 
than the diameter of the circle BBE; (iv. 1.) 
and join DA, 
Then the triangle ABD shall be such as is required, 
that is, each of the angles ABD. ADB shall be double of the angle 
BAD, 
Join D C, and about the triangle -^DCdescribe the circle A CD. (it. 6.] 
And because the rectangle AB, BCib e<mal to the square on ACy 
and that ^ C is equal to BD, (constr.) 
the rectangle AB, BCib equal to the square on BDz (ax. 1.) 
and because from the ppint B, without the circle A CD, two stisighl 
lines BCA, BD are drawn to the circumference, one of which cats, and 
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the other meets the circle, and that the rectangle AJB, JBC, contained 
hy the -whole of the cutting line, and the part of it without the circle, 
k equal to the square on BD which meets it ; 
therefore the straight line JBJD touches the circle -4 C2): (m. 87.) 
and because JBD touches the circle, and DC is drawn from the 

point of contact D, 
the anffle BDCis equal to the angle DACin the alternate segment 
of the circle : (ni. 32.) 

to each of these add t&e anele CDA ; 
therefore the whole eaigl^BDA is equal to the two angles CDA, 
DACi (ax. 2,) ^ 

kt the exterior angle BCD is equal to the angles CD A, DA C; (1. 32.) 
therefore also BDAib equal to BCD : (ax. 1.) 
but BDA is equal to the angle CBDy (i. 5.) 
because the side AD is equal to the side AB ; 
therefore CBD, or DBA, is equal to BCD ; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD are equal to 
one another : 

and because the angle DBCh equal to the angle BCD, 
the side BD is equal to the side DC: (l. 6.) 
but BD was made eaual to CA ; 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CD A equal to the angle DAC\ (l. 5.) 
therefore the an^es CD A, i)-4C together, are double of the angle 
DALCi 
but BCD is equal to the angles CD A, DAC; (l. 32.) 
therefore also BCD is double of D AC: 
and BCD was proved to be equal to each of the angles BDA, DBA ; 
therefore each of the angles BDA, DBA is double of the angle DAB. 
.Wherefore an isosceles triangle .4 J^D has been describ^ having 
each of the angles at the hase double of the third angle. Q.E.F. 

PROPOSITION XI. PROBLEM. 
To inscribe an egtUlaieral and equiangular pentagon in a given circle^ 

Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
intlie circle ^Ci)^. 

Describe an isosceles triangle FGH, having each of the angles at 
G, H double of the angle at F\ (rv. 10.) 

, and in the circle ABCDE inscribe the triangle ACD equiangular 
t to the triangle FOH, (lY, 2.) 

so that the angle CAA may be equal to the angle at F, 
and each of the angles ACD, CD A equal to the angle arG or Hi ' 




184 sucud's elbmbkts. 

wherefore each of the angles A CD, CDA is double of the angle CAIX 

Bisect the angles ^(72), CDA by the straight lines CE.DBi (u 9.) 

9Xi^}om AB,BC,DE,EA. 

A 

P 

A 

G H 

Then ABCDE shall be the pentagon required. 
Because each of the angles ACD, CDA is douole of CAD^ 
and that they are bisected by the straight lines CE, DB ; 
therefore the five angles DAC, ACE, ECD, CDB, BDA are 

equal to one another : 
but equal angles stand upon equal circumferences; (in. 26.) 
thererore the five oircumi^ences AB, BC, CD, DE, EA are equal 
to one another: 
and equal circumferences are subtended ^|pequal straight lines ; (m. 29.) 
therefore the five straight lines AB, Bc, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateral. 
<It is also equiangular : 
for, because the circumference AB is equal to the circumference DE, 
if to each be added B CD, 
the whole ABCD is equal to the whole EDCB : (ax. 2.) 
but the angle AED stands on the circumference ABCD ; 
and the anele BAE on the circumference EDCB ; 
therefore the angle BAE is equal to the angle AED : (lii. 27.) 
for the same reason, each of the angles ABC, BCD, CDE is equall 
to the aujgle BAE, or AED : 

therei&re the pentagon ABCDE is equiangular ; 
and it has been shewn that it is equilateml : 
wherefore, in the given circle, an equilateral and equiang^ular pentagon 
has been described. Q.E.F. 

PROPOSITION XII. PROBLEM. 
To describe an equilateral and egmangular pentagon about a given drehi 

Let ABCDE be the given circle. 
It is required to despribe an equilateral and equiangular pentaga 
about the circle ABCDE. 

Let the angular points of a pentagon, inscribed in the circle, by th 

last proposition, be m the points A, B, C, D, E, 

so that the circumferences AB, BC, CD, DE, EA are equal ; (rv. 11 

and through the points A, B, C, D, E draw GH^BLK, KL^ JJ 

MG touching the circle; (ill. 17.) 

the figure GHKLM ehsXi be the pentagon required. 

Take the center F, and join FB, FK, FC, FL, FD, 

And because the straight Hne KL touches the circle ABCDJBi 

the point C, to which J^Cis drawn from the center F, 

FCis perpendicular to JEX, (in. 18.) 
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therefore eaoh of the angles at (7 is a right angle : 
for the same reason, the angles at the points B, D are right angles : 

G 




and hecause FCK is a right ancle, 
the square on FK is equal to the squares on FC^ CK: (l. 47.) 
for the same reason, the square on FK is equal to the squares on 

jFjd, JBKv 
therefore the squares on FC. CK are equal to the squares on FB. 
Jl?jr;(ax.l.) 

of which Ihe square on JPCis equal to the square on FB\ 
tiierefore the remainmg square on d is equal to the remaining square 
on JBJT, (ax. 3.) and the straight line CK equal to BKi 
and because FB is equal to FC, and FK common to the triangles 

BFK, CFK, 
the two BF, FK are equal to the two CF, FK, each to each : 
and the base BK was proved equal to the base KCi 
therefore the angle BFKIa equal to the angle KFC, (i. 8.) 
and the angle J^JTjP to JFXC: (i. 4.) 
wherefore the angle BFC is double of the angle KFC. 
and BKC double of FKC: 
for the same reason, the angle CFD is double of the angle CFZ, 
and CXI) double of CiJ*: 
itd because the circumference BC ib equal to the circumference CD, 
ihe angle BFCia equal to the angle CFD; (in. 27.) 
and BFC is double of the angle KFC, 
and CFJ) double of CFZ ; 
: therefore the angle KFC is equal to the angle CFZ: (ax. 7.) 
and the right angle FCK is equal to the right angle FCZ; 
iierefore, in the two triangles FKU, FZC, there are two angles of the 
I one equal to two angles of the other, each to each ; 

ftd the side FC which is adjacent to the equal angles in each, is com- 
mon to both ; 
therefore the other sides are equal to the other sides, and the third 

ai^le to the third angle : (i. 26.) 
therefore the stra^ht line KC ia equal to CZ, and the angle FKC 
to the angle FZC: 

and because KCis equal to CZ, 

KZ IB double of KC. 

n&i the same manner it may be shewn that UK is double of BK: 

and because ^^is equal to KC, as was demonstrated, 

and that KZ is double of KC, and SK doubte of BK, 

therefore UK is equal to KZ : (ax. 6.) 

^like manner it may be shewn that OH, QM, MZ are each of them 

equal to SK, or KZ : 
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therefore tlie pentagon OHKLM ia equiktezaL 

It k also equiangular : 

for, ^ince the anele FKCib equal to the angle FZC, 

and that the anele SKZ is double of the angle FKC^ 

and JO^Jf doubk of FLC, as iras before demonstrated; 

therefore the anele HKL is equal to KLMi (ax. 6.) 

and in like manner it may be shewn, 

that each of the angles KHO, HOM, OML is equal to the angle 

HKL or KLMi 
therefore the five angles OHK, MKL, KLM, LMQ, MQE\m% 
equal to one another, 

the pentagon OHKLM ]& equiangular : 

and it is equilateral, as was demonstrated ; 

and it is described about the circle ABODE* Q»e.f* 

PROPOSITION Xin. PROBLEM, 
To iiMcrxbe a circle in a given equikUeral and equiangular penUtgoii* 

Let ABCDE be the given equilateral and equiangular pentafifon. 
It is required to inscribe a circle in the pentagon ABCDE 

A 




Bisect the angles BOD, ODE by the straight lines OF, DF, (l. 9.] 
and from the point F, in whidt imy meet, £aw the straight lines Fi 
FA,FEi 

therefore since BOia equal to OD,Qiyp») 

and GF common to the triangles BOF, HCF, 

the two sides BO, OF are equal to the two DO, OF, each to each; 

and the angle BOFis e(]ual to the angle DOF; (constr.) 

therefore the base J^JPis equal to the base FD, (i. 4.) 

and the other angles to the other angles, to which the equal sides all 

opposite : 

therefore the angle OB Fib equal to the anele ODFi 

and because tiie angle ODE is double of ODF, 
and that ODE is equal to OB A, and ODJ^^to OBFi 

OB A is also double of the angle OBF; 

therefore the angle ABFi% equal to the an^le OBF\ 

wherefore the angle ABOi% bisected by the straight line BFi 

in the same manner it may be demonstrated, 

that the angles BAE, A ED, are bisected by the straight lines AF, Fl 

From the point F, draw FG, FH, FK, FL, jPJfperpendiculars i 

the straight Imes AB, BO, OD, DE, EA % (l. 12.) 

and because the angle ^CFis equal to KOF, and the right ang 
FHO equal to the right angle FKO; 
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tlierefore in the tirianfles FHd FKCy there are two angles of the one 

, eqnal to two angles of the other, each to each ; 
Bud tiie side FC^ which is opposite to one of the equal angles in each, 
is common to both ; 

therefore the other sides are equal, each to each j (l. 26.) 
therefore the perpendicular FHia equal to the perpendicular FKx 
in the same manner it may be demonstrated, that FL^ FM, FQ are 
each of them equal to FH, or FK: 
therefore the five straight lines FQ^ FS, FK, FL, jFJf are equal 

to one another : 
therefore the circle described from the center JP, at the distance of 
one of these fiye, will pass through the extremities of the other four, 
N touch the straight lines AB, BC, CD, BE, FA, 

because the angles at the points G, H, K, L, M are right angles, 
udthat a straight line drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle ; (ill. 16.) 
before each of the straight lines AB, BC, CD, DE, BA touches 
He circle : 
wherefore it is inscribed in the pentagon AB CDE, Q. E. F. 

PROPOSITION XrV, PROBLEM. 

7*0 deieribe a circle about a given equilateral and equiangular pentagon^ 
hXABCDE be the given equilateral and equiangular pentagon. 
It is required to describe a circle about ABCDE. 




Bisect the angles BCD, CDE by the straight lines CF, FD, (i. 9.) 
iadfrom the point -F, in which they meet, draw the straight lines FB^ 

FA, FE, to the points B, A, E. 
■ It may be demonstjated, in the same manner as the preceding pro- 
motion, 

that the angles CBA, BAE, AED are bisected by the straight lines 
FB, FA, FE, 

And because the angle BCD is equal to the angle CDE, 

and that FCD is the half of the angle BCD, 

and CDF the half of CDE; 

therefore the angle FCD is equal to FDC-, (ax. 7.) 

wherefore the side CF is equal to the side FD\ (l» 6.) 

in like manner it may be demonstrated, 

I that FB, FA, FE, are each of them equal to FC or FD : 

therefore the five straight lines FA, FB, FC, FD, FE, are equal to 

one another ; 
jtod the circle described from the center F, at the distance of one of 
wu, will pass through the extremities of the other four, and be de- 
^bed about the equilateral and equiangular pentagon ABCDE, 
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PROPOSITION XV. PROBLEM. 

To i$i9cribe an equilateral and equiangular hexagon in a given eirek. 
Let -4 J9CDJ!^2^ be the given circle. 
It is required to inscribe an equilateraland equiangular hexag(m in it 

A 



Find the center O of the circle ABCDEF, 

and draw the diameter AOD\ (m. 1.) 

and from 2), as a center, at the distance DQy describe the circle BQCn 

join EO, CG, and produce th^ta to the points B, F; 

and join AB, BC. CD, DE, EF, FA : 

the hexagon ^J? CD J^i^ shall be equilateral and equiangulari 

because O is the center of the circle ABQDEF, 

6^JS: is equal to GJD: - , 

and because JD is the center of the circle EGCH, 
DJSfisequaltoD^': 
■wherefore GE is equal to ED, (ax. 1.) 
and the triangle EGD is equilateral ; 
and therefore its three an^es EGD, GDE, DEG, are equal to onj 
another: (i. 5. Cor.) ^ i 

but the three angles of a triangle are equal to two right angles ; (1. 32.] 
therefore the angle EGD is the third part of two right angles: i 

in the same manner it may be demonstrated, 

that the angle DGCis also the third part of two right angles: J 

and because the straight line GC makes with EB the adjacent «d^ 

EGC, CGB equal to two right angles ; (l. 13.) 

the remaining angle CGB is me third part of two right angles: i 

therefore the angles EGD, DGC, CGB are equal to one anotherd 

and to these are equal the vertical opposite angles BGA, A GF, FGM 

(I. 15.) ^ 1-1-5 I 

therefore the six angles EGD, DGC, CGB, BGA, AGF, FOi 
are equal to one another : 
but equal angles stand upon equal circumferences ; (in. 26.) j 
therefore the six circumferences AB, BC, CD, DE, EF, FA are equj 
to one another : 
and equal circumferences are subtended by equal straight lin 
(m. 29.) 

therefore the six straight lines are equal to one another, . 

and the hexagon ABCDEF is equilateral. 

It is also equiangular : 

for, since the circumference Apla equal to ED, 

to each of these equals add the circumference ABCD ; 

therefore the whole circumference FAB CD is equal to the wll 

BDCBAx n \ 
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and the angle FEB stands upon the circumference FAB CD, 
and the angle AFE upon EDCBA \ 
therefore the angle AFE is equal to FED : (m. 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are tooh of them 
e(^ual to the angle AFE or FED : therefore the hexagon is equi- 
angular ; and it is equilateral, as was shewn ; 
and it is inscribed in the ^ven circle ABCDEF, Q. E. f. 
Cob.— From this it is manifest, that the side of the hexagon is 
joal to the straight line from the center, that is, to the semi-diameter 
I the circle. 

And if through the points A, B, C, D, E, F there be drawn straight 
aes touching the circle, an equilateral and equiangular hexagon will 
e described about it, which may be demonstrated from ^i^t mis been 
id of the pentagon: and likewise a circle may be inscribed in a given 
"bilateral and equiangular hexagon, and circumscribed about it, by a 
thod like to that used for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To meribt an equilateral and equiangular quindecagon in a given circle. 

Let ABCD be the given circle. 
It is required to inscribe an equilateral and equiangular quindeca- 
(oninthe circle -4^ CjD. 

A 




I ■ 

gi Cbe the side of an equilateral triangle inscribed in the circle, (IV. 2.) 

P^5 the side of an equilateral and equiangular pentagon inscribed 

I m the same; (iv. 11.) 

ftetefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 

Icircumference ABC, being the third part of the whole, contains five ; 

tod the circumference AB, w^ich is the fifth part of the whole, con- 
tains three ; 
therefore BC, their difierence, contains two of the same parts : 

1 bisect BC'm E\ (m. 30.) 

Ifterefore BE, EC are, each of them, the fifteenth part of the whole 
circumference ABCD : 

[therefore if the straight lines BE, EC he drawn, and straight lines 

W to them be placed round in the whole circle, (rv. 1.) an equi- 

pral and equiangular quindecagon will be inscribed in it. ^ Q.E.F. 

And in the same manner as was done in the pentagon, if through 
points of division made by inscribing the quindecagon, straight 
i be drawn touching the circle, an equilateral and equiangular 
decagon will be described about it : and likewise, as in the pen- 
>n, a circle may be inscribed in a given equilateral and equiangidar 
idecagon, and circumscribed about it. 
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Thb Fourth Book of th« Elementg contains some particular cases 
four general problems on the inseripdon and the drcumsoription of t 
angles and regular figures in and about circles. Suolid has not givi 
anj ittstanod of the inscriptioa or circumscription of rectilineal flgui 
in and about othw rectilineal figiures. 

Any rectilineal figure, of five sides and angles, is called a pentaga 
of seven sides and angles, a heptagon ; of eight sides and angles, an od 
ffon; of nine sides and angles, a nonagon; often sides and angl6% 
decagon ; of eleyen sides and angles, an undecagon ; of twelve sides sj 
and^es, a duodecagon ; of fifteen sides and angles, a quindecagon, &C. 

These figures are included under the general name of polygons; m 
are called e^hteral, when their sides are equal ; and egtdanffuhr, wb 
their angles are equal ; also wlien both their sides and angles are equ 
ihcy are oaUed reffmlar pt^gom, 

Frop. III. An objection has been raised to the constructioa of tl 
problem. It is said that in this and other instances of a similar kin 
the lines which touch the circle at A^ B, and C, should be proved to mi 
one another. This may be done by joining AB, and then since the ang 
KAMt KB M axe equal to two ri^ht angles (iii. 18.), therefore the anp 
BAM, ABM are less than two right euog^es, and consequently (ax. U 
A M and £lf must meet one another, when produced far enough. Smulaii 
it may be shewn that AL and CL, as also CN and BN meet one anothi 

Prop. V. is the same as '* To describe a circle passing through thi 
given points, provided that they are not in the SMne straight Hne." 

The corollary to this proposition appears to have been already i 
monstrated in Prop. 31. Book in. 

It is obvious that the square described about a circle is equal, 
double the square inscribed in the same circle. Also that the circi^ 
scribed square is equal to the square of the, diameter, or four times t 
square of the radius of the circle. 

Prop. VII. It is manifest that a square is the only right-angled par 
lelogram which can be circumscribed about a circle, but that botfa 
rectangle and a square may be inscribed in a circle. 

Prop. X. By means of this proposition, a right angle may be divid 
into five equal parts. 

Keference has already been made to the distinction between ana2| 
and synthesis, and that all Euclid's direct demcmstrations are <ynMs 
properly so called. There is however a single exception in Prop, i 
Book IV, where the analysis only is given of the Problem. The I 
methods are so connected in all proeegses of reasoning, tiiat it is ti 
difficult to separate one from the other, and Ijo assert that this procsM 
really synthetic, and that is really analytic. In every operation perfon 
in the construction of a problem, there must be in the mind a knowle( 
of some properties of the figure which suggest the steps to be takea 
the construction of it. Let any Problem be selected from Euclid, ani 
each step of the operation, let the question be asked, " Why that a 
is taken }** It will be foimd that it is because of some knovim. propfi 
of the required figure. As an example wUl make the subject more d 
to the learner, the Analysis of Euc. iv. 10, is taken from the Append 
pp. 13, 14, to the larger edition of the Euclid, and to which iJie lead 
IS referred for more complete information. 

In Euc. IV. 10, there are five operations specified m the consti 
tion: — 

(1) Take any straight line AB, 

Digitized by VjOOQIC 



IfOTXB TO BOOK IT* 191 

t(^ DhicbiheliiieilBiiiCfiothitdMreetaflil^ AS, MOf mMjh% 
iqjmio ihe square on AC. 
Describe the eircle BDE with center J and radius AB» 
Place the line BD in that circle, equal to the line AC, 
Jam the points A, D, 
y shotdd either of these operations be performed rather than anr 
T^hsai And what will enable ns to forsee that the restdt of them wiU 
^ rach a triangle as was required i The demonstration affixed to it by 
Bndid does nndoobtedly prove that these operations must, in coi^unction, 
produce such a trian^ : but we are fimished in the Elements with no 
)bTian8 reason for the adoption of these steps, nnless we suppose them 
icddentaL To BVL^rpoBO that ail the constructions, eren the simpler ooes* 
lie the result of accident onlr, would be supposing more than could h% 
ihewn to be admisMble. Ko construction of the problem could haye 
3eea derised without a previous knowledge of some of the propertiea of 
the figure. In fact, in directing the figure to be constructed, we asanma 
^poBB^niity of its existence; and we study the properties oi such a 
SgQie on the hypothesis of its actual existence. It is this study <tf the 
pnmties of the fi^e thai cotutUtaes the AntilytU of the problem. 

i«t then the existence of a triangle BAD be admitted, which has each 
tf the ingles ABD^ ADB double of the ancle BAD, in order to ascertain 
Uiy properties it may possess which woidd assist in the c<mstruction of 
^ t triangle. 

Tlien, since the angle ADB is double of BAD, if we draw a line DC 
to biseet ADB and meet ^dS in C, the angle ADC will be equal to CAD ; 
Indlienee (£uc. i. 6.) the sides AC, CD are equal to one another. 

Asain, since we have three points A, C, D, not in the same straiffht 
one, let us examine the effect of describing a circle through them : that 
k deserihe the circle ACD about the triangle ACD^ (Euc. it. 6.) 

Then, since the angle ADB has been bisected by DC, and since ADB 
B double of DAB, the angle CDB is equal to the angle DAC in the alter- 
^ segment of the circle ; the line BD therefore coincides with a tangent 
b the drole at D, (Converse of Euc m. 82.) 

Whence it follows, that the rectangle contained by AB, BC, la equal 
io the SQuare on BD. (Euc. in. 36.) 

^ But tiie angle BCD is equal to the two interior opposite angles CAD, 
^DA\ or since these are equal to each another, BCD is the double of 
?/fD, that is, of BAD, And since ABD is also double of BAD, by the 
ionditiens of the triangle, the angles BCD, CBD are equal, and BD is 
iqval to DC, that is, to AC. 

It has been proved that the rectan^e AB, BC» is equal to the square 
a BD ; and hence the point C in AB, found by the intersection of the 
■secting line DC, is such, that the rectangle AB, BC is equal to the 
q^are on AC. (Euc. ii. 11.) 

Finally, since the triangle ABD is isosceles, having each of the angles 
'fi/>, ADB double of the same angle, the sides AB, AD are equal, and 
^ce the points B, D, are in the circumference oi the circle described 
bout A with the radius AB. And since the magnitude of the triangle 
' ^t specified, the line AB may be of any length whatever. 

From this ** Analysis of the problem," which obviously is nothing 
u>re than an examination of the properties of such a figure supposed to 
list already, it will be at once apparent, tohy those steps wnich are 
'^ibed by Euclid for its construction, were adopted. 

The line AB is taken of any length, because the problem does not 
teactibe any specific magnitude to any of the sides of the triangle. 
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' The cirde BDB is deteribed about A with ^e distance AB^ hk^im 
the triangle is to be isosceles, haying AB for one side, and therefore th( 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle A£, BC shall b( 
equal to the square on ilC, became the base of the triangle must be equal 
to the sesment AC, 

And the line AD is drsTm, became it completes the triangle, two d 
whose sides, AB, BD are already drawn. 

Whenerer we haye reduced the construction to depoid upon proUems 
which haye been already constructed, our analysis may be terminated; 
as was the case where, in the preceding example, we arriyed at the 
diyision of the line AB m C\ this problem haying been already con^ 
structed as the eleventh of the secona book. 

Prop. xyr. The arc subtending a side of the qiiindecagon, may be 
found by placing in the circle from the same point, two lines zespectiYely 
equal to the sides of the regular hexagon and penta^^on. 

The centers of the inscribed and circumscribed circles of any regular 
polygon are coincident. 

Besides the circumscription and inscription of triangles and regular 
polygons about and in circles, some very hnportant problems are sohed 
m the constructions respecting the division of the circumfereneea ol 
cirdee into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hez-^ 
ajfon, &c. in a circle, the circumference is divided into three, four, five, 
six, &c, equal parts. In Prop. 26, Book iii, it has been shewn that equal 
angles at tiie centers of equal circles, and therefore at the center of the 
same circle, subtend equal arcs ; by bisecting the angles at the center, 
the arcs which are subtended by them are dso bisected, and hence, a 
sixth, eighth, tentii, twelfth, &c. part of the circum£erence of a ciicte 
may be foimd. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, aocorcosg 
to the sexagesimal division of a degree ; by the aid of the first corollary 
to Prop. 32, Book t, may be found me numerical magnitude of an interior 
ancle of any regular polygon whatever. 

Let 6 denote the magnitude of one of the interior angles of aregohtf 
polygon of n sides, 

then fi6 is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with fotn 
right angles, are equal to twice as many right angles as the figure has sides, 
that is, ^ ^ be assumed to designate two right angles, 

/. n6 + 2'r = mr, | 

and n6 s= nir - 2ir = (n — 2) . «-, j 

the magnitude of an interior angle of a regular polygon of n sides. 

Bjr taking n s 3, 4, 6, 6, &c. may be found the magnitude in terms' 
two right angles, of an interior angle of any regular polygon whatever. 

Py&agoras was the first, as Proclus imorms us in ms commentar 
who discovered that a multiple of the angles of three regular figures onl 
namely, the trigon, the square, and the hexagon, can fill up space roul 
a point in a plane. J 

It has been shewn that the interior angle of any regular polygon ol 
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lide« in terms of two right angles, is exprsssed by the equatum 

n 

Let 0s denote the magnitude of the interior angle of a regular figure 
of three sides, in which case, n a 3. 

3 — 2 It 

Then 69 = -—5 — ••»• = -s- = one third of two right angles, 

u O 

/. 36s = V, 
and 60s » itr, 
that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral Mangles 
ina|rbe placed so as completely to fill up the space round the point at 
vhich they meet in a plane. 

' In a similar way, it may be shewn that four squares and three hexagons 
maybe placed so as completely to fill up the space round a point. 

Also it will appear from the results deduced, that no other regular 
Sgures besides these three, can be made to fill up the space round a point; 
wt any multiple of the interior angles of any other regular polygon, will 
be found to be in excess above, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the penta- 
gon, and the hexagon, were the only regular polygons known to the 
Oreeks, capable of being inscribed in circles, besides those which may 
be derived from them. 

M. Gauss in his Disquisitiones Arithmetics, has extended the number 
by shewing that in general, a regular polygon of 2'* + 1 sides is capable 
ofbemg inscribed in a circle by means of straight lines and circles, in 
•tiiose cases in which 2* + 1 is a prime niunber. 

The case in which n = 4, in 2'* -»- 1, was proposed by Mr. Lowry of the 
^al Military College, to be answered in the seventeenth number of 
%boum's Mathematical Repository, in the following form :-* 

Required a geometrical demonstration of the fcMowing aaethod of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right aneles to the diameter AB; on OC and 
OB, take OQ equal to the half, and OD equal to the eighth part of the 
^us ; make DE and DF each equal to DQ, and EG and F/f respectively 
equal to £Q and FQ; take OK a mean proportional between OH and 
^ and tlurough K, draw KM parallel to AB, meeting the semicircle 
described on OG in if, draw MN parallel to OC cutting the given circle 
^ Nt the arc AN is the seventeenth part of the whole circumference. 

A demonstration of the truth of this construction has been given by 
^r. Lowry himself, and will be foimd inthefourth volume of Ley bourn's 
repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character. 



QUESTIONS ON BOOK IV. 

1. What is the general object of the Fourth Book of Euclid ? 

2. What consideration renders necessary the first proposition of the 
rourthBookofEucUd? 

3. When is a circle said to be inscribed within, and circumscribed 
about a rectilineal figure ? # 
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4. When k one rectiUiiMl igwe Mid to be iiitoribed ia* end ciieun- 
•cribed about another rectilineal fiffure } 

5. Modify the construction of £uc. it. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 6, 6, 7 units req^tiydy, find the radii 
of the inscribed and circumscribed circle. 

7. Give the constructiona by which the centers of circles described 
about, and inscribed in triangles are found. In what ^ang^ will they 
coincide ? 

8. How it it shown that the radius of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is oxte- fourth of the 
equilateral triangle circumscribed about the same circle. 

10. What relation subsists between the square inscribed in, and tlie 
square circumscribed about the dame circle ? 

1 1 . f^unoiate £uo. lu. 22 : and extend this property to any inscribed 
polygon haying an even number of sides. 

12. Trisect a quadrantal arc of a circle, and show that every arc 

which is an ~ th part of a quadrantal arc may be trisected geometricifiy • 
2 

m and n being whole numbers: 

13. If one side of a quadrilateral figure inscribed in. a circle be pro* 
duoed, the exterior angle is equal to the interior and opposite angle ot&e 
figure. Is this property true of any inscribed polygtm haring an eyea 
number of sides i 

14. In what parallelogianis can circles be hascrxbed 9 

15. Give the analysis and synthesis of the problem: to descnbe 
an isosceles triangle. Slaving each of the angles at l3te base double of 
the third angle } \ 

16. Shew that in the figure Eiic. iv. 10, there are two trian^es pos- j 
sessing the required property. 

17. How is it made to appear that the line B2) is the side of a regular 
decagon inscribed in the larger circle, and tiie aide of a legvlkBa peniagon 
inscribed in the smaller circle? fig. £ue. r^. 10. 

18. In the construction of Euc. iv. 8, £u<did has omitted to shew 
that the tangents drawn through the points A and £ will tt^eet ki some 
point M, How may this be shewn P 

19. 6hew that if the points of intersection of the chrdes in Eudid's 
figure. Book rv. Prop. 10, be joined with the vertex of the triangle and 
with each other, another triangle wiil be formed equiangular and equal 
to the former. 

20. Divide a right angle into five equal parts. How may an isosceles 
triangle be des^bed upon a given base, having each an^e at the base 
one- third of the angle at the vertex ? 

. 21 . What regtuar figures may be inscribed in a circle by the hd^ of 
Euc. IV. 10 ? 

22. What is Euclid's definition of a regular pentagon ? Would the 
stellated figure, which is formed by joining the dtemate angles of a 
regular pentagon, as described in the Fourth Book, satisfy this definition r 

23. Shew that each of the interior angles of a regular pentagon in- 
scribed in a circle, is equal to three-fifths of two right angles. 

24. If two sides not adjacent, of a regular pentagon, be produced to 
meet : what is the magnitude of the angle contained at t^e point where 
they meet? ^ 

25. Is there any method more direct than Euclid's for inscribing 
a reeular pentagon in a circle ? ^ I 
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STf; In what sense is a regular hexagon also a parallelogram t Would 
the same obserration apply to all regular figures with an even number of 
sides? 

27. Why has Euclid not shewn how to inscribe an equilateral triangle 
ill a circle* before he requires the use of it in Prop. 16, Book iv. ? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be produced to meet, the angles formed 
by these lines will be equal to four right angles. 

30. Shew that the area of an equilateral triai^le ineeribed in a ciscle 
is one-half of a regular hexagon inscribed in the same circle. 

31. If a side of an equilateral triangle be six inches : what is the 
radius of the inscribed circle ? 

32. Find the area of a regular hexagon inscribed in a circle whose 
diameter is twelve inches. What is the difference between Ae inscribed 
and the circumscribed hexagon ? 

33. Which is the greater, the difference between the side of the square 
and the side of the regular hexagon inscribed in a circle whose radius is 
anitjr; or the difference between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle ? 

94. The regular hexagon inscribed in a circle, is three-fourths <^ the 
regular circrumscribedliexagon. 

35. All the interior angles of an octagon equal to twelve right angles. 

36. What figure is fbrm^ by the production of the alternate sides oi 
a regular octagon ? 

37. How many square inches aie in the lorea of a regular octagon 
whose side is eight inches ? 

38. If an irregular octagon be capable xsi having a circle described 
ahoatit, shew that the sums of the angles taken alternately are equal. 

39. Find an algebraical formula for the number of degrees contained 
hy an interior angle of a regular polygon of n sides. 

40. ' What are the three regular figures which can be used in paving 
a plane area? Shew that no other regular figures but these will fill up 
the space round a point in a plane. 

41. Into what number of equal parts may a right angle be divided 
ge<»netrically ? What connection lias the soKition of this problem with 
the possibility of inscribing regular figures in circles ? 

*42« Assuming the demonstrations in Euc. 3v, shew l^at any eqilila- 
teral figure of 3.2**, 4.2^ 5.2^ or 16.2'' sides may be insedbed in a 
cirde, when n is any of the numbers, 0, 1, 2, 3, &€• 

43. With a pair of compasses only, shew how to divide the circum- 
ference of a given circle into twenty-four equal parts. 

44. Shew that if any polygon inscribed in a circle be equilateral, it 
must also be equiangular. Is the converse true ? 

45. Shew that & the circumference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. similar polygons are always equiangular : is uie converse of this 
proposition true } 

47. What are the limits to the Geometrical inscription of regular 
figures in circles ? What does Geometrical meanirheD. used in this way ? 

48. What is the diffioi^ty of iusoribipg geometrioalfy an equilateral 
and equiangular undeoagon in a circle ? Why is tixe solution of this pro- 
blem said to be beyond the limits of plane geometry ? Why is it so difficult 
to prove that the geometrical solution of such problems is impossiUe B 
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PROPOSITION I. THEOREM. 



If an equilateral triangle be imcribed in a circle, the square of the tide 
qf the triangle it triple rf the square of the radius, or of the side of the 
regular hexagon inscribed in the same circle. 

Let ABD be an equilateral triangle inscribed in the circle AJBD, 
of which the center is C. 

A 




Join BC, and produce BC to meet the circumference in J5, also 
join AH, 
And because ABB is an equilateral triangle inscribed in the circle; 
therefore ASD is one-third of the whole circumference, 
and therefore AJE is one-sixth of the circumference, 
and consequenUy, the straight line AJE is t^e side of a regular hexagon 
(IV. 15.), and is equal to JEC. 

And because BJS is double of JEC or AJS, 

therefore the square on BJE is quadruple of the square on AS, 

but the square on BJE is equal to the squares on AB, AE; 

therefore the squares on AB, AB are quadruple of the square on AB^ 

and taking from these equals the square on AE, 

therefore the square on AB is triple of the square on AE. 

PROPOSITION n. PROBLEM. 

To describe a circle which $hall touch a straight line given in position, and 
pass through two given points. 

Analysis. Let AB be the given straight line, and C, D the two 
given points. 

Suppose the circle required which passes through the points C, B 
to touch the line AB in the point E. 

A E p B 




Join C, D, and produce JDC to meet AB in F, 

and let the circle be described having the center L, 

join also ZE, and draw iJST perpendicular to CZ>. 

Then CD is bisected in B[, and ZE is perpendicular to AB. 
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Also, since from tlie point F without the circle, are drawn two 
straight lines, one of whicn FE touches the circle, and the other FDC 
cuts it; the rectangle contained by FC^ FD, is equal to the square of 
FE, (111.36.) 

Synthesis. Join C, D, and produce CD to meet AJB in P, 
take the point F in FB^ such that the square on FF, shall be equal 
to the rectangle -PD, FC. 

Bisect CD in J?*, and draw HK perpendicular to CD ; 
then JTE* passes through the center, (ill. 1, Ck)r. 1.) 
At F draw FG perpendicular to FB, 
then FG passes through the center, Till. 19.) 
consequently X, the point of intersection or these two lines, is 
the center of the circle. 
It is also manifest, that another circle may be described passing 
through C D, and touching the line AB on the other side of the 
point J^; and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less than the angle CFA, 

PROPOSITION III. PROBLEM. 

Inscribe a circle in a given sector of a circle. 

Analysis. Let CAB be the given sector, and let the required circle 
^hose center is O, touch the radii in P, Q, and the arc of the sector 

inD. 

c 




ED F- 

Join OF, OQ, these lines are equal to one another. 
Join also CO. 
Then in the triangles CFG, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OF is equal to the base OQ ; 

therefore the angle FCO is equal to the angle QCO ; 
and the angle A CB is bisected by CO : 
also CO produced will bisect the arc AB m D, (m. 26.) 
If a tanffent FDF be drawn to touch the arc AM in D ; 
and CA, CB be produced to meet it in J&, P: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle, (iv. 4.) 

PROPOSITION IV. PROBLEM. 

ABCD is a rectangular parallelogram. Required to draw EG, PG 
parallel to AD, DC, so that the rectangle EF tnag be equal to the figure 
KMD, and EB equal to FD. 

Analysis. Let FQ, FG be drawn, as required, bisecting the rect- 
angle ABCD. 

Digitized by VjOOQIC 



198 



OBOMEXmiCUkL EXBRC18ES 



Bnrw the dfaconal j9J>eiittmg BO in Hvmk FQ k K. 
Then J92> also biaeete the rectangle ABOD\ 
and therefore the area of the triangle KOS\Beq^to that of the 
two triangles EHB, FED, 



B B 




Draw GL perpendicular to BD^ and join OBy 
also produce FQ to 3f, and EQ to N. 
. If the triangle LOShe supposed to be equal to the triangle EHBt 
by adding HGB to each, 

the triangles LOB, OEB are equal, and they are upon the same 
base OB^ and on the same side of it; 

therefore they are between the same parallds, 
that is, if X; E were joined, LE would be parallel to GB ; 
and if a semicircle were described on OB as a diameter, it would 
pass through the points E, L; for the angles at ^, X are right 
angles: 

also ZE would be a chord parallel to the diameter OB j 
therefore the arcs inta»eptea between the parallels LE^ GB are 
equal, 
and consequently the chords EB, ZG aie also equal ; 

but EB is equal to GM, and GMio ON; 

wherefore ZO, GM, ON, are equal to one another ; 

hence (7 is the center of the circle inscribed in the triangle BBC. 

Syntiiesis. Draw the diagonal BD. 

Find O the center of the circle inscribed in the triangle BDC; 

through O draw ^(7iV parallel to BC, and -FJOf pardlel to AB. 

Then EG and FG bisect the rectangle ABCD. 

Draw G'Z perpendicular to the diagonal BD. 

In the trianeles GlH, EHB, the angles OZH, HEB are equal, 

each bein^ a right angle, and the vertical angles ZHOf EHB, also the 

side ZO IS equal to me side EB ; 

therefore the triangle LSO is equal to the triangle EHB. 
Similarly, it may be proved, that the triangle OZKh equal to the 

triangle JtPD, 
therefore the whole triangle KGJEt is equal to tihe two triangles 
EHB, ZFBi 
and consequently EG, FG bisect the rectangle ABCD. 



d by Google 



ON BOOK IV. 199 

I. 

1. In a giren circle, place a straight line equal and parallel to a 
given straight line not ^eater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

^ 3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide ; and the diameter of one is twice the 
diameter of the other. 

4. If a line be drawn from the vertex of an equilateral triangle, 
perpendicidar to Ihe base, and intersecting a line drawn from either of 
me angles at the base perpendicular to the opposite side ; the distance 
from the vertex to the jjoint of intersectio^, shall be equal to the radius 
of the circimiBcribxng circle. 

5. If an equUateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the dreumference, it 
vill be equal to ihe sum or difference of the straight lines drawn from 
1ke extremities of the base to the point where me line meets the cir- 
cumference, according as the line does or does not cut the base. 

6. The per{>endicular from the vertex on the base of an equi* 
lateral triangle, is equal to l^e side of an equilateral^riangle inscribed 
in a circle ^ose diameter is the base. Bequired proof. 

7. If an equilateral triangle be inscribed in a cirde, and the 
adjacent arcs cut off by two of its sides be bisected, the liue joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
aides will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral tnangle insoribed in a circle is 
greater than the perimeter of any ot^er isosceles triangle inscribed in 
the same circle. 

10. If any two consecutive sides of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to ea<m oAer. 

U. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

12. If two equilateral triangles be inscribed in a circle so as to 
have the sides of one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi* 
lateral and equiangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given equilateral triangle. 
1^. To inscribe a regular dodecason in a given circle, and shew 

that its area is equal to the square of tne side of an equilatecal tnangle 
inscribed in the circle. 

n. 

16. Describe a circle touching three straight lines. 

17. Any number of triangles naving the same base and ihe same 
vertical angle, will be circumscribed bv one circle. 

18. Find a point in a triangle nrom which two straight lines 
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drawn to the extremities of the base shall contain an angle ecjual to 
twice the vertical angle of the triangle. Within what limitations is 
this possible ? 

19. Given the base of a triangle, and the point from which the 
perpendiciilars on its three sides are et^ual; construct the triangle. 
To what limitation is the position of this point subject in order that 
the triangle may lie on the same side of the base P 

20. From any point ^ in the radius CA of a given circle whose 
center is C, a straight line is drawn at right angles to CA meeting the 
circumference in 2); the circle described round the triangle VBB 
touches the given circle in D. 

21. If a circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points A, B, C, on the onposite 
sides, and produced to meet the circle in 2), E, F, respectively, the 
circumferences £F, FD, DE, are bisected in the points A,B, V, 

22. K from the angles of a triangle, lines be drawn to the points 
\s'here the inscribed circle touches the sides ; these lines shall intersect 
in the same point. 

23. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in P, a circle described so as to pass through 
P and anv two of the points A, B, C, is equal to the circumscribing 
circle of the triangle. 

2d. K perpendiculars Aa, Bh, Cc be drawn from the angular 
points of a triangle JlJ^Cupon the opposite sides, shew that they will 
bisect the angles of the triangle a be, and thence prove that the peri- 
meter of abc will be less than that of any other triangle which can 
be inscribed in ABC. 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If -45 C be a plane triangle, GCF its circumscribing circle, 
and OFF a diameter perpendiciuar to the base AB, then if CF be 
joined, the angle GFC is equal to half the difference of the angles at 
the base of the triangle. 

28. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

m. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse. 

30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse* 

31. If a circle be inscribed in aright-angled triangle, the excess 
of the sides containing the right angle above the hypotenuse is equal 
to the diameter of the inscribed circle. 
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32. ^ HaTUig fpien^ the hypotenuse of a right-anj^led triangle, and 
the radius of the inscribed circle, to construct the triangle. 

83. ABC IB a triangle inscribed in a circle, the line joining the 
middle points of the arcs AB, AC, will cut off equal portions M the 
two contiguous sides measured from the angle A* 

IV. 

34. Having given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

37. If the base and vertical angle of a plane trianele be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude., 

V. 

38. In a given triangle inscribe a parallelogram which shall be 
equal to one-half the triangle. Is there any limit to the number of 
such parallelograms P 

39. In a eiven triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a t^iven triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
in the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angular point of the inscribed square. 

42. Inscribe an equilateral triangle in a square, (1) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral ana equi- 
angular octagon. 

VL 

44. Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal circles 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

47. The square is greater than any oblong inscribed in the same 
circle.. 

48.^ A circle having a square inscribed in it being given, to find a 
circle in which a regular octagon of a perimeter equal to that of the 
square, may be* inscribed. 

49. Describe a circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the vertTcal 
angle of which is four times the ancle at the base. 

oO, A regular octagon inscribed in a circle is equal to the rectangle 
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contained bj the sides of the squares inscribed in, and circuxnscribed 
about the circle. 

61. If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the 
side of an inscribed octagon. 

vii. 

52. To describe a circle which shall touch a given circle in a given 
point, and also a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given circles. 

64. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

65. Two points are given, one in each of two given circles ; describe 
a circle passing through both points and touching one of the circles. 

66. Describe a circle touching a straight line in a given point, and 
also touching a given circle. When the line cuts the given circle, 
shew that your construction will enable you to obtain six circles 
touching the given circle and the given line, but not necessarily in the 
given point. 

67. Describe a circle which shall touch two sides and pass through 
one angle of a given square. 

68. If two circles touch each other externally, describe a chfcle 
which shall touch one of them in a given point, and also touch the 
other. In what case does this become impossible ? 

69. Describe three circles touching each other and having their 
centers at three given points. In how many difierent ways may this 
be done ? 

vm. 

60. Let two straight lines be drawn from any point within a circle 
to the circumference : describe a circle, which shBU touch them both, 
and the arc between them. 

61. In a given triangle having inscribed a circle, inscribe another 
circle in the space thus intercepted at one of the angles. 

62. Let ABf A (7, be the bounding radii of a quadrant ; complete 
the square ABDC and draw the diagonal AJD; then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, another semicircle be described, so as to 
touch the former and the quadrantal arc; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the Iwse 
and perpendicular together equal to a given line. 

66. Inscribe three circles in an isosceles triangle' touchinjB^ each 
other, and each of them touching two of the three sides of the triangle. 

IX. 
66. In the fig. Prop. 10, Book iv, shew that the base J?2> is the 
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side of a regular decagon inscribed in the lar^r circle, and the side of 
a regular pentagon inscribed in the smaller circle. 

67. In the ng. Prop. 10, Book lY, produce DC to meet the circle 
In F, and draw BF} then the angle ABF shall be equal to three times 
the angle BFD, 

68. K the alternate angles of a regular pentagon be joined, the 
iigure formed by the intersection of the joining lines will itself be a 
r^tdar pentagon. 

69. if AB CD JS be any pentagon inscribed ia a circle, and AC, 
BDy CE, DA, EB be joined, then are the angles ABEy BCA, CDB, 
DEC, EAD, together e^ual to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a regular pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of meir squares to three times the square of the radius ; and 
the rectangle contamed by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a ^iven square so that four 
angles of the pentagon may touch respectively the four sides of the 
square. 

73. Inscribe a regular decagon in a given circle. 

74. The square described upon the side of a regular pentagon in 
a circle, is equal to the square of the side of a regular nexagon, together 
with the square upon the side of a regular decagon in the same circle. 

X. 

75. In a given circle inscribe three equal circles touching each 
other and the given circle. 

76. Shew that if two circles be inscribed in a third to touch one 
anotiier, the tangents of the points of contact will all meet in the same 
point 

77. If there be three concentric circles, whose radii are 1,2, 3; 
determine how* many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius is 
2, and touching the interior and exterior circles, and each other. 

78. Shew uiat nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
ciieumscribe them. 

XL 

79. Produce the sides of a given heptagon both ways, till they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum of the 1st, 3rd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th, 6th, &o. 

82. Of all polygons having equal perimeters, and the same number 
of sides, the equikta^ polygon has the greatest area. 

Digitized by VjOOQIC 



BOOK V. 



DEFINITIONS. 

I. 

A LESB magnitude is said to be apart of a greater ma^tiide, when 
the less measures the greater; that is, 'when the less is contained a 
certain number of times exactly in the greater/ 

n. 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, < when the greater contains the 
less a certain number of times exactly/ 

IIL 
" Ratio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity." 

IV. 

Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 

V. 

The first of four magnitudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third bein^ taken, and any equimidtiples 
whatsoever of the second and fourth j if the multiple of the first be less 
than that of the second, the multiple of the third is also less tiian that 
of the fourth : or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth: or, 
if the multiple of the first be greater than that of the second, the mul- 
tiple of the third is also greater than that of the fourth* 

VI. 

Magnitudes which have the same ratio are called proportionals. 

N.B. *When four magnitudes are proportionals; it is usually ex- 
pressed by saying, the first is to the second, as the third to the fourth.' 

vn. 

When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth ; then the first is said to have to the second a greater 
ratio than the third magnitude has to the fourth : and, on the contraryt 
the third is said to have to the fourth a less ratio than the first has to 
the second. 

VIII. 

** Analogy, or proportion, is the similitude of ratios." 

Digitized by VjOOQIC 



DEF1MTI0X8. 208 

IX. 

Proportion consists in three terms at least 

X. 

When three magnitudes are proportionals, the first is said to have 
to third, the duplicate ratio of that which it has to the second. 

XL 
When four magnitudes are continual proportionals, the first is said 

: to have to the fourth, the triplicate ratio of that which it has to the 

I second, and so on, quadruplicate, &c. increasing the denomination still 
by unity, in any number of proportionals. 

' Definition A, to wit, of compoimd ratio. 

I When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if -4, 5, C, D be four magnitudes of the same kind, the first 
A is said to have to the last />, the ratio compoimded of the ratio of A to B^ 
and of the ratio of ^ to (7, and of the ratio of C to D ; or, the ratio of A to 
D is said to be compounded of the ratios of ^ to ^, ^ to C, and C to /), 

And if A has to B the same ratio which E has to F\ and ^ to C the 
same ratio that O has to H ; and C to 2> the same that K has to L ; then, 
by this definition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to F, G to i/, and K to X. And the 
^^ame thing is to be understood when it is more briefly expressed by saying, 
i has to Z) the ratio compounded of the ratios of £ to /*, G to i/, and iC to Z. 

In like manner, the same things being supposed, if if has to iV^the same 
ratio which A has to D ; then, for shortness' sake, M is said to have to N 
the ratio compoimded of the ratios of £ to f , G to K, and K to L» 

xn. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the consequents to one another 

' Geometers make use of the following technical words, to signify cer- 
tain ways of changing either the order or magnitude of proportionals, so 
that they continue sUll to be proportionals.' 

xm. 

Permutandoo, or alternando by permutation, or alternately. This 
vords is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the thurd which the second has to the 
fourth ; or that ike first is to the third as the second to the fourth : as 
is shewn in Prop. xvi. of this Fifth Book. 

XIV. 

Invertendo, by inversion ; when there are four proportionals, and 
it is inferred, that the second is to the first, as the fourth to the third. 
Prop. B. Book v. 
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XV. 

Componendo, by composition ; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book y. 

XVL 

Dividendo, by division ; when there are four proportionak, and it is 
inferred, that the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. Prop. 17, 
Book V. 

xvn. 

Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. £. Book Y. 

xvm. 

E]|f flequali (sc. distantly), or ex aequo, from equality of distance: 
when there is any number of magnitudes more than two, and as many 
others such that they are proportionals when taken two and two of 
each rank, and it is inferred, that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others : ' Of this there 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.' 

XIX. 

Ex sequali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order : and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, BookT. 

XX. 

Ex aequali in proportione perturbatd seu inordinate, from equality 
in perturbate or disorderly proportion*. This term is used when the 
first magnitude is to the secona of the first rank, as the last but one is 
to the last of the second rank ; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the second rank: 
and as the third is to the fourth of the first rank, so is the third firom 
the last to the last but two of the second rank ; and so on in a cross 
order: and the inference is as in the 18th definition. It is demon- 
strated in Prop. 23, Book Y. 

AXIOMS. 
L 

Equimultiples of the same, or of equal magnitudes, are equal to 
one another. 

n. 

Those magnitudes, of which the same or equal magnitudes ait 
equimultiples, are equal to one another. 

* Prop. 4. Lib. ii. Archimedis de sphsera et cylindro. 



BOOK V. PROP. 1, II. 20T 

m 

A multiple of a greater magnitude is greater than the same mul- 
Itiple of a less. 

IV. 

That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 



PROPOSITION I. THEOREM. 

i IfmM/ number of magnitudes be equimultiples of as many, each of each : what 
I muUiple soever any one of them is of its part, the same multiple shall all the 
[fu'tt magnitudes be oj all the other^ 

Let any number of magnitudes ABy CD be equimultiples of as 
I many others E, F, each of each. 
I Then whatsoever multiple ^^ is of E, 

jliie same midtiple shall AB and CD together be of ^ and F together. 
A G B c H D 



Because AB is the same multiple of E that CD is of F, 
as many magnitudes as there are in AB equal to E^ so many are 
there in CD equal to F, i 

"Dvsi^e ABmio magnitudes equal to E, viz. AG, GB; 
and CD into CH, HD, ecjual each of them to F\ 
therefore the number of the magmtudes CH, HD shall be equal to 
the number of the others AG, GB ; 

and because AG is equal to E, and CH io F, 

therefore A G and Cfl" together are equal to E and ^together: (l. ax. 2.) 

for the same reason, because GB is equal to E, and HD to F; 

GB and HD together are equal to E and F together : 

wherefore as many magnitudes as there are m AB equal to E, 

80 many are there in AB, CD together, equal to E and F together : 

therefore, whatsoever multiple AB is of E, 

the same multiple \s AB and CD together, of E and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples 

of aa. many, each of each; whatsoever multiple any one of them is 

of its part, the same midtiple shall all the first magnitudes be of all 

&e others: 'For the same demonstration holds m any number of 

jnagnitudes, which was here applied to two.' Q.E.D. 

PROPOSITION II. THEOREM. 

Jf the first magnitude be the same multiple of the second that the third is oj 
Ae fourth, and the fifth the same multiple of the second that the sixth is of the 
fmtrtk; then shall the Jirst together with the fifth be the same multiple of the 
Mcondf that the third together with the sixth is of the fourth, 

iict AB the first be the same multiple of C the second, that DE 
the third is of -P the fourth : 
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and JBOihe fifth the same multiple of C the second, that EH the 
sixth is of J* the fourth. 
Then shall AO, the first together with the fifth, he the same mid- 
tiple of C the second, that DM, the third together with the sixth, is 
of ^ the fourth. 



Because AB is the same multiple of C that DJS is of jP; 
there are as many magnitudes in AB equal to C, as there are in J)l 

equal to Jl 
in like manner, as many as there are in J^G' equal to C^ so many are 
there in JEH equal to F: 
therefore as many as there are in the whole AG eoual to C, 
so many are there in the whole DJJ equal to Jf' : 
therefore -46? is the same multiple of (7 that BIT is of JP; 
that is, AGf the first and fifth togetner, is the same multiple of the 
second C, 

that DHf the third and sixth together, is of the fourth JP. 
If therefore, the first he the same multiple, &c. Q.E.D. 
Cor. From this it is plain, that if any numher of magnitudes AB, 
BGf GIT he multiples of another C; 

and as many DJ?, JEKf KL he the same multiples of ^, each of each: 

then the whole of the first, viz. AH^ is the same multiple of C% 

that the whole of the last, viz. DL, is of -F. 



n D E 

— j__ 



PROPOSITION in. THEOREM. 

1/ the first be the same multiple of the second, which the third is ofihefoMrik: 
and if of the first and third there be taken equimultiples; these shall be <f<«' 
Multiples, the one of the second, and tlie other of the fourths 

Let A the first he the same multiple of B the second, that C the 
third is of J) the fourth : 

and of ^, Clet equimultiples EF, GHhe taken. 

Then JEF shall he the same multiple of B, that GBC is of D. 

£ K F O L H 



A- 



B D 

Because EF is the same multiple of A, that GH\b of C, 
there are as many magnitudes in J^i^ equal to ^, as there are in Gl 

equal to C: 
let i^JPbe divided into the magnitudes EK, KF, each equal to A ; 
and G'^into GL, LIT, each equal to C: 
therefore the number of the magnitudes EK, KF shall be equal t 
tht? number of the others GL, LH\ 
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and because ^ is the same multiple of J, that Cis of D, 

and that EK is equal to A, and OL equal to Ci 

therefore EK is the same multiple of J?, that G'Z is of D : 

for the same reason, KF is the same multiple of B, that LHh of 2> : 

and so, if there be more parts in EFy GH^ equal to Ay Cx 
therefore, because the first EK is the same multiple of the second J?, 

which the third QL is of the fourth 2), 
and that the fifth jO'is the same multiple of the second J5, which the 

sixth LHh of the fourth i); 
JEF the first, together with the fifth, is the same multiple of the second 
B, (V. 2.) 
which G^JST the third, together with the sixth, is of the fourth D, 
If, therefore, the first, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 
Jfthefirttoffour magnitude* hat the same ratio to the second which the 
third has to the fourth ; then any equimultiples whatever of the first and third 
AaU have the same ratio to any equimultiples of the second and fourth, viz, • the 
equimultiple of the first shall have the same ratio to that of the second f which the 
equimultiple of the third has to that of the fourth,* 

Let A the first have to B the second, the same ratio which the third 
C has to the fourth 2); 
and of A and Clet there be taken any equimultiples whatever E, F\ 
and of B and D any equimultiples whatever G', H, 
Then E shall have the same ratio to G, which -F has to IT. 



K 


— - U 


E 


G 


\ 


r> 


C 


D 


F 


H . 


L 


N^ — 



Take of E and Fany equimultiples whatever K, X, 

and of G, JJany equimultiples whatever M, Ni 

then because E is the same multiple of A, that F is of C\ 

and of E and -Fhave been taken equimultiples K, L ; 

therefore K is the same multiple of A, that i is of C: (v. 3.) 

for the same reason, Jf is the same multiple of J?, that n\& of D, 

And because, as -4 is to ^, so is Cto D, (hyp.) 

and of A and C have been taken certain equimultiples K, Z, 

and of B and D have been taken certain equimultiples M, 2i; 

i therefore if JT be greater than M, L is greater than N\ 

and if equal, equal ; if less,, less : (v. def. 5.) 

! but K, L are any equimultiples whatever of E, F^ (constr.) 

and M, iVany whatever of G, H; 

therefore as J? is to 6?, so is F to JST. (v. def. 5.) 

Therefore, if the first, &c. Q.E.D. 

I Cor. Likewise, if the first has the same ratio to the second, which 

m ibird has to the fourth, then also any equimultiples whatever of 

[ Digitized by VjOOQIC 



810 EtJCLIB'S BLfiMBKTS. 

the first and third shall harB the same ratio to the second and ^urth; 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 

Let A the first have to B the second the same ratio winch the 
third C7 has to the fourth 2>. 

and of A aad C let JS and -Fbe any equimultiples whatever* 

Then ^shall he to B as Fto D. 

TtklneofJBf -Pany equunultiples whatever, JST, i, 

and of B, D any equimultiples whatever Q^ Hi 

then it may he demonstrated, as hefore, that X is 1^ same mukiplti 

of -4, that Z is of (7: 

and because ^ is to ^, as Cis to D, (hypw] 

and of A and C certain equimultiples have been taken viz., f and X; 

and of B and B certain equimultiples 6r, H; 

therefore, if JT be greater than (?, Z is greater than ff; 

and if equal, equal ; if less, less : (v. def. 5.) 

but JT, Z are any equimultiples whatever of J?, J*, (constr.) 

and Gt H any whatever oi B, D; 

therefore as JSia to By so is F to D. (v. def. 5.) 

And in the same way the other case is demonstrated. 

PROPOSITION V. THEOREM. 

If one magnitude he the same multiple of another, which a magnitude taken 
from the first is of a magnitude taken from the other; the remainder shaU be the 
same multiple of the remainder, that the whole is of the whole. 

Let the magnitude AB be the same multiple of CD, that ^^ taken 
from the first, is of CF taken from the other. 

The remainder FB shall be the same multiple o£ the remainder 
FD, that the whole AB is of the whole CD. 



e F D 

Take A Q the same multiple ©f FB, that AB is of CF: 
therefore AE is the same multi^e of CF, that FQ is of CDi (v. 1.) 
but AE, by the hypothesis, is the same multiple of CF, that AB is 
of CD; 

therefore EQ m the same multiple of CD that ^^ is of CD ; 

wherefore EQ is eaual to AB; (v. ax. 1.) 

take from each of them the commoir magnitude AE% 

and the remainder ^6r is equal- to the remainder BB 

Wherefore, since AE is tiie same uHiltiple of CF^ that .^G' is of FD, 

(constr.) 

and that AO has been proved equal to EB ; 

therefore AE is the same multiple of CF, that EB is c^FBi 

but AE is the same multiple of CJ^ that AB k of CD: fhyp.) 

therefore EB is the same multiple of FD, that AB ia or C2>. 

Therefore, if one magnitude, &c. Q. £. D. 
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pjioposrnoN Yi. thbosex. 

Ij U09 wMgnliudet be eqmrnuHiplet of two vtkerh ^md if eqnimulHplu of 
^m httdkmfrom thtfirH two; the remaindert are either equal to theee others, 
r equimultiple t ofthenu 

Let the two magnitudes AB, CD he equimultiples of tbe two ^, F, 
and let AO, CH taken from the first two be equimultiples of the 

same JE, F, 
Then the remainders OB, HB shall be either equal to E, F, or 

^nmultiples of them. 

A G B B— 

1 ■ ■ 

KCH D ' F — 
r — I 

First, let OB be equal to Ex 

HD shall be equal to F. 

Make CJT equal to -P: 

and because ^6^ is the same multiple of E, that CHv& of Fi (hyp.) 

and that OB is equal to E, and CK to F\ 

therefore AB is the same multiple pf E, that KH\b of F: 

bt AB, by the hypothesis, is the same multiple of JS^, that CD is of -F; 

therefore KJS is the same midtiiJe of is that CD is of Fi 

wherefore KH\a equal to CDi (v. ax. I.) 

take away the common magnitude CH, 

then the remainder KC is equal to the remainder HD : 

but KC is equal to Fi (constr.) 

therefore mD is equal to F, 

Next let OB be a multiple of E. 

Then HD shall be the same multiple of F. 

A G B E 

k' ' 



Make CK the same multiple of F, that OB\&oiEi 
Uid because A O is the same multiple of E, that CH is of Fi (hyp.) 

and OB the same multiple of E, that CK is of F\ 

therefore AB is the same multij^e of E, that JM is of Fi (v. 2.) 

but AB is the same multiple of E, that CD is of P; (hm) 

therefore KH is the same multiple of F, that CD is of .P; 

wherefore JTJST is equal to CD : (v. ax. 1.) 

take away CH from both ; 

therefore the remainder jf C is equal to the remainder HD : 

Qd because OB m the same midtij^e of E, that KC is of ^, (constr.) 

and that JTC is e^ual to jED ; 

therefore HD is the same multiple of F, that G'^ is of E* 

If, th^elbre, twa magnitudes, 8tc, Q. £. D. 
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PROPOSITION A. THEOREM. 

tf the Jirtt qffour magnitudes hat the tame ratio to the tecond, %ohieh ik 
third hat to tJie fourth; then, if the first be greater than the second, the thin 
it alto greater than the fourth i and if equal, equal; if lett, lett. 

Take any equimultiples of each of them, as the doubles of each: 
then, by def. 5th of tnis book, if the double of the first be greatfl 
than the aouble of the second, the double of the third is greater thai 
the double of the fourth : 

but if the first be greater than the second, . 
the double of the first is greater than the double of the second 
wherefore also the double of the third is greater than the double (^ 
the fourth ; 

therefore the third is greater than the fourth : 

in like manner if the first be equal to the second, or less than it, 

the third can be proved to be equal to the fourth, or less than it 

Therefore, if the first, &c. Q. E. D. 

PROPOSITION B. THEOREM. 

If four magnitudet are pro^rtionalt, they are proportionals alto wha 
taken inversely. 

Let ^ be to JS, as Cis to D. 

Then also inversely, B shaU be to -4, as D to C 

A B c D 



Take of B and 2> any equimultinles whatever E and F; 

and of A and C any equimultiples whatever G and JT. 

First, let H be greater than G, then G is less than JS: 

and because ^ is to i?, as Cis to D, (hyp.) 

and of ^ and C, the first and third, G and J7are equimultiples; 

and of B and D, the second and fourth, JS and J^are equimultiples; 

and that G is less than jE, therefore ^is less than F; (v. def. 5.) 

that is, J?^is greater than JJ"; 

if, therefore, ^ be greater than G, 

Fis greater than BC; 

in like manner, if F be equal to G, 

jPmay be shewn to be equal to J7; 

and if less, less j 

but Ff Ff are any equimultiples whatever of B and D, (constr.) 

and G, H any whatever of A and Cj 

therefore, as ^ is to A, so is D to C, (y. def. 5.) 

Therefore, if four magnitudes, &c, Q.E.D. 

PROPOsrnoN c. theorem. 

If the first he the same multiple of the tecond, or the same part of it, t^ 
the third is of the fourth ; the first is to the second, as the third is to th 
fourth. 

Let the first A be the same multiple of the second B, 
that the third C is of the fourth D. 
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Then A shall be to J? a« Cia to 2). 


A 

E 


B ^ D 

F H 



218 



Take of ^ and Cany equimultiples whatever £ and F; 
and of JB and D any equimultiples whatever O and ff. 
pen, because A is the same multiple of B that Cis of 2> ; (hyp.) 
' and that S is the same multiple of A, that i^is of C; (constr.) 
therefore JE is the same multiple of J5, that 1^ is of I> ; (v. 8.) 
that is, E and F are equimultiples of JB and D : 
but G and JJare equimultiples of J? and D; (constr.) 
therefore, if JF be a greater midtiple of JB than G is of J?, 
JP is a greater multiple of 2) than JT is of D ; 
that is, if ^ be greater than G, 
JPis greater than JT: 
in like manner, if J^be equal to G, or less than it, 
^may be shewn to be equal to Hf or less than it, 
but -Ei Pare equimultiples, any whatever, of ^, C; (constr.) 
and G, Ja any equimultiples whatever of B, D; 
therefore ^ is to ^, as Cis to D. (v. def. 6.) 
Next, let the first A be the same part of the second Bf that the 
bird C is of the fourth D. 

Then A shall be to J?, as Cis to 2>. 



For since A is the same part of B that C is of D, 

therefore B is the same multiple of A, that D is of C: 

wherefore, by the preceding case, ^ is to ^, as ^ is to C; 

and therefore inversely, A is to ^, as C is to D, (v. B.) 

Therefore, if the first oe the same multiple, &c. Q.E.D. 

PROPOSITION D. THEOREM. 

If the first he to the second oi the third to the fourth, and if the first be a 
filiple^ or a part of the second f the third is the same multiple, or the same 
ft of tlte fourth. 

Let -4 be to i? as C is to D : 

and first, let -4 be a multiple of B, 

Then C shall be the same miiltiple of D. 

A B C D 

E F 

Take JE e^ual to A, 
and vrhatever multiple -4 or JF is of JB, make F the same multiple 

of2>: 
I . then, because Jl is to ^, as C is to i) ; ( hjrp.) 

! and of B the second, and JD the fourth, equimuJti^es have been 
taken, F and F-, 

therefore -4 is to J^, as C to F: (v. 4. Cor.) 

but A is equal to F, (constr.) 

therefore C is equal to F: (v. A.) 
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and JPis the tamo multiple of D, that AhofS*, (constr.) 

therefore C is the same multiple of D, that AvioiB, 

Next, let A the first be a part of B the second. 

Then C the third shall be the same part of 2) the fourth. 

Because ^ is to ^, as (7 is to D; (hyp.) 

then, inversely, ^ is to ^, as 2) to C: (v. B.) 

A B c D 

but ^ is a part of B, therefore ^ is a multiple of A: (hyp.) 
. therefore, by the peceding case, 2) is ^e same multiple of C; 
that is, Cis the same part of D, that ^ is of ^. 
* Therefore, if the first, &c. a. E. D. 

PROPOSITION VIL THEOREM. 

Equal magnitudes have the same ratio to the same magnitude : and the ten 
has the same ratio to equal magnitudes. 

Let A and B be eqiml magnitodes, and C any other. 
Then A and B shall each of them have the same ratio to C: 
and C shall have the same ratio to each of the magnitudes AmdB, 



Take of ^ and B any equimultiples whatever D and Bt 

and of C any multijde whatever K 

Then, because D is the same multiple of ^, that J? is of JS, ^constr.) 

and that A is eq\ud to B: (hyp.) 

therefore D is equal to JE; (y. ax. 1.) 

therefore, if D be greater than F, JEia greater than F; 

and if equal, equal j if less, less : 

but D, F are any equimultiples of Ay B, (constr.) 

and F is any nniltiple of C\ 

therefore, as A is to C, so is ^ to C. (v. def. 5.) 

Likewise C shall have the same ratio to A, that it has to B> 

For having made the same construction, 

2) may in like manner be shewn to be equal to E\ 

therefore, if F be greater than 2), 

it is likewise greater than E] 

and if equal, equal ; if less, less ; 

but 2^ is any multiple whatever of C, 

and 2>, E are any equimultiples whatever oi A, B\ 

therefore, C is to -4 as Cis to B, (v. def. 5.) 

Therefore, equal magnitudes, &c. Q.E.D. 

PROPOSITION Vm. THEOREM. 

Cf two unequal magnitudes, the greater has a greater ratio to anj/ w 
magnitude than the less has : and the same magnitude has a greater ratio 1o 
less of two other magnitudes, than it has to the greater. 

Let AB, BChe two unequal magnitudes, of which AB is the greai 
and let JD be any other magnitude. 
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Then AB shftU hme a greater ratio to D tkan ^Chas to D: 
and D ehall have a greater ratio to ^ C than it has to AB. 

P^.i. Fig. 9. ng.$. 



G B 
L EH D 



L K 



F- A 

14 

L K D 



If the magnitude which is not the greater of the two AC^ CB, he 
not less than 2). 

lake EFy FG, the douhles of ^C, CB, (as in fig. 1.) 

hat If thftt which is not the greater of the two A C, CB, be less than D. 

(as in fig. 2 and 3.) tms magnitude can he multiplied, so as to 

become greater than D, whether it be ^ C, or CB. 

Let it be multiplied until it become greater than D, 

and let the other be multiplied as often ; 

and let EF be the multiple tnus taken of A C» 

and FG the same multiple of CB : 

therefore EF and FG are each of them greater than D : 

and in eyery one of the cases, 

take ^the double of 2), K its triple, and so on, 

till the multiple of D be that which first becomes greater than FGi 

let X be that multiple of D which is first greater than FG^ 

and K the multiple of D which is next less than X. 

Then because L is the multiple of D, which is the first that becomes 

greater than FG^ 

the next precedii^ multiple K is not greater than JP(7; 

that is, FG is not less than Ki 

asd since EFh the same multiple of A C, that FG is of CB ; (constr.) 

therefore FG is the same mulUple of CB, that EG is of AB ; (v. 1.) 

that is, EG and FG are equimultiples of AB and CB ; 

and since it was shewn, that FG is not less than JT, 

and, by tiie construction, EF is greater than B ; 

therefore the whole EG is greater than K and D together; 

hut K together with 2> is equal to L ; (constr.) 

I therefore EG is greater than L ; 

I but FG is not greater than L : (constr.) 

and EGi FG were proved to be equimultiples of AB, BC; 
and i IS a multiple of 2) ; (constr.) 
IheiiBfore AB has to D a greater ratio than BC has to 2). (y. de£ 7.) 
Also D shall have to ^C a greater ratio Ihaii it has to AB. 
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For havinff made the same construction, 

it may be shewn in lue manner, that L is greater than FGj 

but that it is not greater than JEO : 

and X is a multiple of D ; (constr.) 

and FO, EO were proved to be equimultiples of CB, AJBi 

therefore B has to CB a greater ratio than it has to AB, (v. def. 

Wherefore, of two unequal magnitudes, &c. Q.E.D. 



^PROPOSITION IX. THEOREM. 

Magnitudea ithich have the same ratio to the tame magnitude are equal ft 
one another : and those to which the same mognittide has the same ratio on 
equal to one another. 

Let, Af B have each of them the same ratio to CL 
• Then A shall be equal to B, 



A- 

B- 



For, if they are not equal, one of them must be greater than the other : 

let A be the greater : 

then, by what was shewn in the preceding proposition, 

there are some equimultiples of A and B^ and some multiple of C, suchi 

that the multiple oi A is greater than the multiple of C, 

but the multiple of B is not greater than that <rf Q 

let these multiples be taken ; 

and let 2), E be the equimultiples of A, B, 

and F the multiple of C, 

such that D may be greater than F, but E not greater than F. 

Then, because ^ is to Cslq B is to C, (hyp.) 

and of A, By are taken equimultiples, 2), E, 

and of (7 is taken a multiple JP; 

and that D is greater than JP; I 

therefore E is also greater than F: (v. def. 5.) 

but E is not greater than F; (constr.) which is impossible : 

therefore A and B are not unequal ; that is, they are equal. 

Next, let (7 have the same ratio to each of the magnitudes^ and B^ 

Then A shall be equal to B. 

For, if they are not equal, one of them must be greater than the other 

let A be the greater : 

therefore, as was shewn in Prop. Tin. 

there is some multiple Foi C, 

and some equimultiples E ana D of B and A such, 

that F is greater than E, but not greater than D : 

and because C is to i, as C is to -4, (hyp.) 

and that jPthe multiple of the first, is greater than E the mtdtiple i 

the second; , 

therefore l^the multiple of the third, is greater than 2) the mnltipl 

of the fourths (v. def. 5.) 

Digitized by VjOOQIC 



BOOK V. FBOIP. X, XI. Sn 

but JPis not greater than 2) (hyp.) ; which is impoMibk : 

therefore A is equal to B. 

, Wherefore, magnitudes which^ &c« Q. B. D. 

PROPOSITION X. THEORBM. 

Thai moffnUude which ha$ a greater ratio than another ha$ wUo the 
uane magnitude, is the greater of the ttoo; and that magnitude to which the 
$ame hoe a greater ratio than it hoe unto another magnitudet is the less 
of the two. 

Let A have to Ca greater ratio than B has to C; 
then A shall he greater than B, • 



.For, hecause A has a greater ratio to C, than B has to C» 

there are some equimultiples of ^ and B, 

and some multiple of Csuch, (y, def. 7.) 

that the multiple of ^ is greater than tne multiple of C, 

' hut the midtiple of jS is not greater than it : 

let them he taken ; 

and let D, J^ he the equimultiples of ^, B, and Pthe multiple of C; 

such, that J) is greater than F, hut JS is not greater than F: 

therefore D is greater than F: 

and, hecause D and F are equimultiples of ^ and B, 

and that D is greater than F; 

therefore A is greater than B. (v. ax. 4.) 

Next, let Chave a greater ratio to B than it has to A. 

Then JB shall be less than A. 

For there is some multiple F of C, (v. def. 7.) 

and some equimultiples F and D of B and A such, 

that F is greater than F, but not greater than D : 

therefore F is less than D : 

and because F and 2) are equimultiples of B and A, 

and that F is less than D, 

therefore B is less than A, (Y. ax. 4.) 

Therefore, that magnitude, &c. Q. E. D. 

PROPOSITION XI. THEOREM. 

Ratios that are the same to the same ratio, are the same to one another. 

Let -4 be to ^ as C is to 2X"; 
and as Cto 2), so let J^he to F, 
Then A shall he to B, q& F to F. 

G H K 

A C E 

B D F 

L M N 



Take of -4, Q, F, any equimultiples whatever G, H, K 



J 
L 
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and eiBf D, J* any e^piinraltiideB wli«tev«r X» M, Jf. 

Therefore, since ^iBtoj^ai CtoD, 

and 6^, Jfare taken equinralt%>tei of j^, C, 

if G' be greater than Z, JJis greater than If; 

and if equal, equal ; and if less, less. (t. dei^ 6.) 

Again, because CistoJD, asjE^istoJP*, 

aad Hf Kaxe taken equimuldples oi C, JB^ 

Knd M, N, of Dy F; 

if JTbe greater than 3f, K is ^ater than N\ 

a^d if equal, equal ; and if less, less : 

but if G' be greater than i, 

it has been shewn that JJ is ^eater than 3f ; 

and if equal, equal ; and if less, less : 

therefore, if (? be greater than X, 

Xis greater than N\ and if equal, equal ; and if less, less: 

and Q^ K are any equimultiples whatever ofAf^; 

and i, JV any whatever of JB, F; 

therefore, as ^ is to J^, so is J? to ^. (y. def. 5.) 

Wherefore, ratios that, &c. Q.1E.D. 

PROPOSITION Xn. THEOREM. 

If any number of magnitudea be propartionab, ae one of the emteeedentsl 
it to Ut eontequent, to shall all the anteeedente ttdan togetiur be to ail the\ 
consequentt* 

Let any number of magnitudes A, B, C, JD, By Fy be proportionalB: 

that is, as -4 is to 5, so Cto D, and Eio P. I 

Then as -4 is to ^, so shall Ay C, E together, be to ^, D, ^together., 

G H K I 

A c £ 

L M Jf 



Take of A, C, E any equimultiples whatever O, J7, JT; 

and of By D, iTany equimultiples whatever, X, Jf, N. 

Then, because ^ is to ^, as C is to JD, and as J? to 2^5 

and that (7, J2; JT are equimultiples of -4, Q ^, 

and X, My JV, equimultiples of By D, F\ 

therefore, if (? be greater than X, 

H is greater than JKf , and K greater than iV; 

and if equal, equal ,* and if less, less : (y. def. 5.) 

wherefore if G' be greater than JS, 

then Oy Hy JT together, are greater than X, My iV together; 

and if equal, equal ,* and if less, less : 

but Gy and Gy H, JT together, are any equimultiples of ^, and Ay C, 

^ together; j 

because if there be any number of magnitudes equimultiples of 

as many, each of each« whatever multiple one of them is of its partJ 

the same multiple is the whole <rfthe whole : (v. 1.) | 
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for tHe same reason Z, and L^ MfNvn any aquimultipleB of B^ and 

therefore as ul ii to J, bo are ^9 C E together to B^ D, JP together. 
(V. def. 6.) 

Wherefore, if any number, &o. Q.B.D, 

PEOPOsrrioN xni. theorem. 

2/ ihe first has to the second the same ratio which the third has to the 
fcvrih, but the third to the fourth, a greater ratio than the fifth has to the 
nxlk ; the first shall also have to the second a greater ratio than the fifth 
hi to the sixth. 

Let A the first have the same ratio to B the second, which C the 
third has to D the fourth, but C the third a greater ratio to JD the 
fourth, than E the fifth has to J* the sixth. 

Then also the first A shall have to the second B, a greater ratio 
than the fifth E has to the sixUi F, 



M G H 

B D F 

N K L 

Because C has a neater ratio to 2), than ^ to ^, 
there are some equimultiples of C and E, and some of 2> and F, such 
that the multiple of (7 is greater than the multiple of D, but the mul- 
tiple of ^ is not greater than the multiple of Fi (v. def. 7.) 
let these be taken, 
and let G, Hhe equimultiples of C, E, 
«nd Ky L equimultiples of D, JP, such that Q may be greater than X, 
but H not greater than L : 
and whateyer multiple Q is of (7, take ilf the same multiple of A ; 
and whateyer multiple JTis of JD, take iV the same multiple of B : 
i then, because ^ is to ^, as C to 2), (hvp.) 

I and of A and C, itf and O are equimultiples; 

I and of B and Z>, N and K are equimultiples ; 

therefore, if 3f be greater than N, G'iA greater than JT; 

and if equal, equal ; and if less, less : (Y. def. 5.) 

but (Gf is greater than K\ (constr.) 

therefore M is greater than Ni 

but H is not greater than L : f constr.) 

and M, H are equimultiples oi A, E*, 

and iV, L equimultiples of B, JPj 

therefore A has a greater ratio to By than J^ has to J*. (Y. def. 7.) 

Wherefore, if the first, &c, Q. E. D. 
Ck>B. And if the first haye a greater ratio to the second, than the 
^ird has to the fourth, but the third the same ratio to the fourth, 
^hich the fifth has to the sixth ; it may be demonstrated, in like 
nanner, that the first has a greater ratio to the second, than the fifth 
ias to Uie sixth. 

L2 
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PROPOSITION XrV. THEOREM. 

ffthejlrst has the tame ratio to the teeond which the third hat to the fourth; 
them, if the first be greater than the third, the tecond shall be greater than the 
fourth s and if equal, equal j and if less, less. 

Let the first A haye the same ratio to the second B "which the 
third Chas to the fourth 2>. 

If ^ be greater than C, B shall be greater than D. (fig. 1.) 

1. 8. 8. 
A A A 

c c c 

D D D 

Because A is greater than C, and B is any other magnitude, 

A has to j& a greater ratio than C has to ^ : (v. 8.) 

but, as ^ is to ^, so is C to JD ; (^ypO 

therefore also C has to D a greater ratio than C' has to J? : (v. 13.} 

but of two magnitudes, that to which the same has the greater ratio, 

is the less: (v. 10.) 

therefore JD is less than B\ 
that is, jS is greater than JD. 
Secondly, if ^ be equal to C, (fig, 2.) j 

then B shsdl be equal to D. ' 

For -4 is to ^, as C, that is, ^ to D : 
therefore B is eoual to JD. (v. 9.) 
Thirdly, \iA be less than C, (fig. 3.) 

then B shall be less than 2). 

For C is greater than A j 

and because Cis to D, as ^ is to ^, 

therefore D is greater than B, by the first case ; 

that is, B is less than JD. 

Therefore, if the first, &c. a E. D. 

PROPOSITION XV. THEOREM. 

Magnitudes have the same ratio to one another tohich their equimultipUs 
have. 

Let AB be the same multiple of C, that DB is of Jl 
Then C shall be to P, as AB is to DE. 

AOHB DKLE 



Because AB is the same multiple of C, that DE is of JF*; 
there are as many magnitudes in AB equal to C, as there are in JD^ 
equal to Fi 
let AB be diyided into magnitudes, each equal to C, yiz.A G, OS, HB; j 
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and DE into magnitudes, each equal to F^ tue. DJT, KL, LEi 
then the number of the first AG^ QH, HB, is equal to the number 
of the last DK.KL, LEi 

and because AO^ OH, HB are all equal, 

and that DJT, KL, LE, are also equal to one another; 

therefore AOiBto BK, as GHxx} KL, and as HB to LEi (v. 7.) 

but as one of the antecedents is to its consequent; so are all tne 

antecedents together to all the consequents together, (y. 12.} 

wherefore, as ^ 6^ is to DK, so is ui B to DE : 

but ^ G^ is equal to C and DJT to J*: 

therefore, as C is to P, so is AB to DE, 

Therefore, magnitudes, &c. Q.E.D. 

PROPOSITION XVI. THEOKEM. 

If four magnitudei of the same kind be proportiondla, they shall also be 
\ proportionals when taken aUemately, 

Let A, B, C, Dhe four magnitudes of the same kind, which are 
proportionals, viz. as ^ to ^, bo C to D. 

They shall also be proportionals when taken alternately ; 
that is, A shall be to C, as ^ to D. 



A C— 

B D- 



Take of A and B any equimultiples whatever E and F: 
and of C and D take any equimultiples whatever G and H 
and because E is the same multiple of A, that i^is of ^, 
and that magnitudes have the same ratio to one another which 
their equimultiples have; (v. 15.) 

therefore -4 is to ^, as j& is to P: 
but as -4 is to ^ so is Cto Dj (hyp.) 



wherefore as C is to D, so is Eto F:' {y. 11.) 

affain» because G, H are equimultiples of C, D, 

uierefore as Cis to D, so is GXo Hi (v. 15.) 

but it was proved that as (7 is to i>, so is j& to ^j 

therefore, as ^ is to F, so is Gxo H (v. 11.) 

But when four magnitudes are proportionals, if the first be greater 

than the third, the second is greater than the fourth : . 

and if equal, eaual; if less, less ; (v. 14.) 

therefore, if J& be greater tnan G, P likewise is greater than H\ 

and if equal, equal ; if less, less : 

and E, F are any equimultiples whatever of A,B j (constr.) 

ana G, jETany whatever of C, 2) : 

therefore -4 is to (7, as ^ to D. (v. def. 5.) 

If then four magnitudes, &c. Q.E.D. 
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PBOPOSITION XVIL THEOREM. 

If magnitudetf taken jointly, be proportionals, they shall also he pro' 
portionals when taken separately : that is, if two magnitudes together have 
to one of them, the same ratio which two others have to one of these, the 
rejoining one of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other tf these. 

Let AB, BE, CD, DF be the magnitudes, taken jointly which 
are proportionals ; 

that 18, as AB to BE, so let CD be to BR 

Then they shall also be proportionals taken separately, 

viz. as AE to EB, so shall OFbe to FD. 

OHK X LMNP 



E B C FD 



Take of AE, EB, CF, FB any eqninmltiples whatever GH, SK, 

LM,MNi 

and again, of EB, FID take any equimultiples whatever KX, NT, 

Then because GHi% the same multiple of AE, that -HZ" is oiEB, 

therefore QH is the same multiple of AE, that GK is of AB ; (T. 1.) 

but GH\& the same multiple of ^1^, that LMi% of CF: 

therefore GK is the same multiple of AB, that LMh of CF, 

Again, because LM\& the same multiple of CF, that MN \&oi FD\ 

therefore LM is the same multiple of CF, that iJVis of CD: h. 1.) 

but i-3f was shewn to be the same multiple of CF, that GK is oiAB', 

therefore GK\& the same multiple oi AB, that LN\a of CD; 

that is, GK, LN are equimultiples of AB, CD, 

Next, because HKh the same multiple of EB, that MN is of -FD; 

and that KX is also the same multiple of EB, that NP is of FD; 

therefore HX is the same multiple of EB, that MP is of FD. (v. 2.) 

And because AB is to BE, as CD is to DF, (hyp.) 

and that of AB and CD, GK and XiVare equimultiples, 

and of EB and FD HX and MP are ec^uimultiples ; 

therefore if GK be greater than HX, then XiVis greater than MP) 

and if equal, equal ; and if less, less : (v. de£ 5.) 

but if GHhQ greater than KX, 

then, by adding the commonpart HK to both, 

GK is greater than HX\ (l. ax. 4.) 

wherefore also iiVis greater than mPi 

and by taking away JOT from both, 

LM\& greater than NP: (i. ax. 6.\ 

therefore, if GH be greater than KX^ 

Xitf is greater than jVP. 

' In like manner it may be demonstrated, 

that if GH be equal to KX, 

LM is equal to NP j and if less, less : 

but GH, LM are any equimultiples whatever of AE, CF, (conslr.) 

and KX, NP are any whatever of EB, FD : 

therefore, as AE is to EB, so is CF to FD. (v. def. 5.) 

If then magnitudes, &c. Q. £. D. 
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PROPOSITION XVm. THEOBEM. 

If metgnitudet, taken separateljff he proportionals, they thaU alio be 
proportionaU when taken jointly : that ia, if the flnt he to the second, as 
the third to the fourth, the first and second together shall be to the second, 
as the third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportioDals ; 

that is, as AE to EB, so let C/^be to FJD, 

Then they shall also be proportionals vhen taken jointly $ 

that is, as ul^ to BJB, so shall CD be to DF. 

O KOH L NPK 



ABB FD 

Take oiAB, BE, CD, DF any equimultiples whatever QE, HK 
LM, MN', 

and again, of BE, DFtske any equimultifJes whatever KO, JVP; 
and because KO, NP are equimultiples of BE, DF; 
and that KM, NMare likewise equimultiples of BE, DF; 
therefore if KO, the multiple of BE, be greater than KH, which 

is a multiple of the same BE, 
then NP, the multiple of DF, is also greater than NM, the mul- 
tiple of the same DF; 

and if KO be equal to KH, 
NP is equal to NM; and if less, less. 
First, let KO be not greater than KH; 

therefore NP is not greater than NM: 

and because GM, SK, are equimultiples of AB, BE, 

and that AB is greater than BE, 

therefore QH is greater than HK ; (v. ax. 3*) 

but KO is not greater than kH; 

therefore QH is greater than KO. 

In like manner it may be shewn, that X3f is greater than NP, 

Therefore, if KO be not greater than KH, 
then OH, the multiple of AB, is always greater than KO, the 

multiple of JJJ^; 
and likewise LM, the multiple of CD, is greater than NP, the 
multiple of DJl 

Next, let KO be greater than KH; 
therefore, as has been shewn, NP is greater than NM^ 

K HO L N M P 
i i i i 



A EB C FD 



And because the whole QH is the same multij^e of the whole 
AB,^fAHK\AoiBE, 

therrfbre the remainder GK is the same multiple of the remainder 
AE that G'-ff is of AB, (v. 5.) 

which is the same that XJf is of CD. 
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In like maimer, because ZMh the same multiple of CD, that MN 
i& of DE, 

therefore the remainder ZN is the same multiple of the remainder 

CF, that the whole LM is of the whole CZ) : (v. 5.) 
but it was shewn that LM is the same multiple of CD, that GK 

iaoiAE; 
therefore GK is the same multiple of AE, that ZJV is of CF; 
that is, GKf LNaxe equimultiples oiAE, CF. 
And because KO, NP are equimultiples of BE, DF, 
therefore if from KO, NP there be taken KH, NM, which are 

likewise equimultiples of BE, DF, 
the remainders HO, MP are either equal to BE, DF^ or eqm- 
multiples of them. (v. 6.) 

First, let HO, MP be equal to BE, DF: 

then because AE is to EB, as CFto FD, (hyp.) 

and that GK, XiVare equimultiples ofAE, VF; 

therefore GK is to EB, as ZN to FD : (v. 4. Cor.) 

but HO is equal to EB, and MP to FD ; 

wherefore GK is to HO, as iiV to MP-, 

therefore if GK be ^eater than HO, ZN is greater than MP ; (v. A.) 

and if equal, equal ; and if less, less. 

But let HO, MP be equimultiples of EB, FD, 

Then because AE is to EB, as 6f to FD, (hyp.) 

OKHO LNMF 



£ B C FD 



and that of AE, CFare taken equimultiples G^K, ZNi 

and of EB, FD, the equimiiltiples HO, MP) 

if 6?^ be greater than Hu, XiVis greater than MP j 

and if equal, equal ; and if less, less ; (y. def. 5.) 

which was Hkewise shewn in the preceoing case. 

But if GH be ^eater than KO, 

taking KH from both, GK is greater than HO ; (i. ax. 6.) 

wherefore also iiVis greater than MP% 

and consequently adding NM to both, 

ZM 18 greater than NP: (l. ax, 4.) 

therefore, if GHhe greater than KO, 

ZMia greater than NP, 

In like manner it may be shewn, that if GHhe equal to KO, 

ZM 18 equal to NP; and if less, less. 

And in the case in which KO is no|; greater than KH^ 

it has been shewn that GH 18 always greater than KG, 

and likewise iJf greater than NP: 

but GHf ZM are any equimultiples whatever of AB, CD, (constr.) 

and KO, NP are any whatever of BE, DF; 

therefore, as AB is to BJS, so is CD to DF. (v, def. 5.) 

If then magnitudes, &c. Q. £.D. 
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PROPOSITION XDL THEOREM. 

If a whole magnitude be to a whole, at a magnitude taken from the first 
is to a magnitude taken from the other g the remainder shall be to the 
remainder as the whole to the whole. 

Let the whole AS be to the whole CD, as AJE a magnitude taken 
from AJB is to C!Fa magnitude taken from CD, 
Then the remainder UB shall be to the remainder FDf as the whole 
AB to the whole CD. 

A £ B 



c P 



Because AB is to CDy as AE to CF: 

therefore alternately, BA is to A£, m DC to CF: (y. 16.) 

and because if magnitudes taken jointly be proportionals, they are 

also proportionals, when taken separately; (y. 17.) 

therefore, as BJE is to FA, so is DJ^to FC; 

and alternately, as BF is to DF, so is FA to FC: 

but, as AF to CF, so, by the hypo^esis, is AB to CD ; 

therefore also BF the remainder is to the remainder DF, as the whole 

A:B to the whole CD. Cv. 11.) 

Wherefore, it tiie whole, &c. Q.E.D. 
Cob. — If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other ; the remainder shall 
likewise be to the remainder, as the magnitude taken from the first 
to that taken from the other. The demonstration is contained in the 
preceding. 



PROPOSITION E. THEOREM. 

If four magnitudes be proportionals, they are also proportionals by con- 
version g that is, the first it to its excess above the second, as the third to its 
esteett above the fourth. r 

Let AB be to BF, as CD to DF. 
Then BA shall be to AF, as DC to CF. 

A £ B 



F D 



Because AB is to BF, as CD to DF, 

therefore by division, AF is to FB, as CF to FD; (y. 17.) 

and by inversion, BF is to FA, as DF is to CF; ^. B.) 

wherefore, by cpmposition, BA is to AF, as DC is to, CF. (v. 18) 

If therefore four, &c. Q.E.D, 
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PROPOSITION XX. THEOREM. 

][f there he three magnitudet, and other three, whtchf taken two and two, have 
the same ratios then if the first be greattr than the third, the fourth shall be 
greater than th$ sixth ; and \foqwU, equal', and tfless, less. 

Let A, B, C be three magnitudes, and JD, E, JP other three, which 
taken two and two have the same ratio, 

yiz. as ^ is to ^, so is 2) to ^; 

and as ^ to C, so is J^ to J*. 

If ^ be greater than C, D shall be greater than F\ 

and if equal, equal ; and if less, less. 



B- 

E- 



Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio than 
the less has to it; (v. 8J 

therefore A has to B a greater ratio than Chas to B : 

but asDisto^, sois^to^; (^yP*L 

therefore JD has to ^ a greater ratio than Cto^i (v. 13.) 

and because J^isto C^asJ^toJ^, 

by inversion, Cis to ^, as JPis to ^: (v. B.) 

and 2> was shewn to have to J^a greater ratio then Clo JBi 

therefore -D has to J? a greater ratio than J^to JS: (v, 13. Cor.) 

but the magnitude which has a greater ratio than another to the same 

magnitude, k the sreater of l£e two; (y. 10.) 

therefore D is greater than F, 
Secondly, iet A be equal to C 

Then D shall be equal to K 



Because A and Care equal to one another, 

-4 is to ^, as Cis to ^: (v. 7.) 

but ^ is to J9, as 2) to B; (hyp.) 

and Cifl to ^, as i^to ^; (hyp.) 

wherefore D is to J?, as 1^ to J?; (j. 11. and v. B.) 

and therefore D is equal to JF. (v. 9.) 

Next, let A be less than C 

Then D shall be less than F. 



A B — c- 

P B F- 



For Cis greater than A ; 

and as wag shewn la the first case, (7 is to ^, as J* to J?, 

and in like manner, ^ is to ^, as J? to D? 

lihexdbre F is greater than D, by the first case ; 

that i^ JD is less than F. 

Therefore, if there be three, &c, a E. D. 
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PBOPOSmOK XM. T3iB0KBM. 

Ifiktfre he three ma^itudee, and <dh$r three^ which have the eame ratio 
iakm tvDQ and two, but in a cron order f then if the flrtt maanitude be 
greater than the third, the fourth shall be greater than the eixth ; and if 
tgv«Jti epud; and if less, less. 

Let A, B, C be three magnitudes, and 2), ^, Pother three, which 

have the wme ratio, token two and two, but in a croM order, 

viz. as ^ is to ^ 90 is J^ to P, 

and as ^ is to C, so is 2) to Jl?. 

If ul be greater than O, D shall be greater than Fj 

im if equal, equal ; and if less, less. 

A — B C 

D E P 

Because A is greater than (7, and JB is any other magnitude, 

A has to ^ a greater ratio than Chas to B: (v. 8.) 

but as -& to i^, so is ^ to ^} (^0 

therefore J^has to JPa greater ratio thaii uioB: (v. 13.) 

and because J? is to (7, as 7> to J?} (hyp,) 

by inversion, Cisto^, asJ^toZ); 

and JE was shewn to have to JF* a greater ratio than C has to B $ 

therefore J^ has to JPa peater ratio than ^ has to D : (V. 13. Cor.) 

but the magnitude to w£eh the same has a greater ratio than it has 

to another, is the less of the two : (v. 100 

therefore i^is less than D; 
that is, D is greater thaja F, 
Secondly, iet ^ be equal to v] 

J) shall be equal to F, 

Because A and Care equal, 

^ is to J?, as Cis to JB: (v. 7.) 

but^ is to A as J5 to F', (hyp.) 

and Ois to B, m F to x); 

wherefore J^ is to j; as J? to Z); (v. 11.) 

and therefore X> is equal to F* (y. 9.) 

Next, let A be less than C: 

D shall be less than F, 



A B ■ ■■ ■ ■ c 

For C is greater than A ; 

and as was shewn, (7 is to ^, as ^to ^ 

and in like manner Biato A,b$ Fio F; 

therefore FIb greater than J), by case tot| 

that 18, J> is less than F^ 
Therefore, if there be three, $i^ Q.E.P. 



d by Google 



228 *EtjeLiD*s elements/ 

PROPOSITION XXn. THEOREM. 

If there he any number ofmagnitudee^ and as many others, which tdhen^ 
two and two in order, have the same ratio ; the first shall have to the last of 
the first magnitudes, the same ratio which the first has to the last of the 
others, N,B, This is usually cited by the words ** ex eequali," or ** ex 
?equo." 

First, let there be three magnitudes A, B, C, and as many others 
Di E^ F, which taken two and two in order, have the same ratio, 
th^t is, such that ^ is to ^, as 2) to ^; 
and as ^ is to C, so is J? to jP. 
Then A shall be to C, as D to Jl 

K M 

B c 




E— . — F- 

L N- 



.Take of A and D any equimultiples whatever O and Si 

and of B and E any equimultiples whatever K and L % 

and of Cand J^any whatever 3f and JVr 

then because ul is to ^, as 2> to J?, 

and that Q, H are equimultiples of A, D^ 

and K, L equimultiples of B, E; 

therefore as G' is to JT, so is Hto L: (v. 4.) 

for the same reason, X is to Jf as X to iV: 

and because there are three magnitudes G, K, M, and other three 

H, Z, N, which two and two, have the same ratio ; 

therefore if O be greater than 3f, H is greater than y^ 

and if equal, equal ; and if less, less ; (v. 20.) 

but G, Haxe any equimultiples whatever of A, D, 

and M, N are any equimultiples whatever of C, F; (oonstr.) 

therefore, as -4 is to C, so is D to Jl (v. def. 5 ) 

Next, let there be four magnitudes A, B, C, D, 

and other four E, F, G, H, which two and two have the same ratio, 

viz. as ^ is to ^, so is J? to P; 

and as jS to C, so Fto G; 

and as Cto 2), so G to S. 

^ Then A shall be to D, as .F to JJ. 



A.B.C.D 
E.F.O.H 



Because A, B, Care three magnitudes, and E, F, G other three, 
which taken two and two, have the same ratio ; 

therefore by the foregoing case, ^ is to C, as J^to Oi 

but C is to 1>, as (7 is to JST; 
wherefore again, by the first case ^ is to 2>, as J^ to JT: 
and SQ on, whatever be the number of magnijtudes* 
Thei*efore, if there be any number, &c. Q.^D« 
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l»ROP08inoN xxm. theoeem . 

If there be any number of magnitudetf and at many oihert, which 
taken two and two in a Croat order ^ have the tame ratio ; the firtt thatt have 
to the last^ofthefrat magnitudet the tame ratio which the frtt hat to the 
kut of the othert, N,B, Thia is usually cited hj the words " ex equal! 
in proportione perturbatd;" or ** ex equo perturbato." 

First, let there be three magnitudes A, JB, C, and other three 2), 

JB^ F9 which taken two and two in a cross order have the same ratio, 

that is, such that A iBto B^m Eto F\ 

and as jB is to (7, so is D to ^. 

Then A shall be to C, as D to JPl 

G H L 



A B c- 

D E F- 

K M N- 



Take of A, JB, B any equimultiples whatever (7, JT, JTj 
and of C, E, F any equimultiples whatever L,M,Ni 
and becauuse G, M are equimultiples of A, B, 
and that magnitudes have "the same ratio which their equimultiples 
have; (V. 15.) 

therefore as ^ is to B, so is (7 to JT: 
and for the same reason, as ^ is to jP, so is JIf to ^: 
but as -4 is to J?, so is J5 to i^j (hyp.) 
therefore as 6? is to ^, so is -3f to iV: (v. 11.) 
and because as J? is to C, so is D to E, (hyp.) 
- and that JT, K are equimultiples of B, D, and Z, Ifof (7, ^; 
th^efore as jET is to X, so is JT to Mi (v. 4.) 
and it has been shewn that (? Is to jET, as Jtf to Ni 
therefore, because there are three magnitudes O, JT, i, and other 
three f , M, N^ which have the same ratio taken two and two in a 
cross order; 

if G' be greater than X, JT is greater than Ni 

and if equal, ej^ual ; and if less, less : (Y. 21.) 

but O, K are any equimultiples whatever of A, I); (constr.) 

and i, N' any whatever of C, F; 

therefore as ^ is to C, so is D to 2^. (y. defl 5.) 

Next, let there be four magnitudes A, B, C, />, and other four E, 

F, G^ Si which taken two and two in a cross order have the same 

ratio, 

viz. A to By as (? to 2f ; 

-Bto-C, as-Fto (?j 
and etoD, as J^toF. 
' . Then A shall be to D, as ^ to J2; 



A.B.C.D 
E.F.Q.H 



* Beeanse Ay B\ Care three magnitudes, and F, G, IT other three, 
which taken two and two in a cross order, have the same ratio ;, 
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hy the first case, AiBto C,n» Fio H\ 

but Cistoi), as^iatoJPj 

wherefore again, by the first case, ^ is to D, as J& to H\ 

and so on, whateyer be the number of magnitudes. 

Therefore, if there be any number, &ci Q. S. I>* 

PROPOSITION XXIV. THEOREM. 

Vih$firtt ha$ to the teeond tJu tame ratio aehkh the third hat to thefmrth: 
and thej^fth to the teeond the tame ratio which the tilth hat to the fourth f the 
Jirtt and/yth together thall have to the teeond, the tame ratio which the third 
and tixth together hove to the fourth* 

Let AB the first have to C the second the same ratio which DS 
the third has to 2^ the fourth ; 

and let JBGihe fifth haye to C the second the same ratio which 
£Hihe sixth has to JPthe fourths 

Then ^6^, the first and fifth together, shall haye to C the second, 
the same ratio which DM, the third and sixth together, has to J* the 
fourth. 

A BO D E H 



Because BG is to C, as JSIT to F} 
by inversion, Cis to JBO, as Pto EH1J7, B.) 
and because, as AB is to C, so is DE to JF} (hyp.) | 

and as Cto BO, so is ^to EH*, 

ex aequali, AB is to BO, as BE to EH: (v. 22.) 

and because ^ese magnitudes are proportionals when taken separately, 

they axe lUiewise proportionals when takenjointih^; (v. 18.) 

therefore as AO is to OB, so is DJa to HE"* 

but as G'-^ to C, so is JJJ^to JP: ^yp.) 

therefore, ex fiequali, as^G'isto Csois DM to F. (v, 22.) 

Wherefore, if the first, &c. q.e.d. ^ ^ | 

Cob. 1. — ^If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess oi the 
third and sixth to the fourth. The demonstration of this is tiie same 
with that of the proposition, if division be used instead of composition. 
Gob. 2.— The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second ma^tude the same ratio that the corresj^ndSng one of the 
second rank has to a fourth magnitude ; as is manifest 

PROPOSITION XXy. THEOREM, 

ff four magnitudee ef the tame kind are proporHenait, (he grtatut 0d\ 
leatt rfthem together are greater than the ether two together. 

Let the four magnitudes AB, CD, E,Fhe proportionals, 
VIZ. Jt jB to CA as -B to JP; 
and let .^j9 be the greatest of Oflsa, rad leoBseqiiently J^ t2uB iMit 
(V. 14. and A.) 
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Then AB together with JPahaU be gieater than CD together with £. 

A G B C HP 

' . ■' I I 

Take ^(? equal to J?, and CS equal to Jl 

Then because as AB is to CD, so is ^ to ^^ 

and that AG is equal to B^ and CJ7 equal to F, 

Oierefore AB is to CD, uAOto CHi (y. 11, and 7.) 

and because AB the whole, is to the whole CD, 9a AG i% to CH, 

Hkewise the remainder GB is to the remainder HD, m the whole AB 

is to the wh(de CDz (v. 19.) 

but AB is greater than CD ; (hyp.) 



therefore (?J? is greater than JTD; ^. a.) 

e»d because ^ G^ is equal to ^, and Cir to P; 

AO and J* together are eaual to CZfand E together: Tl. ax. 2.) 

therefore if to the unequal magnitudes GB, SD, of wnich GB is 

the greater, thore be added equal magnitudesi Tiz. to GB the two ^6^ 

and F, and CiTand E to JSTX); 

AB and J^ together are greater than CD and JE, (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q.E.D. 

PROPOSITIONS. THEOREM. 

Xathi whuh are compounded of the tame ratiot, are ike tame to one mother, 

Jjet Ahe io B, 9s D to E', snd B to C, as E to F. 
Then the ratio which is compounded of ihe ratios oi AtoB, and B 
toC, 
which, by the definition of compound ratio, is the ratio of -4 to C, 
shall be the same with the ratio of i> to J*, which, by the same 
definition, is compounded of the ratios of Dto E, and ^ to 2^. 



A.B.O 
D.E.F 



Becanae there are three mafi;nitudes A, B, C, and three others D^ E, F, 
which, taken two and two, in order, haye ihe same ratio i 

ex squaH, ^ is to C,m Dto F. (v. 22.) 
Kext^ 1st ^ be to ^, as ^ to i^, and ^ to C; as i) to J^ s 



A.B.C 
D.E.P 



therefore, lex egmU in proportione periurhata, (v, 23.} 
-4 is to C, as D to J?*; 
that if, the ratio of ,4 to C, which is confounded of the ratios of 
Ato M, 9iki JBto C is the same with the ratio of i> to JF*, which is 
oompomided of the ratios of D to JE, and Etx> F, 

Aji4 in like manner the luroposition may be demonstrated, what- 
ever he the number of ratios in either case. 
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PROPOSITION G. theorem:. 

If several ratiot be the same to teveral ratiot, each to each ; the ratio 
which it compounded of ratios which are the same to the first ratios, each 
to each, shall be the same to the ratio compounded of ratios which are the 
tame to the other ratios , each to each. 

Let ^ be to J?, as ^ to 2^; and C to D, as 6? to JET: 

and let ^ be to ^, as JT to X ; and Cto D, as X to Jf. 

Then the ratio of Kto M, 

by the definition of compound ratio, is compounded of the ratios 

of Jl to X, and L to M, which are the same with the ratios of ^ to J 

and CtoD. 

Again, as ^ to JP, so let i^T be to ; and as (? to JST, so let be to P. 
Then the ratio of iV to P is compounded of the ratios of JVto 0, 
and to P, which are lie same with the ratios of J& to ^, and 6? to 
Ml 

and it is to be shewn that the ratio of X to JIf, is the same with 
the ratio of iV to P; 

or that JT is to Jf, as .y to P, 



A.B.G.D. K.L.M 
E.F.G.H. N.O.P 



Because JT is to X, as M to B, that is, as J? to F, that is, as) i^T to : 

and as X to Jf, so is (C to 2), and so is Gto XT, and so is) to P: 

ex CBquaK, JT is to JIf, as JV to P. (v. 22.) 

Therefore, if several ratios, &c. Q. E. D. 

PROPOSITION H. THEOREM. 

If a ratio which is compounded of several ratios be the same to a ratio which 
is compounded of several other ratios : and if one of the first ratios, or the 
ratio which is compounded of several of them, be the same to one of the last 
ratios, or to the ratio which is compounded of several of them ; then the rt* 
maining ratio of the first, or, if there be more than one, the ratio compounded^ 
of the remaining ratios, shall be the same to the remaining ratio of the last, 
or, if there be more than one, to the ratio compounded of these remaining ratios* 

Let the firstratios be those of ^ to S,B to C, Cto D,D to JB,bj^ 
BtoF; 

and let the other ratios be those of (? to JT, J7 to JT, JT to X, and 
Xto-af: 

also, l^t the ratio of A to F, which is compounded of the first ratios, 
be the sune with the ratio of Q to Jtf, which is compounded of the 
Other ratios ; 

and besides, let the ratio of A to D, which is compounded of &^ 
ratios of -4 to jB, jB to C, Cto D, be the same with the ratio of ff to 
JT, which is compounded of the ratios of G to XT, and XTto JT. 

Then the ratio compounded of the remaining first ratios, to wit, of 
the ratios of D to J?, and Fto F, which compounded ratio is the xatiQ^ 
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of D to 7, shall be the same irith the ratio of JT to JT, which it com- 
pounded of the remaining ratios of JT to X, and X to 3f of the other 

ratios. 



A.B.C.D.E.F 
O.H.K.L.M 



Because, by the hypothesis, ^ is to 2>, as Gio K, 

by inversion, i) is to ^, as JT to O; (v, B.) 

and as ^ is to J*, so is Qto M; (hyp.) 

therefore, ex aquali, D is to JP, as JT to 3f. (v. 22.) 

If, therefore, a ratio which is, &o. Q. E. D. 



PROPOSITION K. THEOREM. 

y there be any number of ratios, and any number qf other ratiot^ such, that 
\1ks ratio which is compounded of ratios tohich are the same to the first ratios, 
tack to each, is the same to the ratio which is compounded of ratios which 
' m the same, each to each, to the last ratios ; and if one of the first ratios, or the 
ratio which is compounded of ratios which are the same to several of the first 
I ratios, each to each, be the same to one of the last ratios, or to the ratio which 
it compounded of ratios which are the same, each to each, to several of the last 
ratios i then the remaining ratio of the first, or, if there be more than otu, 
(he ratio which is compounded of ratios which are the same each to each to 
ike remaining ratios of the first, shall be the same to the remaining ratio of the 
^i, or, ff there be more than one, to the ratio which is compounded of ratios 
wkich are the same each to each to these remaining ratios. 

Let the ratios of -4 to jB, Cto D, £to F, be the first ratios : 
and the ratios of 6? to ^, JT to X, Mto N, OtoF, Qto F, be the 
! other ratios : 
and let A be to F^vlbS to T; and Cto D, as Tto Tj and^ to F, 

as Fto X: 
therefore, by the definition of compound ratio, the ratio of Stx)Xia 
I compounded of the ratios of Sto T, TXo V, and Fto X, which are 
{^ same to the ratios of ^ to J?, C to D, ^ to F\ each to each. 
Also, as G^ to ^, so let JTbe to Z\ and JT to X, as JZ" to a ; 
Jf to i\r, as a to 6 ; to P, as & to c; and Q to JR, as c to c^: 
therefore, by the same definition, the ratio oiYXod is compounded 
|rf the ratios of Fto 2^, 2^ to a, a to 6, 6 to c, and e to d, which are the 
«»ne, each to each, to the ratios of G' to JST, JST to X, -Sf to iV, O to P 
^dQtOjR: 

therefore, by the hypothesis, i$^ is to X, as YXod» 
Also, let the ratio of ^ to J?, that is, the ratio of 8 to T, which is 
|One of the first ratios, be &e same to the ratio of to ^, which is com- 
jwunded of the ratios of e to /, and ftog, which, by the hypothesis, 
ire the same to the ratios of (?to Jf, and Xto X, two of the other 
fttios; 

and let the ratio of A to Z be that which is compounded of the ratios 
^A to A;, and htol, which are the same to the remaining first ratios, 
^. <rf Cto D, and ^to 2^S 
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alsoi let the ratio of m to p, be tliat wfakh is ccnnpoimdied of the 
ntiofl of m to », fi to o, and o to ji, which are the same, each to each, 
to the remaining other ratios, viz. of Jtf to iV, to P, and Q to £, 

Then the ratio of h to Zshall be the same to the ratio of m top; or 
h shall be to Z, as m to p. 
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Because e is to/, as (G^ to IT, that is, as) J'to Z; 

and/is to ^, as (K to X, that is, as) 2^ to a ; 
therefore, ex ce(^uali, e is to^, as J'to a : (v. 22.) 
and by the hypothesis, ^ is to jf, that is, /S to r, as e te ^; 
wherefore iSf is to T, as Fto a; (v. 11.) 
and by inTersion, T is to /8> as a to Yx (v. B.) 
but iS^ is to X, as Fto D; (hyp.) 
therefore, ex sequali, jTistoJT, asatoc?: 
also, because h is to A;, as^C'to 1>, that is, as) jTto F"; (hyp.) 
and A; is to / as (J^ to F, that is, as) Fto X; 
therefore, ex aequali, A is to /, as Tto X: 
in like manner, it may be demonstrated, that m is to |7, as a to (f ; 
and it has been shewn, that T is to X, as a to d; 
therefore A. is to /, as m top. (y. 11.) Q.E.D. 
The propositions G and K are usually, for the sake of brevity, «• 
pressed in the same terms with propositions F and J? : and thereforft 
It was proper to shew the true meaning of them when they a» w 
expressed ; especially since they are yery frequen^ made xue oilf 
geometers. 
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In the first four Booki of tlie Elements are considered, only th« 
ibsdYite equality and inequality of Geometrical magnitudes. The Fifth 
Jioek cflntains an exposition of the principles whereby a more definite 
eomparisoQ may be instituted of the relation of magnitudes, besides their 
ample equality or inequality. 

The doctrine of Proportion is one of the most important in the whole 
eoTirse of mathematical truths, and it appears probable that if the subject 
ivere read simultaneously in the Algebraical and Geometrical form, the 
kvestigationa of the properties, ui^er both aspects, would mutuallj 
tssist each other, and both become equally comprehensible ; also their 
distinot characters would be more easily perceived. 

Del T, n. In the first Four Books the word part is used in the same 
Knee as we find it in the ninth axiom, ** The whole is greajter than its 
ptft:" where the word pari means any portion whateyer of any whole 
lagnitude : but in the Fifth Book, the word pari is restricted to mean 
tint portion of magnitude which is contained an exact number of times 
h the whole. For instance, if any straight line be taken two, three, four, 
•r any number of times another straight line, by £uc. i. 8 ; the less line 
kmed apart, or rath^ a submultlple of the greater line ; and the ^eater, 
a multiple of the less line. The multiple is ccnnposed of a repetition of 
the same magnitude, and these definitions suppose that the multiple may 
lie divided into its parts, any one of i^diich is a measure of the multiple. 
And it is also obvious that when there are two magnitudes, one of which 
■ a Btultiple of the other, the two magnitudes must be of Uie same kind, 
tbt is, they must be two lines, two angles, two surfiEuses, or two solids : 
Ihni, s triangle is doubled, trebled, &c., by doubling, trebling, &c. the 
hve^ and completing the figure. The same may be said of a parallelo- 
inm. Angles, arcs, and sectors of equal circles may be doubled, trebled, 
*tty multiples found by Prop, zxyi— xxix. Book ni. 

Two magnitudes are said to be oommenntrable when a third magnitude 
of ^ same kind can be found which will measure both of them ; and 
Ibis third magnitude is called their common meawre : and when it ia the 
greatest magnitude which will measure both of them, it is called the 
fftattti common msasurs of the two magnitudes : also when two magni- 
tudes of the same kind have no common measure, they are said to be 
^^nmmetuurable. The same terms are idso applied to numbers. 

Unity has no magnitude, properly so called, but may represent that 
l<ntu» of every kind of ma^itude which is assumed as the measure of 
lU loagnitudes of the same kmd. The composition of unities cannot pro- 
^ce Geometrical magnitude ; three units are more in number than one 
Nit, but stiU as much different from magnitude as unity itself. Numbers 
^ be considered as quantities, for we consider every thing that can be 
^^Ktlj measured, as a quantity. 

Uiuty is a common measure of all rational numbers, and all numerical 
Reasonings proceed upon the hypothesis that the unit is the same through- 
^t the whole of any particular process. Euclid has not fixed the magni- 
^ttde of any unit of length, nor made reference to any unit of measure of 
ingles, surfaces, or volumes. Hence arises an essential difference between 
^mibtst and magnitude ; unity, being invariable, measures all rational 
jtabers ; but though any quantity be assumed as the unit of magnitude, 
u is impossible to assert that this assumed unit will measure aU othev 
Duignitudes of the same kind. 

Digitized by VjOOQIC 



236 buclid's elements. 

All whole numbers therefore are commensurable ; for unity is thdi 
common measure : also aXL rational fractions proper or improper, are com- 
mensurable ; for any such fractions may be reduced to other equiyaleol 
fractions having one common denominator, and that fraction whose de* 
nominator is the common denominator, and whose numerator is umt|; 
will measure any one of the fractions. Two ma^itudes haying a commatt 
measure can be represented by two numbers which express the number of 
times the common measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exacUy represented bf 
any two whole nimibers or fractions whatever ; as, for instance, the Bidt 
of a square is incommensurable to the diagonal of the square. Por, it la^ 
be shewn numerically, that if the side of the square contain one unit m 
length, the diagonal contains more than one, but less than two units «f 
length. If the side be divided into 10 units, the diagonal contains moit 
than 14, but less than 15 such units. Also if the side contain 100 u]iit% 
the diagonal contains more than 141, but less than 142 such units. It it 
also obvious, that as the side is successively divided into a greater numbef 
of e(^ual parts, the error in the magnitude of the diagonal will be diminished 
contmually, but never can be entirely exhausted ; and therefore into wbak^ 
ever number of equal parts the side of a square be divided, the diasooil 
will never contain an exact number of such parts. Thus the diagonal and 
side of a square having no common measure, cannot be exactly Tepn^ 
sented by any two numbers. 

The term equimultiple in Geometry is to be understood of magnitadet 
of the same kind, or of different kinds, taken an equal number of times, anft 
implies only a division of the magnitudes into the same number of eqoal 
parts. Thus, if two given lines are trebled, the trebles of the lines «• 
equimuUipUa of the two lines : and if a given line and a given trian^ bi 
trebled, the trebles of the line and triangle are equimultiples of the Um 
and triangle : as (vi. 1. fi^.) the straight line HC and the triangle 4B0 
are equimultiples of the Ime BC and tne triangle ABC: and in die same 
manner, (vi. 33. fig.) the arc EN and the angle EHN are equimultiplea«l 
the arc EF and the angle EHF. 

Def. III. Aoyos fcrrl ivo /AiyeOcSv 6fioytifwv ij koto orifXticaxiyTa irpii 
dWfiXa iroid <rx£<r (s. By this definition of ratio is to be imderstood the coa^ 
ception of the mutual relation of two magnitudes of the same kind, as twi 
straight lines, two angles, two surfaces, or two solids. To prevent aof 
misconception, Def. iv. lays down the criterion, whereby it may be knows 
what kinds of magnitudes can have a ratio to one another ; namdjl 
A6yov «x***' "irpoB <?\\ij\a fityidti Xtyeroi, cf iuuaTai aroXXoarXoorio^o^tvi 
o'XXtiXeov virspixsiv. " Magnitudes are said to have a ratio to one anothfli| 
which, when they are multiplied, can exceed one another ;" in other wordi 
the magnitudes which are capable of mutual comparison must be of tiifl 
same kmd. The former of the two terms is called the antecedent ; and thi 
latter, the consequent of the ratio. If the antecedent and consequent ai4 
equal, the ratio is called a ratio of equality ; but if the antecedent be greatM 
or less than the consequent, the ratio is called a ratio of greater or of lesi 
inequality. Care must be taken not to confound the expressions *< ratii 
of equality" and ** equality of ratio :" the former is applied to the teniM 
of a ratio when they, the antecedent and consequent, are equal to <M 
another, but the latter, to two or more ratios, when they are equal* 

Arithmetical ratio has been defined to be the relation whidi one numbU 
bears to another with respect to quotity ; the comparison being made b) 
considering what midtiple, part or parts, one number is of the other. 
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An aritiimetical ratio, therefore, is represented hj the quotient which 
irises from dividing the antecedent br the consequent of tne ratio ; or by 
t]ie fraction which has the antecedent for its numerator and the consequent 
fer it8 denominator. Hence it will at once be obvious that the properties 
tf arithmetical ratios will be made to depend on the properties of frac^ons. 

It must ever be borne in mind that the subject of Geometry is not 
number, but the magnitude of lines, angles, surfaces, and solids ; and its 
object is to demonstrate their properties by a comparison of their absolute 
ind relative magnitudes. 

Also, in Geometry, muUiplication is only a repeated addition of the same 
ti^tude ; and divUum is only a repeated subtraction, or the taking of a 
3sss magnitude successively from a greater, until there be either no re- 
nunder, or a remainder less than the magnitude which is successively 
iBbtracted. 

The Geometrical ratio of any two given magnitudes of the same kind 
viU obviously be represented by the magnitudes themselves ; thus, the 
Alio of two Hnes is represented by the lengths of the lines themselves ; 
lld» in the same manner, the ratio of two angles, two surfaces, or two 
tilids, will be properly represented by the magnitudes themselves. 

lathe definition of ratio as given by Euclid, all reference to a third 
ttgaitude of the same geometrical species, by means of which, to compare 
^ two, whose ratio is the subject of conception, has been caremlly 
•raided. The ratio of the two magnitudes is their relation one to the other, 
iHAout the intervention of any standard unit whatever, and all the pro- 
iQSitions demonstrated in tiie Fifth Book respecting the equality or %ne» 

Sf of two or more ratios, are demonstrated independently of any know- 
of the exact numerical measures of the ratios ; and their generality 
ies all ratios, whatever distinctions may be made, as to the terms of 
jlhea being commensurable or incommensurable. 

In measuring any' magnitude, it is obvious that a magnitude of the 
Mae kind must he used ; but the ratio of two magnitudes may be measured 
V every thing which has the property of quantity. Two straight lines 
mil measure the ratio of two tnangles» or parallllograms (vi. 1. fig.) : and 
two triangles, or two parallelograms will measure the ratio of two straight 
liaes. It would manifestly be absurd to speak of the line as measurmg 
tike triangle, or the triangle measuring the line. (See notes on Book ii. ) 

The ratio of any two quantities depends on their relative and not their 
^koktte magnitudes ; and it is possible for tiie absolute magnitude of two 
laantities to be changed, and tiieir relative magnitude to continue the 
MBie as before ; and thus, the eame ratio may subsist between two given 
Kssnitudes, and any other two of the same kind. 

ill this method of measuring Geometrical ratios, the measures of the 
litios are the same in number as the magnitudes themselves. It has how- 
toer two advantages ; first, it enables us to pass from one kind of magni* 
Me ^ another, and thus, independently of any numerical measure, to 
bstitute a comparison between such magnitudes as cannot be directly 
Hmpared with one another : and secondly, the ratio of two magnitudes 
If the same kind may be measured by two straight lines, which form a 
isvpler measure of ratios than any other kind of magnitude. 

Bat the simplest method of all would be, to express the measure of the 
Mio of two magnitudes by one; but this cannot be done, unless the two 
iMgnitudes are commensurable. If two lines AB^ CD, one of which AB 
Contains 12 units of any length, and the other CD contains 4 imits of the 
lune length ; then the ratio of the line 4B to the line CD, is the same as the 
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ratio of the number 12 to 4. Thust two nun&bers may repreaeiit the ]teti( 
of two lines wh^i the lines are commensurable. In the same manner, tvn 
numbers may represent the ratio of two angles, two sui&ees, or two solidi 

Thus, the ratio of any two magnitudes of the same kind may be ex 
pressed by two numb«s, when the magnitudes are commensurable. 3) 
this means, the consideration of ^e rat^ of two magnitudes is changed ti 
the consideratian of the ratio of two numbers, and when one nuxxu>er I 
diyided by the other, the quotient will be a sinffle number, or afradm 
which will be a metuure of the ratio of the two numbers, and therefore o 
the two quantities. If 12 be divided by 4, the quotient is 3, which mea 
sures the ratio of the two numbers 12 and 4. Again, if besides the ratu 
of tiie lines AB and CD which contain 12 and 4 umts respecliyely, we con 
sider two other lines £F and OH which contain 9 and 3 units respectiTei| 
it is obvious that the ratio of the line EF to GH is the same as the rslj 
of the number 9 to the number 3. And the measure of the ratio of 9 f 
3 is 3. That is, the numbers 9 and 3 have the same ratio as tiie numbflU 
12 and 4. 

But this is a numerical measure of ratio, and can only be applied strie^ 
when the antecedent and consequent are to one another as one number | 
another. 

And generally, if the two lines AB, CD contain « and 5 units respe^ 
tively, and q be the quotient which indicates the number of timet th 
number h is contained in a, then q is the measuro of the ratio of the W 
niunbers a and h : and if EF and GH contain e and d units, and the numbQ 
d be contained q times in c : the number a has to h the same ratio as di 
number c has Xxy d, i 

This is the numerical definition of proportion, which is thus eiqveflK 
in Euclid's Elements, Book vii, defimtion 20. *< Four numbers are pi| 
portionals when the first is the same multiple of the second, or the SM 
part or parts of it, as the third is of the fourth." This definition oft^ 
proportion of four numbers, leads at once to an equation : 



for, sintfi a contains 5, a times ; ~ es jf : 



and since c contains d, q times ; - = j^ : 

therefore 1=3 which is the fundamental equation upon which all ti 
d 

reasonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes is eqitl 
to the product of the means. 

For if a, b, <?, d be proportionals, or a\h ixeid. 

Then j = 5, 

Multiply these equals by hd, 

ahd cbd 

or, ad= be, 

that is, the product of the extremes is equal to tiie product of the moaa 

And conversely. If the product of the two extremes be equal to tl 

product of the two means, the four numbers ore proportionals. 

For if a, 6, c, d, be four quantities. 
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tuoh that ad mho, 

m ^Tiding these equalg by bd, therefore ^ » ni 

and a I b xi o ; d, 
t the first number has the aame ratio to the second, as the thhrd has to 

lie fourth. 

[ Xfes^ythenot^a 5*; and conyersely if am^ m 6>: then - »- • 

These results are analogous to Props. 16 and 17 of the Sixth Book. 

Sometimes a proportion is defined to be 1^ equality of two ratios. 

Bet vni declares the meaning of the term analogy or proportion. The 

^"^ of two lines, two angles, two sur^Evces or two solids, means nothing 
thoa their relative magnitude in contradistinction to their absolute 
itades ; and a similitude or likeness of ratios implies, at least, the two 
I of the four magni t ud e s which constitute the analogy or proportion. 

Bel IX states that a proportion consists in three terms at least; the 
buung of which is, that the second magnitude is repeated, being made 
fe e(m8equent of the first, and the antecedent of the second ratio. It is 
iioobyious that when aproportion consists of three magnitudes, all three 
ft of the same kind. l5ef. vi appears only to be a Luther explanation 
rThat is implied in "Det nn. 

Be£ y. Proportion haying been defined to be the simiKtxide ofraiiot^ 
Imore properly, the equality or identity of ratios, the fifth definition lays 
^8 criterion by which two ratios may be known to be equal, or four 
Bgnitudes proportionals, without inyolymg' any inquiry respecting the 
^ Quantities, whether the antecedents of the ratios contain or are con- 
ked in their consequents exactly ; or whether there are any magnitudes 
Deh measure the terms of the two ratios. The criterion only requires, 
itt the relation of the equimultiples expressed should hold good, not 
ttely for any particular multiples, as the doubles or trebles, but for any 
lilti^les whatever, whether large or small. 

This criterion of proportion ma^r be applied to all Geometrical magni- 
des which can be multiplied, that is, to aU which can be doubled, trebled, 
ladrupled, &c. But it must be borne in mind, that this criterion does 
*t exhibit a definite measure for either of the two ratios which constitute 
3 proportion, but only, an undetermined measure for the sameness or 
Hality oi the two ratios. The nature of the proportion of Geometrical 
i^tudes neither requires nor admits of a numerical measure of either 
Ae two ratios, for this would be to suppose that all magnitudes are 
Dunensurable. Thoush we know not the definite measure of either of 
B ratios, further than mat they are bo& equal, and one may be taken as 
e measure of the other, yet particular conclusions may be arrived at by 
b method : for by the test of proportionality here laid down, it can be 
Dyed that one magnitude is greater than, equal to, or less than another : 
^t a third proportional can be foimd to two, and a fourth proportional 
three straight Imes, also lliat a mean proportional can be found be- 
Ben two straight lines : and further, that which is here stated of 
^G^eht lines may be extended to other Geometrical ma^itudes. 
The fifth definition is that of equal ratios. The definition of ratio itself 
^. 3, 4^ eontains no criterion by which one ratio may be known to be 
bl to another ratio : analogous to that by which one magnitude is 
owu to be equal to another magnitude (Euc. i. Ax. 8). The preceding 
luitions (3, 4) only restrict the conception of ratio within certain limits, 
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but lay down no teft for comparison, or the deduction of properties. A] 
Euclid's reasonings were to turn upon this comparison of ratios, a« 
hence it was competent to la^ down a criterion of equality and indquaa 
of two ratios between two pairs of magnitudes. In short, his effectwe a 
finition is a definition of proportionals. . . J 

The precision with wmch this definition is expressed, considering n 
number of conditions involyed in it, is remarkable. Like aU comple 
definitions the terms (the subject and predicate) are convertible : thki 

(a) If four ma^tudes be proportionals, and any equimultiples 1 
taken as prescribedTthey shall haye the specified relations with respei 
to ••* greater, greater," &c. 

(Jb) If of four magnitudes, two and two of the same Geometni 
Species, it can be shewn that the prescribed equimultiples being take 
the conditions imder which those magnitudes exist, must be such as 
fulfil the criterion ** greater, greater, &c." ; then these four magmtoil 
shall be proportionals. 

It may be remarked, that the cases in which the second part of a 
criterion (•* equal, e^ual") can be fulfilled, are comparatively few: muMJ 
those in which the given magnitudes, whose ratio is imder considonttkl 
are both exact multiples of some third ma^tude— or those which 
called commenaurtible. When this, however, is fulfilled, the other twoi 
be fulfilled OS a consequence of this. When this is not the case, or 
magnitudes are incommensurable, the other two criteria determine the 
portionalitjr* However, when no hypothesis respecting conmu 
ability is myolved, the contemporaneous existence of the three 
(*• greater, greater ; equal, equal ; less, less") must be deduced from 
hypotheticcd conditions under which the magnitudes exist, to render 
criterion valid. 

With respect to this test or criterion of the proportionality of 
magnitudes, it has been objected, that it is utterly impossible to x 
trial of aU the possible equimultiples of the first and third niagnita< 
and also of the second and fourth. It may be replied, that the pointi 

Suestion is not determined by making such trials, but by shewing fin 
le nature of the magnitudes, that whatever be the multipliers, if t 
multiple of the first exceeds the multiple of the second magnitude, t 
multiple of t^e third will exceed the mtdtiple of the fourth magnitq 
and if equal, wUl be equal ; and if less, wiU be less, in any case wli 
maybe taken. 

The Arithmetical definition of proportion in Book vn, Def. 20, evl 
if it were equally general with the Geometrical definition in Book y, B 
5, is by no means universally appUcable to the subject of Geometdl 
magnitudes. The Geometrical criterion is founded on multiplicatil 
which is always possible. When the magnitudes are commensurable, i 
multiples of the first and second may be equal or unequal ; but when I 
magmtudes are incommensurable, any multiples whatever of the first H 
second must be unequal ; but the Arithmetical criterion of proportkn 
founded on division, which is not always possible. Euclid has not shfl 
in Book v, how to take any part of a line or other magnitude, or that \ 
two terms of a ratio have a common measure, and therefore the numeil 
definition could not be strictly applied, even in the limited way ia whj 
it may be applied. ^ J 

Number and Magnitude do not correspond in all their relations ; ■ 
hence the distinction between Geometrical ratio and Arithmetical rafl 
the former is a comparision Kardt, vnXtKSTnTa, according to quantity, I 
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fbe latter, according to quotity. The former giTCS an undetermined, 
^^Qgh definite measure, in magnitudes; but the latter attempts to 
'^e the exact value in numbers. 

The fifth book exhibits no method whereby two magnitudes may be 
determined to be commensurable, and the Geometrical conclusions de- 
fuoed from the multiples of magnitudes are too general to furnish a 
siuperical measure of ratios, being all independent of the commensura- 
lOity or incommensurability of the magnitudes themselves. 
I It is the numerical ratio of two magnitudes which will more certainly 
^Bscoyer whether they are commensurable or incommensurable, and 
knee, recourse must be had to the forms and proj^erties of niunbers. 
in numbers and fractions are either rational or irrational. It has been 
leen that rational numbers and fractions can expreit the ratios of Oeo- 
lietrical magnitudes, when they are commensurable. Similar relations 
^incommensurable magnitudes may be expressed by irrational numbers, 
Ltf the Algebraical expressions for such numbers may be assumed and 
employed in the same manner as rational numbers. The irrational 
(Spressions being considered the exact and definite, though imdeter- 
kuned, values of the ratios, to which a series of rational numbers may 
biccessively approximate. 

Though two inconmiensurable magnitudes have not an assignablenume- 
&al ratio to one another, yet they have a certain definite ratio to one 
nother, and two other magnitudes may have the same ratio as the first 
^ : and it will be found, that, when reference is made to the numerical 
?ilae of the ratios of four incommensurable magnitudes, the same irra- 
Bonal number appears in the two ratios. 

' The sides ana diagonals of squares can be shewn to be proportionals, 
gd &ough the ratio of the side to the diagonal is represented Geome- 
tieall^ by the two lines which form the side and the diagonal, there is 
K> national number or fraction which will measure exactly their ratio. 
^ If the side of a square contain a units, the ratio of the diagonal to the 
ideis numerically as y 2 to 1 ; and if the side of another square contain 
limits, the ratio of the diagonal to the side will be found to be in the 
Mioof V2 to 1. Again, the two parts of anv number of lines which 
toy he divided in extreme and mean ratio will be found to be respectively 
fethe ratio of the irrational number V^ — 1 to 8— V5. Also, the 
^tios of the diagonals of cubes to the diagonals of one of the faces will 
K found to be in the irrational or incommensurate ratio of V 3 to V 2. 

Thus it will be found that the ratios of all incommensurable magni- 
hides which are proportionals do involve the same irrational numbers, 
^ these may be used as the numerical measures of ratios in the same 
tisimer as rational numbers and fractions. 

It is not however to such enquiries, nor to the ratios of magnitudes 
1^ expressed as rational or irrational numbers, that Euclid's doctrine 
» proportion is legitimately directed. There is no enquiry into what a 
Btio is in numbers^ but whether in diagrams formed according to assigned 
onditions, the ratios between certain parts of the one are the same as 
w ratios between corresponding parts of the other. Thus, with respect 
!>any two squares, the question tnat properly belongs to pure Geometry 
I !— whether the diagonals of two squares have the same ratio as the 
^es of the squares ? Or whether the side of one square has to its 
^onal, the same ratio as the side of the other square has to its diagonal ? 
w again, whether in Euc. vi. 2, when BC and DE are parallel, the line 
^D has to the line DJ, the same ratio that the line C£ has to the line 
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AEl There Unapuiposeoa the part of Euclid, to as^gn either of l^ese 
ratioB in numbers : but only to prove that their uniyersal sameness is 
inevitably a consequence or the original conditions according to which 
the diagramft were constituted. Th^re is, consequently, no introduction 
of the idea of incommensurables : and indeed, with such an object ai 
EuoUd had in view, the simple mention of them would have been at least 
irrdevant and superfluous. If however it be attempted to apply nmnen- 
cal considerations to pure geometrical investigations, incommensuraldtt 
will soon be apparent, and difficidties will arise which were not foreseen. 
Euclid, however, effects his demonstrations without creating this arti* 
fidal difficulty, or even recognising its eiustence. Had he assumed a 
standard unit of length, he would have involved the subject in nmnerir 
cid considerations; and entailed upon the subject of Geometry the; 
almost iosuperable difficulties which attach to all such methods. 

It cannot, however, be too strongly or too frequently impressed xxgom 
the learner's mind, that all Euclid s reasonings are independent of the 
numerical expositions of the magnitudes concerned. That the enqoiij 
as to what numerical function any magnitude is of another, belongs n^ 
to Pure Geometry, but to another Science. The consideration c^ any 
intermediate standard unit does not enter into pure Geometry; into 
Algebraic Geometry it essentially enters, and indeed constitutes the funda- 
mental idea. The former is wholly free from numerical considerations; 
the latter is entirely dependent upon them. 

Del vn is analogous to Def. 5, and lays down the criterion whereby 
the ratio of two magnitudes of the same kind may be known to be greater 
or less than the ratio of two other magnitudes of the same kind. 

Def. XI includes Def. x. as three magnitudes may be continued pro* 
portionals,''as well as four or more than four. In continued proportionals, 
all the terms except the first and last, are made sucoessivdy the conse- 
quent of one ratio, and the antecedent of the next ; whereas in other 
proportionals this is not the case. 

A series of numbers or Algebraical quantities in continued proportion, 
is called a Geometrical progression^ from the analogy they bear to a series 
of Geometrical magnitudes in continued proportion. 

Def. ▲. The term compound ratio was devised for the purpose of 
avoiding circumlocution, and no difficulty can arise in the iise of it, if 
its exact meaning be strictly attended to. 

With respect to the Geometrical measures of compound ratios, three 
straight lines may measure the ratio of four, as in rrop. 23, Book tu 
For Kto L measures the ratio o£BC to CG, and L to M measures the 
ratio of iDC to CE; and the ratio of K to if is that which is said to be 
compounded of the ratios of iT to X, and LtoM, which is the same as the 
ratio which is compounded of the ratios of the sides of the parallelograms. 

Both duplicate and triplicate ratio are species of compoiind ratio. 

Duplicate ratio is a ratio compounded of two equal ratios ; and in the 
case of three magnitudes which are continued proportionals, means the 
ratio of the first to a third proportional to the first and second. 

Triplicate ratio, in the same manner, is a ratio compounded of thri^ 
equal ratios ; and in the case of four magnitudes which are continued 
proportionals, the triplicate ratio of the first to the second means t^ 
ratio of the first to a fourth proportional to the first, second, and third 
magnitudes. Instances of the composition of three ratios, and of tDph* 
cute ratio, will be found in the eleven^ and twelfth books. 

The product of the fractions which represent or measure the ratios 
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)f xmmbere, corresponds to the compositioii of Oeomftrleal ratios of 
magnitudes. 

It has been shewn that the ratio of two numbers is represented by a 
fraction whereof the numerator is the antecedent, and the denominator 
tiie consequent of the ratio ; and if the antecedents of two ratios be 
muUinlied together, as also the consequents, the new ratio thus formed 
is saia to be compounded of these two ratios ; and in the same manner, 
if there be more than two. It is also obvious, that the ratio compounded 
of two equal ratios is equal to the ratio of the squares of one of me ante- 
eedents to its consequent ; also when there are three equal ratios, the 
ratb compounded of the tlxree ratios is equal to the ratio of the cubes of 
any <me of the antecedents to its consequent. And further, it may be 
observed, that when several numbers are continued proportionals, the 
latlo of the first to the last is equal to the ratio of the product of all the 
antecedents to the product of all the consequents. 

It may be here remarked, that, though the constructions of the pro- 
portions in Book v are exhibited by straight lines, the enunciations are 
ocpfessed of magnitude in g^ieral, and are equally true of angles, 
ttuingles, parallelograms, arcs, sectors, &c. 
The two foUowine axionu may be added to the four Eudid has given. 
Ax. 5. A part of a greater magnitude is greater than the same part 
of a less mwutude. 

Ax. 6. That magnitude of which any part is greater than the same 
part of another, is greater than that other magnitude. 

The learner must not forget that the oapital letters, used generally by 
Euclid in the demonstrations of the fifth Book, represent tfhe magnitudea, 
not any numerical or Algebraical measures of them : sometimes however 
the magnitude of a line is represented in the usual way by two letters 
which are placed at the extremities of the liii«. 
Prop. I. Algebraically. 

Let each of the magnitudes A^ B, C, &c. be equimultiples of as many 
a, b, Cf &c. 
that is, let ^ = 9n times a = ma^ 
B =s m times b s= mft, 
C^m times c s mc, &c. 
First, if there be two magnitudes equimultiples of two others, 
Then A'\- B ^ma -\-mb ^ m(a + ¥y^ m times (a + 6), 
Hence A -k- B\s the same multiple of (a + 6), as it is of a, or B of 6. 
Secondly, if there be three magnitudes equimultiples of three others, 
then A -^ B ■\- C = ma + »i6+mc = m(a + 64-c) 
= m times (a 4- 6 + c), 
Henee^ + B + C is the same multiple of (a + 5 + c); 
as ^ is of a, B oib, and C of e. 
Similarly, if there were four, or any number of magnitudes. 
Therefore, u any number of magnitudes be equimultiples of as many, 
each of each; what multiple soever, any one is of its part, the same 
multii^e shall the first magnitudes be of all the other, 
jprop.n. Algebraically. 

Let A^ the first magnitude, be the same multiple of o, the second, 
^ ^ the third, is of a^ the fourth ; and A^ the fifth the same multiple 
*Aa^ the second, as A^ the sixth, is of a* the fourth. 

m2 
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That is, let il| B m times a, » ma^f 
J^^m times a^ s fna^, 
^ft s n times a, » na„ 
^e B n times a^ s na^, 
Thenby.addition, J^ + '^ = mo, + f^s = (m+n) a« = (m + »^) times ^^ 
and ^f + ^e =5 ma^ + na4 = (m-\-n) a^ = (m + n) timesa^. 
Therefore ^| + ^5 is the same multiple of a„ as ^, + ^/^ is of a^. 
That is, if the first magnitude be the same multiple of the second, as 
the third is of the fourth, &c. 

Cor. If there be any number of magnitudes ^j, ^,, Ag, &c. multiples 
of another a, such that Ji ss nut, J^ ^nop J^sz pa, &c. 

And as many others £„ Bg, f „ &o. the same multiples of another b, 

such that Bj » mb, B^ = nh, Bg s p5, &c. 
Then by addition, ^, + -4, + ^s + &c. = »ia + na + jwi 4- &c. 
= (m + » 4-p + &c.) a=(m + n+;? + &c.) times a i 
and B, 4- B, + B, + &c. = m6 + «ft + 1>& + &c. = (m + « 4 j) + &c.) * 
= (m + n 4- p + &c.) times 6 : 

that is ^i + ^2 + ^, + &c. is the same multiple of a, that 
Bj + B, + JB3 4- &c. is of &. 
Prop. III. Algebraically. 

Let A^ the first magnitude, be the same multiple of o^ the second, 
as Ag the third, is of a^ the fourth, 
that is, let A^^^m times a, = ma^ 
and ^s = m times a^ ^ riM^, 
If these equals be each taken n times, 

then nAi = mna, = mn times a^ 
and nil, s= mna^ = mn times a^ 
or nilj, ni4, each contain a„ a^ respectiyely mn times. 
Wherefore nAi, nA^ the equimultiples of the first and third, are 
respectively equimultiples of a, and a^, the second and foiirth. 

Prop. IV. Algebraically. J 

Let A^f a„ A^, a^, be proportionals according to the Algebraioijj 
definition : 

that is, let A^i a^:: A^ia^ 

then-*=^, 
a, a, 

multiply these equals by - , m and n being any integers, 

nOg " na^ * 

or mAi : na, : : m^, : na^, 

That is, if the first of four magnitudes has the same ratio to th 
second which the third has to the fourth ; then any equimultiples whal 
ever of the first and third shall have the same ratio to any equimultiple 
of the second and fourth. 
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The Corollary is contained in the propotltioii itself : 

for if n be unity, then mJ^ : Og :: mJ^ : a^ : 
and if m be unity, also Aiina^ii Jgi na^, 
Prop. y. Algebraically. 
Let i#i be the same multiple of ai, 

that Jf a part of J\, is of a,, a part of oi. 
Then ^1 — ^, is the same multiple of a^ — a, as ^i is of ^i : 
For let ^1 am times a^ = ma|, 
and Jt a m times a* s= ma^ 
then if|-if2afmH-.iRa,sfln(ai-<^Biii times (a^ - a,), 
that is itfi — ^2 ^ ^^ ^® ^'^^^^ multiple of (o^ - a,} as ^^ is of a,. 
Prop. yi. Algebraically. 
Let Jj, A^ be equimultiples respectiyely of a^, a, two others, 
that is, let A^^m times o^ a moj, 
^2 = *n times a, s ma^ 
Also if Bj a part of ^^ " '^ times o^ s noi, 
and B^ a part at A2— n times Oj = na,. 
Then by taking equals from equals, 

.*. Ai — Bi= rncti - fWj =s (m — n) a^ = (m - n) times Oi, 
A2'' ^2 = ma2 — ««2 =(»> — «) ^2 =("*■" **) times Oj : 
that is, the remainders Ai — ^1, A2 — Bj are equimultiples of a^, ao, 

respectiyely. 
And if m - n =s 1, then Ai — Bi=i Oj, and ^2 ^ ^2 = ^ • 
or the remainders are equal to aj, 02 respectiyely. 

I Prop. A. Algebraically. 

Let Alt a^ A^ a^ be proportionals, 
or ^^ : 02 • : .^3 : 04, 

then ^ = -» 

And since the fraction — is equal to —2, the following relations 
a, a^ 

^J can subsist between A-^ and a,; and between ^, and a^. 

^nt, if ^j be greater than a,; then ^, is also greater than a^x 

Secondly, if A^ be equal to a, ; then A^ is also equal to a^ : 

Thirdly, if ^^ be less than a, ; then As is also less than a^ : 

Otherwise, the fraction -^ could not be equal to the fraction — ^ • 

I^iop. B. Algebraically. 

Let ^1, a,, ^,, a^ be proportionals, 

or All a^M A^i a^ 

Then shall a^i Aiiia^i A^ 

For since ili : Og :: ^3 : 04 

Jl A% 
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and if 1 be diTiddd by each of these equals, 

•a «4 

and therefore a, • -^i : • <*4 • -^t* 
Prop. 0. *' This is frequently made use of by geometers, and is necessary 
to the 6th and 6th Propositions of the 10th Book. Clayins, in his notes 
subjoined to the 8th deS, of Book 6, demonstrates it only in numbers, by 
help of some of the proposiiiims of the 7th Book ; in order to demonBtrate 
the property contained m the 5th definition of the 5th Book, when applied 
to numbers, from the property of proportionals contained in the 20tiL de& 
of the 7th Book : and most of the commentators judee it difficult to prore 
that four magnitudes which are proportiomds according to the 20m del^ 
of the 7th Book, are also proportionals accordmg to the 5th def. of the 
5th Book. But this is easily made out as foUows : 

First, if J, Bt C, D, be four magnitudes, such that A is the same 
multiple, or ike same part of JB, which C is of D : 

Then A, B, C, D, are proportionals : 

this is demonstrated in proposition (o). 

Secondly, if AB contam the same parts of CD that EF does of OH ; 

in this case likewise ^B is to CD, aaEFto GH. 



Let CJTbe a part of CD, and QL the same part of 0H\ 

and let AB be the same multiple of CK, that EF lAoi GL: 

therefore, by Prop, c, of Book v, -4B is to CJT, BsEFtoOL: 

and CD, GH, are equimultiples of CJT, GL, the second and fourth ; 

wherefore, hj Cor. Prop. 4, Book v, -4B is to CD, as £F to GH. 

And if four magmtudes be proportionals according to the 6th def. of BookT, 

they are also proportionals according to the 20th def. of Book th. 

First, ifilbetoD, asCtoD; 
then if ^ be any multiple or part of B, C is ih.e same multiple or 
part of D, by riop, d. Book v. 

Next, if ABhe to CD, aaEFto GH: 
then if AB contain any part of CD, EF contains the same part of GH : 
A B £ F 



for let CKhe a part of CD, and GL the same part of OH^ 

and let ^B be a multiple of CK; 

EF is the same multiple of GL : 

take M the same multiple of GL that JB is of CiT; 

therefore, by Prop, c. Book ▼, ifB is to CK, as If to GX : 

and CD, GH, are equimultiples of CK, GL ; 

wherefore, by Cor. Prop. 4, Book v, -4B is to CD, as If to GH. 

And, by the hypothesis, ilD is to CD, aa EF to GH; 

therefore M is equal to EF by Prop. 9, Book ▼, ^ 

and consequently, EF is Uie same multiple oi GL that AB is of CK, 
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This ia the mtfttod b j which Simsoa diews tliAt th» Qtcoietrical 
definition of proportion is a consequence of the Arithmetical definition, 
•nd conyersely. 

It may however be shewn b j employing the equation -r *■ n > ^^ taking 

Ma, me any equimultiples of a and e the first and third, and nb, nd any 
equimultiples of 5 and d the second and fourth. 

And conversely, it m^ be shewn ex absurdo, that if four quantities 
are proportionals according to the fifth definition of the fifth book of 
Eachd, they are also proportionals according to the Algebraical definition. 

The student must nowever bear in mina, that the Algebraical defini • 
nition is not equally applicable to the Geometrical demonstrations con- 
tamed in the sixth, elerenth, and twelfth Books of Euclid, where the 
Geometrical definition is employed. It has been before remarked, that Geo- 
inetnr is the science of magnitude and not of number ; and though a sum and 
a dif^rence of two map^tudes can be represented Geometrically, as well 
as a multiple of any giyen magnitude, mere is no method in Geometry 
vhereby we quotient of two magnitudes of the same kind can be ex- 
pressed. The idea of a quotient is entirely foreign to the principles of 
the Fifth Book, as are also any distinctions of magnitudes as being com- 
|inensarable or incommensurable. As Euclid in Books yn — x has treated 
lofthe properties of proportion according to the Arithmetical definition 
|aad of their application to Geometrical magnitudes ; there can be no 
|doubt that his mtention was to exclude all reference to ntimerical mea- 
gres and quotients in his treatment of the doctrine of proportion in the 
[Kfth Book ; and in his applications of that doctrine in the sixth, eleventh 
and twelfth, books of the Elements. 

Prop. C. Algebraically. 
I Let ^1, a„ ^„ a^ be four magnitudes. ' 

I First let A^ = ma^ and A^ = ma^ : 

Then A^ : a, :: A^ : a^. 

For since A^ = ma^^ /. m = — ; 
**« 

and A. = ma. /.!» = —?: 

Hence -i =x -1, 
at a^ 

and Ai', a^w A^\ a^. 

Secondly. Let ^i = — a„ and -4, = — a^ : 

m tn 

Then, as before, — i = — , and -^ = — ; 
* ' a, »»' a* 1 

Hence -i = -? 
a, a, 

and Ai\ a^ii A^i a^. 

Prop. D. Algebraically. 

Let ^1, a,, il„ a^ be proportionals, 

or ill : o, : : -<#3 : ««• 
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lint let ill be a multiple of a,, oi Ai^^m timee Oi » moi. 

Tlien shall J^ » ma^f 

For since Ji la^iiA^ia^ 

but since ^i = ma^^ 

. . — = — ^ » or m ss -^ , 

and ^3 = ma^. 
Therefore the third A^ is the same multiple ofa^ the fourth. 

Secondly. If ^^ = - a„ then shall -4, = - a^* 
HI m 

For since — i = — ? ; 

«2 «4 

171 02 ^ 

. ^3 1 , . 1 

/. ' — = -- , and A^ = —OaI 
a^ m ' m 

wherefore, the third ^4, is the same part of the fourth 04. 
Prop. viT. is so obyious that it may be considered axiomatic. Aj» 
Prop. Yiii. and Prop. ix. are so simple and obyious, as not to require 
algebraical proof. 

Prop. X. Algebraically. I 

Let A^ have a greater ratio to a, than A^ has to a. 

Then A, > A^, I 

A 
For the ratio of ^Ij to o is represented by — , I 

and the ratio of -i, to a is represented by — , 

It follows that Ai > A^, 
' Secondly. Let a have to ^, a greater ratio than a has to Ai» 
Then A^ < A^, 

For the ratio of a : ^j is represented by -j- , 

• I 

and the ratio of a : ^1 is represented by -? , 

, . a a 

and smce -j- > -j- $ ' 

A^ A^ I 

dividing these unequals by a, 

1 1 I 

and multiplying these imequals hy A^,A^ 
:. Ai > ^„ 
or As < Ai. 
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Prop. zi. Al(|[ebraieally. 

Let the ratio of ^| : 0, be the lame at the ratio oiA^ia^ 
and the ratio of ^ : ^4 be the same at the ratio of ^ : a«. 

Then the ratio of ^1 : a, shall be the same as the ratio of ^ : a«. 
For since ^1 : 03 : : ^, : a^, 



i A%:o^ 



. A 


A 


. . — ^ ■ 


■ — » 


<H 


»« 


and tinee Jt : 


««:: 


£». 


.£• 


" •« 


■3;- 


Hence ^. 


-^» 


«j 


«.' 


and i4, ; a, 


i.j. 



Prop. XII. Algebraically. 

Let Au <s> -^39 a^ ^s, a« be proportionals, 

so that ^1 : os :: il, : 04 :: J« : a^. 

Thenshflll^, ; a,:: ^i + ^ + J,: aj| + 04 + 0,. 

For since Aiia^iiAsia^nJ^ia^ 

• — * J^ ^ 

• a» " a4 " 0. • 

And \* -it=— , /. Aio^ so^,, 

-•* = --^» A ulia4=Mw 

also JjO^ s Ot^i* 
Hence -4. (^ + 04 + aj « o^M, + -4, + i*.), by addition, 
ana dividing these equals by a, (a, + a« -f ««), 

* * a, '^ a, + a4 + a, ' 
and il, ! «^ : : -^1 + Jt + ^» : Oji + 04 + «4. 
Prop. zm. Algebraically. 

Let J,, a, ^ 04, ^, ag, be sis magnitudes, such that ^, : a, :: ^ : 04, 
but that ^e ratio of ^, : 04 is greater than the ratio of A^ : a^. 
Then the ratio of ^| : a, shall be greater than the ratio of A^ : a^. 

At A. 
For since A^kui: A^ 104 /. — = — , 

but since ^, : 04 > -4» : a, /. — > ~ . 

Hence ^>'^. 
«« «4 
That is, the ratio of J, : a, is greater than the ratio of A^: a^f 
Prop. xTY. Algebraically. 

Let A^, a^ A^^ 04 be proportionals, 
Then if ^, > A^ then a, > 04, and if equal, equal ;, and if less» losa^. 
For since i4| : a, : : ^, : 114, 

"* "* ft. 
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Multiply these equals by j ; 

and because these fractions are always equal, , 

if ^1 be > 4,. then«a must be greater thana*. 

for if a, were not greater than a^, 

the fraction - could not be equal to -j ; 
fl4 -^^ 

which woidd be contrary to the hypothesis. 
In the same manner, 

if ^1 be = -4,, then a^ must be equal to 04, 
and if ^1 be < A^, a, must be less than 04. 
Hence, therefore, if &c. 

Prop. XV. Algebraically. ^ ^ ^ , . - 

Let ill, fla he any magnitudes of the same kind, 
Then Jj : a^iimA. :ma,; 
mAi and mat being any equimultiples of Ai and a,. 

rori> = ^, 
a, fla 
and since the numerator and denominator of a fraction m^ be mul- 
tiplied by the same number without altering the value of the fracUon, 

4i fnA^ 

and All a^ 1 1 rnA^ : moj. 
Prop. XVI. AlgebraScaUy. . , ^ 

Let%4^ a„ ^„ a4 be four magnitudes of the swn© kmd, which aie 

proportionals, 

-4i : ojj : : .-4, : 04. 

Then these shall be proportionals when taken alternately, that Hi 

All A^iiQ^ia^' 

For since Ai : a^ : : ^s • ^ 

then-'=^. 
Multiply these equals by -^, 

, Ai ^^ 
" A^ ^4' 
and A^i A^ii oz : a4« 
Prop, XVII. Algebraieally. 

Let ^1 + fla* «3. ^ + «4» «4 he proportionals, 
then Aif a^ A^, a^ shall be proportiwials, 
yor since ^1 + Oj : Oa : : ^a + a4 ; ^4 
. Ai +ga 4s + «4 
«a "^ *** 

ortli + l =^4-1, ! 

^^a *** 
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and taking 1 jfrom ea«h of thMe equals, 

and Ai : 02 II A^ : a^» 
Prop, xvni, is the converse of Prop, xvii. 
The following is Euclid's indirect aemonstration. 

Let AE, EB, CF, FD be proportionals, 

that is, as ^jB to EB, so let CF he to FD. 

then these shaU be proportionals also when taken jointly ; 

that is, as ^B to BE, so shall CD be to DF, 

A E B 

C Q 'f D 



For if the ratio of AB to BE be not the same as the ratio of CD to DF; 
the ratio of ^B to BE is either greater than, or less than the ratio of 
CD to DF. 

First, let AB have to BE a. less ratio than CD has to DF; 
and let DQ be taken so that AB has to BE the same ratio as CD to DQ : 
and since magnitudes when taken jointiy are proportionals, 
they are also proportionals when taken separately ; (v. 17.) 
therefore AE has to EB the same ratio as CQ to QD ; 
but, by the h^^thesis, AE has to EB the same ratio as CF to FD ; 
therefore the ratio of CQ to QD is the same as the ratio of CF to FD. (v.U.) 
And when four ma^tudes are proportionals, if the first be greater than 
I the second, the third is greater than me fourth ; and if equal, equal ; and 
I if less, less ; (v. 14.) but CQ is less than CF, 

tiierefore QD is less than FD ; which is absurd, 
j^erefrare the ratio of AB to BE is not less than the ratio of CD to DF; 
that is, AB has the same ratio to BE as CD has to DF, 
Secondly. By a simUar mode of reasoning, it may likewise be shewn, 
that AB has the same ratio to BE as CD has to DF, if AB be assumed to 
ilia?e to BE a greater ratio than CD has to DF. 
Prop. xvni. Algebraically, 

Let Ji I a^:: Aai a^. 

Then Ji + 02 : a^ :: A^ -{- a^ : a^, 

For since Aii a^i : A^ : a^, 

... di = £s, 
and adding 1 to each of these equals ; 

••r +»-?+>' 

^1 H- a» -^3 + 04 

or, —=■ = , 

a% «! 

and ^1 + a, : ttjj : : -4^ + ^4 : 04. 
Prop. XIX. Algebraically. 

Let the whole A^ have the same ratio to the^ whole ^2* 
as a\ taken ^om the first, is to a^ taken from the seconds 
that is, let ^1 : il2 : : <h : a,. 
Then ^v — ai ; A^-^ ci^ix Aw A^^ 
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For since j1i : il, :t a^ ; «,, 

Multiplying these equals by -^t 



■■■t' 




02 Ol 


or 


^, 


= ^S 




«i 


«2 


and fobtraoting 1 


from each of these equals. 


. ^i 




^2 1 




— 1 




»i 




«2 ' 


or,^ 


-«» 


.^-^ 


«i 


«• 



«1 



8^4 multiplying these equals by -^ — • 

but 4* = -» 

-*2 «f 

and ill ^ a, : il, — Og : : il, : ^. 
Coi>. If Ji ! i4,::ai sa^ 
Then A^-a^x A^^a^xx 9i\a^ is found piQved in the preoe#g 

process. 
Prop. E. Algebraically. 

hi&t Aiia^i; A^xa^ 

Then shall A^x Ai-a^ xx J, : J^ — 04^ 

For since A^ xa^xx A^xa^f 

subtracting 1 from each of these equala 
butti^--*.. 

«2 «4 

Diyiding the latter by the former of these equals^ 
» -^1 . -^1 — ^b __ 4» . -^8 "" o* . 
" «» ' «2 <»4 ' «4 * 

or ^^ X J ss! ~^ X ^ • 
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__A_ A, , 
or -z am -2 ; 

and ill : ^1 - 0, :: ^ : i^ — Oft* 
Prop, zx. Alffebndcally. 

J^Ai,Ap A^he three magnitudes, and Oit fh» <H» other three, 

Buch that ill : ^ : : Oi : H}, 

and A^x A^i; Oni a^i 

Mt Ai> A^ then shaU Oi > O}, 

and if equal, equal ; andif less, leaa. 

Since A^ : A^ : : Oi : o^, .*. "t- « — > 

al80Binceila:^::aa:a„ /. :^-^, 
and multiplying these equals, 

Az <h 

and since the fraction -7^ is equal to -^ ; 
Az a, 

and that Ai> A^i 
It follows that Oi is > 0,. 
In the same way it may be shewn 

that if ill = ils, then oi s a, ; and if ili be < ilj, then Oi < a|. 
Prop. ia,i, Algebraically. 

Let ill, ^> -^3* be three magnitudes, 

and Oi. CI2, 04 three others, 

such that ^1 : il, : : 0, : Oj, 

and il] : ils ; : Oi : CI2. 

If ^j > il^, then shall (hXhn ^^^ ^ equal, equal ; and if less, less. 

For since ili : ii| : : a, : o^, /.—is — , 

-A3 Os 

and since il« : il* : : Oi : a*, :, -r = ~. 
Az «a 

Multiplying these equals, 

. ^ j^ ^__?? j^ ^ 
'• ila ila oz Oz* 

Ai Oi 

A2 Oz 

and since the fraction -^ is equal to ~ , 

Az <h 

and that ili > ils. 

It follows that also Oi > a,. 

Similarly, it may be shewn, that if ili = ilg, then oi = a, ; 

and if ill < ils, ^o ^i < ^* 
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Prop. zxn. Aleebraically. 

Let Ai, Ai, A^ be three xnagnitudes, 

and aifO^tOz other three, 

such that Ai: A2 II Oil Oif 

and 4, : ^ : : 0, : 0,. 
Then shall ^^ : ^3 : : Oi : a,. 

For since ^1 : ^ : : o^ : Oj, /. — =-, 

and since ^j • -^^s J J <^ J «4> *•?"■• 
Multiply these equals, 

A2 A^ 02 a^ 
or ^ = ?^ 

and All A21: a^ : 03. 

Next if there be four magnitudes, and other four such that 

Ai I A^iioiioz. 

-^2 : -4g :: Oj: Os, 

A^: A^:i a^: a^i 

Then shall Ai : -^4 : : Oi : a^, 

For since Aii A^:: Oi'^h* •*• T" = ~" t 

A A . At ^ 

A^iA^iiOzia^ ,. -j-'^r » 

^4 04 
Multiplying these equals, 

^ -^3 ^02 03 ai 

^ a* 
and Ai ', A^ :i Oi : a^ 
and similarly, if there were more than four magnitudes. 
Prop. xxni. Algebraically. 

Let Ai, A^ A^ be three magnitudes 

and Oi, 02, 03 other three, 

such that Ai : Ai :: Oz : a^ 

and ^ : ^3 : : oi : Oj. 
Then shall ^1 : ^3 : 

For since ^1 : ^ : : Oj : 03, .'. ^' = p 1 
and since A^ ; A^ i: tti kiz, 



X. 


,^ 


^^ 


«j 


^. 


= *i 


^a" 


Oj 
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Multiplying these equals, 

and -4i I -^8 : : aj : oj. 
If there were four magnitudes, and other four, 
such that All Aiii a^i Op 
AjtiA^iKh'^ 
Az I A^ : : Oj J Oj* 
Then shall also Ai\ A^ix Oiia^, 

For since Ai : A^i: a^i a^, /. -ji = ^ , 

-A, a^ 

>|.>|..^./. .^-*2 
A,:A,::a,ta, /. 4-' = ? • 



^. 



Multiplying these equals, 
-4i oi 



-^2 ^8 -^ . f^i «3 <*? 



or _ ^ , 

/. Ai : -^4 : : oi : c^i, 
and similarly, if there be more than four magnitudes. 
Prop. XXIV. Algebraically. 

Let -4i : «2 : : ^3 : o^, 

and A^ia^iiA^i a^. 

Then shall Ai -\- A^ : oz :i A^ + A^ i a^. 

For since A, : 02 i: A^ : a^, /. -i = — S 
and since J» : oj : : ^e : a^, .*. -^ = — 5 

% »4 

Divide the former by the latter of these equals, 
, Ai , A^ A^ A^ 
Oj % 04 a^ 

or ~ X -J = — X -7 , 

• "di — id!? 

■•A A' 
adding 1 to «ach cf these ei^uajs. 
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and ^ 


= ^. 




»2 


«4 




Multiply these equals together, 


Ai + A^ At 


^+^v 


^ 




'-^-^ 


' •* 


e,^i + ^-- 


^+^. 




"^ <h 


•4 





and /. ^1 + ^ : 02 :: -^ + ^ : «4» 
Cob. 1. Similarly may be shewn, that 

Ai " At I 02 *'» -^z ~' -^ • ^i* 
Prop, xzY, Algebraically. 

Let AiiOiii A^iQi, 
and let Ai be the greatest, and consequently a^ the least* 
Then shall ^1 + 04 > a, + ^1^ 
Since Aii 021: A^i a^ 

" «2 a*' 
Multiply these equals by ~ , 

A ^ 

subtract 1 from each of these equals, 

A, ^ a, * 
Multiplying these equals by. — 2— ^ 

Oa - 04 - a4 ' 
but^ = ^. 

•• Oa-»4 "" «2* 

but uii XI2, '.* Ai is the greatest of the. fotur magnitudes,. 

.*. also uli — ^3 > Oa — a^, 

add ^3 + <»4 to each of these equals, 

/. -4i + a^ > Oa + -43. 

** The whole of the process in the Fifth Book is purely lo^eal^ that is* 
the whole of the results are yirtually contained in the defimtions, in Ihe 
manner and sense in which metaphysicians (certain of them) imM;ine aU 
the results of mathematics to be contained in tiieir definitions and hypo- 
theses. No assumption is made to determine the truth of any conse- 
quence of this defimtion, which takes for granted more about number or 
magnitude than is necessary to understand the definition itselt The 
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« 

latter being once understood, its results are deduced by inspection— of 
itself onl^, without the necessity of looking at any thing dse. Hence, 
a great distinction between the fifth and me preceding oooks presents 
itself. The first four are a series of propositions, resting on different fun- 
damental assumptions; that is, about different kinds of magnitudes. 
Ihe fifth is a definition and its developement ; and if the analogy by which 
names have been given in the precedmg Books had been attended to, the 
propositions of that Book would have been called coroUariea of the d^U 
Hon'* — Connexion of Number and Magnitude^ by Professor De M^organ, p.56. 
The Fifth Book of the Elements as a portbn of Euclid's System of 
Qeometry ought to be retained, as the doctrine contains some of the most 
important characteristics of an effectiye instrument of intellectual Educa- 
tion. This opinion is fayoured by Dr. Barrow in the following expressiye 
terms : ** There is nothing in the whole body of the ISlements of a more 
fabtUe inyention, nothing more solidly established, or more accurately 
handled than the doctrine of proportionals." 



QUESTIONS ON BOOK V. 

1. Explain and exemplify the meaning of the terms, multiple ^ tub- 
mvUiple, equimultiple. 

2. What operations in Geometry and Arithmetic are analogous ? 

3. What are the difierent meaning of the term measure in Geometry } 
When are Geometrical magnitudes said to have a common measure? 

4. When are magnitudes said to haye, and not to haye, a ratio to one 
anoUier? What restriction does this impose upon the magnitudes in 
r^ard to their species t 

5. When are magnitudes said to be commensurable or incommensur- 
able to each other ? Do the definitions and theorems of Book y, include 
incommensurable quantities ? 

6. What is meant by the t&rm geometrical ratio f How is it represented ? 

7. Why does Euclid giye no independent definition of ratio ? 

8. What sort of quantities are excluded from Euclid's idea of ratio, 
and how does his idea of ratio differ from the Algebraic definition ? 

9. How is a ratio represented Algebraically f Is there any distinction 
between the terms, a ratio of equality, and equality of ratio f 

10. In what manner are ratios, in Geometry, distinguished from each 
other as equal, greater, or less than one another? What objection is 
there to the use of an independent definition (properly so called) of ratio 
in a system of Geometry/ 

1 1 . Point out the (ustinction between the geometrical and algebraical 
methods of treating the subject of proportion. 

12. What is the geometrical defimtion of proportion ? Whence arises 
the necessity of such a definition as this ? 

1 3. Shew the necessity of the qualification *< any whatever" in Euclid's 
definition of proportion. 

14. Must magnitudes that are proportional be all of the same kind ? 

15. To what objection has Euc. y. def. 5, been considered liable } 

16. Point out me connexion between the more obyious definition of 
proportion and that giyen by Euclid, and illustrate clearly the nature of 
the adyantage obtained by which he was induced to adopt it. 

17. Why may not Buclid*s de^mtion of proportion be superseded in 
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a Byitem of Qeometrj by tlie following: **Foor quantities are propor- 
tionals, when the first is the same mnUiple of the second, or the same 
part of it, that the third is the fourthr 

18. Point out the defect of the following definition : " Four magni- 
tudes are proportional when equimultiples may be taken of the first and 
the third, and also of the second and fourth, such that the multiples of 
the first and second are equal, and also those of the third and fourth." 

19. Apply Euclid's definition of proportion, to shew that if four quan- 
tities be proportional, and if the first and the third be divided into the 
same arbitrairy number of equal parts, then the second and fourth wUl either 
be equimultiples of those parts, or will lie between the same two sue- 
oessiYe multi^es of them. 

20. The Geometrical definition of proportion is a consequence of the 
Algebraical definition ; and converse^. 

21. What Geometrical test has Euclid siven to ascertain that four 
quantities are not proportionals } What is tne Algebraical test } 

22. Shew in the manner of Euclid, that the ratio of 15 to 17 is greater 
than that of 11 to 13. 

23. How far may the fifth definition of the fifth Book be regarded as 
an axiom ? Is it conyertible ? 

24. Def. 9, Book y. ** Proportion consists of three terms at least." 
How is this to be understood ? 

25. Define duplicate ratio. How does it appear firom Euclid that the 
duplicate ratio of two magnitudes is the same as that of their squares ? 

26. When is a ratio compoimded of any number of ratios ? What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 5 to 6 ? 

27. By what process is a ratio found equal to the composition of two 
or more given ratios ? Give an example, where straight lines are the 
magnitudes which express the given ratios. 

28. What limitation is there to the alternation of a Oeomttricai pro- 
portion ? 

29. Explain the construction and sense of the phrases, ex iegmUit 
and ex teguali in proportione perturbcUa, used in proportions, 

30. Exemplify the meaning of the word homologoua as it is used ia 
the Fifth Book of the Elements. 

31. Why, in Euclid v. 11, is it necessary to prove that ratios which 
are the same with the same ratio, are the same with one another ? 

32. Apply the Geometrical criterion to ascertain, whether the four 
lines of 3, 5, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to Euclid's definition, 
that the magnitudes 4, o, 7, 9, are not proportionals. 

34. Give the Algebraical proofs of Props. 1 7 and 18, of the Fifth Book. 

3 5. What is necessary to constitute an exact definition ? In the de- 
mon stration of Euc. v. 18, is it legitimate to assume the converse of the 
fifth definition of that Book ? Does a mathematical definition admit of 
proof on the principles of the science to which it relates ? 

36. Explain why the properties proved in Book v, by means of ttnigU 
lines, are true of any concrete magniiudee, 

37. Enunciate Euc. v. 8, and illustrate it by numerical examples. 

38. Prove Algebraically Euc. v. 25. 

39. Shew that when four magnitudes are proportionaLs, they cannot, 
when equally increased or equally diminishea by any other magnitude, I 
continue to be proportionals. 

40. YSThat groimds are there for the opinion that Eudid intended to 
exclude the idea of numerical measures of ratios in his Fifth Book. 

41. What is the object of the Fifth Book of Euclid's Elements } 
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BOOK VI. 

DEFINITIONS. 

I 

SiKiIiAB rectilineal figures are tkote which have their seyeral 
angles equal, each to each^ and the sides about the equal angles pro- 
portionals. 




n. 

" Heciprocal figures, viz. triane^les and parallelograms, are such as 
have their sides about two of uieir angles |)roportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first." 

in. 

A straight line is said to be cut in extreme and mean ratio, when 
the whole is to the greater segment, as the greater segment is to the 
less. 

IV. 

The altitude of any figure is the straight line drawn from its vertex 
perpendicular to the base. 




PEOPOSITIONL THEOREM. 

Triitngles and paraUeh$ram» i^ihe tame altitude are one to the other as 
iheir hates. 

Let the triangles ABC, A CD, and the parallelograms EC, CF, 
have the same altitude, 

viz. the perpendicular drawn from the point A to BD or BD pro- 
duced. 
As the base ^C is to the base CD, so shall the triangle ABC he to 
the triangle -4 CD, 

and the parallelogram EC to the parallelogram CF, 
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E A F 




HOB O D K L 



Prodace BD both ways to the points JT, X, 
and take any number of straight lines BG, OS, each equal to m 

base BC; (l. 3.) 

and BK, KL, any number of them, each equal to the base CL^ 

and join A G, AK, AK, AL. 

Then, because CB, BG, OH, are all equal, 

the triangles AHG, AOB, ABC, are all equal : (I. 38^ 

tiierefore, whatever multiple the base JGTCis of the base BC, 

the same multiple is the triangle AHC of the triangle ABCi 

for the same reason whatever multiple the base iC is of the base CB, 

the same multiple is the triangle ALCot the triangle ADCi 

and if the base JGTCbe equal to the base CL, 
the triangle AHC is also equal to the triangle ALC: (L 38.) 

and if the base SC be greater than the base CZ, 

likewise the triangle AHC is greater than the triangle ALC', 

and if less, less ; 

therefore since there are four magnitudes, 

viz. the two bases BC, CD, and the two triangles ABC, ACD\ 

and of the base BC, and the triangle ABC, the first and third, any 

equimultiples whatever have been taken, 

VIZ. the base HC and the triangle AHCi 
and of the base CD and the triangle ACD, the second and fourth, 
have been taken any equimultiples whatever, 

viz. the base CL and the triangle ALCi 
and since it has been shewn, that, if the base HC be greater than 
the base CL, 
the triangle AHC is greater than the triangle ALCi 

and if equal, equal ; and if less, less ; i 

therefore, as the base BC\& to the base CD, so iff the triangle ABC 

to the triangle A CD. (v, def. 5.) \ 

And because the parallelogram CE is double of the triangle ABC, 

(1.41.) 

and the parallelogram CF double of the triangle A CD, 
and that magnitudes have the same ratio which meir equimultiples 

have; (v. 16.) 
as the triangle AB C is to the triangle A CD, so is the parallelogram 

j^C to the parallelogram C!F; 
and because it has been shewn, that, as the base .9 C is to the base] 

CDf so is the trian^e ABC to the triangle ACD ; 
and as the triangle ABC is to the triangle A CD, so is the paralle- 
logram BCto the parallelogram CF; I 
therefore, as the base J? C is to the base CD, so is the parallelogram 
EC to the parallelogram CF (v. 11.) 

Wherefore, triangles, &c. Q.E.l>, 
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Cob. From this it is plain, that triangles and parallelograms that 
late equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same 
itraight line ; and haymg drawn perpendiculars from the vertices of 
llie triangles to the bases, the straight line which joins the yertices is 
parallel to that in which their bases are, (l. 33.) because the perpen- 
nculars are both eyasl and parallel to one another. (l. 28.) Then, if 
&e same construction be made as in the proposition, the demonstration 
nil be the same. 

PROPOSITION n. THEOREM. 

If a ttraight line be dravm parallel to one of the tidee of a triangle 
U ^aU cut the other sides, or these produced, proportionally : and conversely, 
y the sides, or the sides produced, be cut proportionally, the straight line 
^M joins the points of section shaM be parallel to the remaining side of the 
witmgte. 

Let DJB be drawn parallel to BC, one of the sides of the triangle ABC, 
Then BD shall be to DA, as CJ^ to JEA. 




Join BE, CD, 
Then the triangle BDJE is equal to the triangle CBB, (I. 37.) 
I because they are on the same base D£, and between the same 
! parallels DJB, BC; 

but ADJE is another triangle ; 
and equal magnitudes have liie same ratio to the same magnitude; 

(V. 7.) 
therefore, as the triangle BDE is to the triangle ADB, so is the 
I triangle CDE to the triangle ADE : 

^t as the triangle ^Dj& to the tnangle-4Dj&, sois^DtoD-4, (Vi.l.) 

because, having the same altitude, viz. the perpendicular drawn 

from the point JS to AB, they are to one another as their bases ; 

[ and for the same reason, as tiie triangle CDJE to the triangle ABE, 

Eoia CE to EA: 

therefore, as BI) to DA, so is CE to EA, (v. 11.) 
Next, let the sides AB, -4 C of the triangle ABC, or tliese sides 
Muced, be cut proportionally^ in the points D, E, that is, so that 
BD may be to DA as CE to EA, and join BE. 

Then BE shall be parallel to BC. 
The same construction being made, 
because as BB to BA, so is CE to EA *, 
ttid as BB to BA, so is the triangle BBE to the triangle ABE; (yi. 1.) 
and as Cj& to EA, so is the triangle CBE to the triangle ABE; 
therefore the triangle BBE is to the triangle ABE, as the triangle 
CBE to the triangle ABE; (v. 11.) 
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that is, the triangles BD£, CDE haVe the same ratio to the trian^ 
ABU: 
therefore the triangle BBE is equal to the triangle CBE: (v. 9.J 

and they are on the same base 2)J&: 
but equal triangles on the same base and on the same side of it, i^ 
between ti^e same parallels ; (I. 39.J 

therefore D£ is parallel to £C. i 

, Wherefore, if a straignt line, &c. aE.D. 

PROPOSITION m. THEOREM. 

If the angle of a triangle he divided into two equal angleSt by a ttraig^ 
line which also cuts the base; the segments of the base shall have the sat 
ratio which the other sides of the triangle have to one another : and cu 
versely, if the segments of the base have the same ratio which the oi&er sM 
of the triangle have to one another ; the straight line drawn from the vertex^ 
the point of section^ divides the vertical angle into two equal angles. 

Let ^^C be a triangle, and let the angle BA Che divided into iM 
equal angles by the straight line AD. 

Then BB shall be to DC, as BA to AC. 




Through the pomt C draw CB parallel to DA, (L 31.) 

and let BA produced meet CBinB. 

Because the straight line A C meets the parallels AD, EC, 

the angle ACE\& equal to the alternate anele CAD : (L 29.) 

but CAD, by the hypothesis, is equal to the angle BAD; 

wherefore BAD is equal to the angle ACE. (ax. 1.) 

Again, because the straight line BAE meets the parallds AD, iC 

the outward angle BAD is equal to the inward and opposite angl 

AEC: (l. 29.) 
but the angle ACE has been proved equal to the angle SAD ; 

therefore also A CE is equal to the angle AEC, (ax. 1.) 
and consequently, the side AE is equal to the side AC: (i. «.) . 
' and because AD is drawn parallel to EC, one of the sides of thetr 
angle ^OE, ^^ ^ ^^ 

therefore 52) is to DC, as J?^ to AEi (VI. 2.) 
but AE is equal to ^ C; 
therefore, as 52) to DC, so is BAU>AC. (v. 7.) 
Next, let 52) be to 2)C, as 5u4 to ^(7, and join ^^. 
Then the angle 5^Cshall be divided into two equal angles by i» 
straight line AD. 

The same construction being naade ; 
because, as BD to DC, so is JfA U> AC; 

Digitized by VjOOQIC 



BOOK TI. PROP. Ill, A. S6S 

and as BJD to DC, so Ib i?^ to ^^»beoauseulDif parallel to J^Ci 
(Yi,2.; 

therefoie BA u to AC, sm BA to AJB: (v. 11.) 
consequently ACiu equal to AB, (v. 9.) 
and therefore the angle A ECU equal to the angle ACE; (L 5.) 
t the angle AEC is equal to the outward and opposite angle BAD; 
md the aiiffle A CE is eoual to the alternate angle CAJD : (l. 29.) 
herefore also the angle mAD is equal to the angle CAD ; (ax. 1.) 
that is, the angle BA C is cut into two equal angles by the straight 
line^D. 

Therefore, if the angle, &c. a E.I>. 

PEOPOSmONA, THEOREM. 

Ifihe outward angle of a iriangle made hy produemg one of it$ eidea, 
\ difrided into two equal angles, by a etraigkt line, which also cute the bate 
pdneed ; the segmenU between the dividing line and the eatremiiiet of the 
tM, have the same ratio which the other sides of the triangle have to one 
)other: and conversely, if the segments of the bate produced have the same 
pio which the other sides of the triangle have ; the straight line drawn firom 
le vertex to the point of section divides the outward angle of the triangle 
K» Ueo equal angles* 

et ABC he a triangle, and let one of its sides ^^ be produced to ^; 
md let the outward an^e CAE be divided into two equal angles by 
the straight line AD which meets the base produced in S, 
Then BD shall be to DC, as ^^ to AC 




Through Cdnw CF parallel to ADi (I. 31.) 

a&d because the straight line A C meets the parallels AD, EC, 

the angle ACFib equal to the alternate angle CAD: (L 29.) 

but CAD is equal to the angle DAE; (hyp.) 

therefore dso DAE is equal to the angle A CF. fax. 1.) 

Attin, because the straight line FAE meets the parallels AD, FC, 

toe outward angle DAE is equal to the inward and opposite angle 

CFA: (1.29.) 

bttt the angle A CFhts been proved equal to the aiurle DAE; 

therefore also the anele -^CFis equal to the angle CFA ; (ax. 1.) 

and consequently uie side AF is equal to the side AC: U- 6^ 

and because ADia parallel to FC, a side of the triangle BCF, 

therefore BD is to DC, as BA to AF: (VI. 2.) 

but AF is equal to ^ C'j 

therefore, as BD is to DC, so is BA to AC. (v. 70 

Next, let BD be to DC, as BA to A C, and join AD. 

The angle CAD, shall be equal to the angle DAE. 

The same construction being made, 

because BD is to DC, as BA to AC; 

Digitized by VjOOQIC 



264 Euclid's elements. 

and that BD is also to DC, as ^-4 to AF\ (vi. 2.) 

therefore ^-4 is to -4 C, as BA to AFx (v. 11.) 

wherefore -4 C is equal to AF, (v. 9J 

and the angle AFC equal to the angle A CFi {i, 5.) 

but the angle APc is equal to the outward angle FAD, (l. 29.) 

and the angle A CF to the alternate angle CAD; 

therefore also FAD is equal to the angle CAD. (ax. 1.) 

Wherefore, if the outward, &c. a E. D. 

PROPOSITION IV. THEOREM. 

The tides ahout the equal angles of eguianpitlar triangles are proportionals , 
and those which are opposite to the equal angles are homologous sides, that is^ 
are the antecedents or consequents of the ratios. 

Let ABC, DCEhe equiangular triangles, having the angle A.BC 
equal to the angle DCE, and the angle ACB to the angle DFC; and 
consequently the angle BA C equal to the angle CDF. (i, 32.) 
The sides about the equal angles of the triangles ABU, DCS attJH 

be proportionals ; 
and those shall be the homologous sides which are opposite to the 
equal angles. 




c £ 



Let the triangle DCF be placed, so that its side CE may be con- 
tiguous to BC, and in the same straight line with it (l. 2jL) 

Then, because th e angle BCA is equal to the angle CFD, (hyp.) 

add to each the angle ABC; 
therefore the two angles ABC, BCA are equal to the two angles 

ABC, CFD : (ax. 2.) 
but the angles ABC, BCA are together less than two right angles i 

the refore the angles ABC, CFD are also less than two right aisles : 

wherefore BA, ED if produced will meet: (i. ax. 12.) 

let them be produced and meet in the point Fi 

then because the angle ABC is equal to the angle DCE, (hyp.) 

^-Fis parallel to CD; (i. 28.) 

and because the angle A CB is equal to the angle DEC, 

AC 18 parallel to FEt (l. 28 ) 

therefore pA CD is a parallelogram ; 

and consequently -4jPis equal to CD, and AC to FD : (l 34.) 

and because A Cis parallel to FE, one of the sides of the triangle FmS^ 

BA is to AF, as BC to CEi (VL 2.) 

but AFis equal to CD; 

therefore, as BA to CD, bo is BC to CEiJy. 7.) 

and alternately, as AB to BC, so is DC to CE; (v. 16.) 
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again, becaniBe CD is parallel to BF^ 

as BC to CE, so is JLD to BEi (vi. 2.) 

but FD is equal to A C*, 

therefore, as BC to CJ2, so is ^Cto DE; (v. 7.) 

and alternately, as ^C to CA, so CE to ED : (v. 16.) 

thefeforey because it luis been proved that AB Ib to BC,bs DC to CE, 

and as J^Cto CA, so CE to ED, 

ex aequali, J?-4 is to AC, aa CD to DE. (v. 22.) 

tiierefore the sides, &c. Q.E.D. 

PROPOSITION V. THEOREM. 

Jfthe sides of two triangles , about each of their angles, be proportionals, 
the triangles shall be equiangular; and the equal angles shall be those which 
are opposite to the homohgoiu sides. 

Let the triangles ABC, DEFhsYe their sides proportionals, 

so that AB is to BC, as DE to EF; 

and BC to CA, as EFto FD; 

and consequently, ex aeauali, BA to AC, m ED to DF. 

Then the triangle ABC shall be equiangular to the triangle DEF, 

and the angles wmch are opposite to the homologous sides shall be 

equal, yiz. the angle ABC equal to the angle DEF, and BCA to 

-KF2>, and also J?^Cto j&i>2^. 



At the points E, F, in the straight line EF, make the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA : (l. 23.) 
wherefore the remaininir angle EOF, is equal to the remaining 
ajigle^^C, (1.32.) 
and the triangle OEFis therefore equiangular to the triangle ABCx 
consequently they have their sides opposite to the equal angles pro- 
portional : (VI. 4.) 

wherefore, as AB to BC, so is OE to EF; 

but as AB to BC, so is DE to EF; (hyp.) 

therefore as DE to EF, so GE to EF; (v. 11.) 

that is, DE and GE have the same ratio to EF, 

and consequently are e^ual. (v. 9.) 

For the same reason, DFis equal to FG : 

and because, in the triangles DEF, GEF, DE is equal to EG, and 

£Fia common, 
the two sides DE, EFare equal to the two GE, EF, each to each; 
and the base Di^is equal to the base GF; 
therefore the angle DEF is equal to the angle GEF, (i. 8.) 
and the other angles to the other angles which are subtended by the 

equal sides 5 (l. 4.) 
therefore th^ angle dPe 19 equal to the angle GFE, and EDF to 
EGF, 

N 
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and because the angle DEFh equal to the angle GJSF, 

and G'J^-P equal to the angle ABC; (constr.) 

therefore the angle ABCia equal to the angle DEF: (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFE^ 

and the angle at A equal to the angle at D : 

therefore the triangle ABC is equiangular to the triangle DEF. 

Wherefore, if the sides, &c. Q. E. D, 

PROPOSITION VL THEOREM. 

Ifttoo triangles have one angle of the one equal to one angle of the othe*-, 
and the aides about the equal angles proportionals^ the triangles shall be 
equiangular, and shall have those angles equal which are opposite to the 
homologous sides. 

Let the triangles ABC, DEFhsLve the angle BA Cia the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, BA to -4 C, as ED to DF. 

Then the triangles ABC, JDEFshs^ be equiangular, and shall have 
the angle ^J?C equal to the angle DEF, ana ACB to DFE. 

D 





B c I 

At the points D, F, in the straight line DF, make the angle FDG \ 
equal to either of the angles BAC, EDF; (i. 23.) 

and the angle DFO equal to tbe angle A CB : ^ 
wherefore the remaining angle at j& is equal to the remaining angle 
at Q : (I. 32.) 
and consequently the triangle D GFIb equiangular to the triangle AB C; 
therefore as BA to A C, so is OD to DFi Cn. 4^ 
but, by the hypothesis, as BA to AC, bo is ED to DFi 
therefore as ED to DF, so is GD to DF; (v. 11.) 
wherefore ED is equal to DG; (v. 9.) 
and D-P is common to the two triangles EDF, GDF: 
therefore the two sides ED, DFare equal to the two sides GD, DF, 
each to each ; 

and the angle EDF is equal to the angle GDF; (constr.) 
wherefore the base EF is equal to the base FG, {I* 4.) 
and the triangle EDF to the triangle GDF, 
and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides : 

therefore the angle DFG is equal to the angle DFE^ 

and the an|;le at 6^ to the angle at JS; 

but the angle DFG is equal to the angle A CB ; (constr.) 

therefore the angle ACB is equal to the angle DFE; (ax« 1.) 

and the angle BAC is equal to the angle EDFi Hiyp-) 
wherefore also the remaining angle at j& is equal to the remaining 

angle at i?; (I. 32.) 
therefore the triangle ^^C is e(]|uiangular to the triangle DEF* 
Wherefore, if two triangles, &c. Q.E.D. 
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PROPOSITION Vn. THEOEEH. 

IftiDO triangles have one angle of the one equal to one angle of the other t 
and the aides about two other angles proportionals ; then, if each of the 
remaining angles be either less, or not less, than a right angle, or if one of 
them be a right angle; the triangles shall be equiangular, and shall have those 
angles equal about which the sides are proportionals. 

Let the two triangles ABC, DUFhsive one angle in the one equal 
to one angle in the other, 
viz. the angle JBA C to the angle JBDF, and the sides ahout two other 
angles ABC, Dj&i^ proportionals, 

so that AB 18 to BC, as DJ^to JBF; 
and in ihe first case, let each of the remaining angles at C, JF*be less 
than a right angle. 

The triangle ABC shall be eauiangular to the triangle BEF, 

yiz. the angle ABC shall be equal to the an^le 1)EF, 

and the remaining angle at C equal to the remaining angle at F, 



M? A 



For if the angles ABC, DJ^i^be not eaual, 

. one of them must be greater than the other : 

let ABC\iQ the greater, 

and at the point B, in the straight line AB, 

make the angle ABQ equal to the angle BEF\ h, 23.) 

and because the angle at ^ is equal to the ancle at D, (nyp*) 

and me angle ABQ to the an^e DEF\ 
the remaining angle AQB is equal to the remaining angle DFEx 

(^•^2-) . . . • 

therefore the triangle ABQ is equiangular to the triangle DEF: 

wherefore as AB is to BQ, so is DE to EF: (vi. 4.) 

but as DE to EF, so, by hypothesis, is AB to BC; 

therefore as AB to ^(7, so is AB to BQ : (v. 11.) 

and because AB has the same ratio to each of the lines BC, BQ, 

BCu equal to BQ j (v. 9.) 

find tiierefore the an^le BQCis equal to the angle BCQ : (I. 5.) 

but the angle BCQ is, by hypothesis, less than a riffht angle ; 

therefore also the angle BQC ia less than a ri^t ancle ; 

and therefore the adjacent angle A QB must be greater than a right 

angle; (1.13.) 

but it was proved that the angle AQB is equal to the angle at F; 

therefore the angle at Fis greater than a right angle; 

but, by the hypothesis, it is less than a right angle ; which is absurd. 

Therefore the angles ABC, DEF axe not unequal, 

that is, they are equal : 

and the an^le at A is equal to the angle at D : (h;^) 

wherefore the remaining angle at C is equal to the remaining angle at 

F: (I. 32.) 

therefore the triangle ABC la equiangular to the triangle DEF, 
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Next, let each, of the angles ^t Q Fhe not less than a right angle. 
Then the triangle ABC shall also in this case be equiangular to the 
triangle JDJEF. 



^. 



A 

D 

o ^ 

C E F 



The same construction being made, 
it may be proved in like manner that ^C is equal to JBG, 
and therefore the angle at C equal to ike angle BOCi ! 

but the angle at C is not less than a right an^le ; (hyp.) 
therefore me angle BOCia not less than a right angle : 
wherefore two angles of the triangle BGCaxe together not less than 
two right angles : 

which is impossible ; (1.17.) 
and therefore the triangle ABC may be proved to be equiangular to 

the triangle DBF, as in the first case. 
Lastly, let one of the angles at C, F, viz. the angle at C, be a right 
angle : in this case likewise the triangle ^^Csnall be equiangmar 
to the triangle DBF. 



A 



zd 



For, if they be not equiangular, 
at the point J9 in the straight line AB make the angle ABG equal 

to the angle DEF\ 
then it may be proved, as in the first case, that BGi% equal to PC: 
and therefore the angle BCG equal to the angle BGCi (l. 5.) 
but the angle BCG is a right angle, (hyp.) 
therefore the angle BGCis also a rirfit angle ; (ax. 1.) 
whence two of the angles of Uie triangle MGCoxe together not less 
than two right angles; 

which is impossible : (1. 17.) 

therefore the triangle ^^Cis equiangular to the triangle DFJFl 

Wherefore, if two triangles, &c Q.E.D. 



PROPOSITION YHI. THEOREM. 

In a righUangled triangle^ if a perpendicular he draton from the rtffhi'^ 
angle to the base; the triangles on each side of it are similar to the tohoia 
triangle, and to one another, 

"Let ABC he a right angled-triangle, having the right angle BAC; 
and from the point A let AI) be drawn perpendicular to the base JSCL 

Then the triangles ABD, ^i)C shall be similar to the whole tri- 
angle ABC, and to one another. 
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A 




Because the angle BAC is equal to tlie angle ADB^ each of them 
being a right anffle, (ax. 11.) 

andtnat the angle at j^ is common to the two triangles ABC, ABJD : 
the remaining angle ACB is equal to the remaining angle BADi 
(1. 32.) ^ 

therefore the triangle ^^Cis equiangular to the triangle ABD^ 
and the sides about their equal angles are proportionals ; (VI. 4.) 

wherefore the triangles are similar : fvi. def. 1.) 
in the like manner it may be demonstrated, tnat the triangle ADC 

is equiangular and similar to the triangle ABC, 
And the triangles ABD, A CD, being both equiangular and similar 
to ABCf are equiangular and similar to each other. 

Therefore, in a right-angled, &c. Q.K.D. 
Gob. From this it is manifest, that the perpendicular drawn from 
the right angle of a right-angled triangle to the base, is a mean propor- 
tional between the segments of the base ; and also that each of the 
sides is a mean proportional between the base, and the segment of it 
adjacent to that side : because in tibe triangles BDA, ADC} BD is to 
DA, ^ DA to DC; (VI. 4.) 

and in the triangles ABC, DBA j BCis to BA, as BA to BD : (VI. 4.) 
and in the triangles ABC, ACD; BC ia to CA^baCA to CD. (VI.4.) 

PROPOSITION IX. PROBLEM. 

' From a given straight line to cut off any part reqtnred^ 

Let AB be the given straight line. 
It is required to cut off smy part from it* 




From the point A draw a straight line A C, making any angle with AB\ 
and in ^ & take any point 2>, 
and take -4Cthe same multiple of AD, that AB is of the part 
which is to be cut off from it ; 

join BC, and draw DE parallel to CB. 

Then AE shall be the part required to be cut off. 

Because ED is parallel to BC, one of the sides of the triangle ABC, 

as OD is to DA, so is BE to EA\ (vi. 2.) 

and by composition, CA is to AD, as ^-4 to AJSi (v. 18.) 
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but CA is a multiple of ^D; rconstr.) 

therefore BA is the same multiple ^ AE\ (v. D.) 

whatever part therefore AI) is of A C, AE is the same part of A'h : 

wherefore, from the straight line ^^ the part required is cut o£ 

Q.E.P. 

PROPOSITION X. PROBLEM. 
To divide a given straight line similarly to a given divided straight ^, 
that is, into parts that shall have the same ratios to one another which the 
parts of the divided given straight line have. 

Let AjB be the straight line given to be divided, and A C the divided 
line. 

It is required to divide AB similarly to AC, 

A 




Let A Che divided in the points D, E\ 

and let AB, A Che placed so as to contain any angle, and join BC, 

and through the points 2), E draw BF, ^6? paraUeLs to BC, (l. 31.) 

Then AB shall be divided in the points F, Q, similarly %q AC, 

Through D draw DHK parallel to AB : 

therefore each of the figures, FBC, HB is a parallelogram ; 

wherefore BHIa equal to FG, and JSK to QB : (l. 34.) 

and because ^J^is parallel to KC, one of the sides oi the triangle 

DKC, 

as CE to ED, so is KH to JSDi (vi. 2.) 

but KH\& equal to BO, and JSD to GF\ 

therefore, as CE is to ED, so is BO to GFi (v. 7,) 

again, because FD is parallel to OE, one of the sides of the triangle 

AOE, 

as ED is to DA, so is G^i^'to FA : (VI. 2.) 

therefore, as has been proved, as CE is to ED, so is J5(r to GF, 

and as ED is to DA, so is G'i^to FA : 

therefore the given straight line AB is divided similarly to wlC aE.F* 

PROPOSITION XI. PROBLEM. 
To find a third proportional to two given straight lines. 

Let AB, AC he the two given straight lines. 
It is required to find a third proportioned to AB, A C, 




let AB, A Che placed so as to contain any angle : 
produce .4-B, ^ e to the points i>, JSf; 
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and make SD equal to AC; 
join -PC, and through 2), draw i)j& parallel to J?a (l. 31.) 

Then CJE shall be a third proportional to AB and A C. 
Because JBOa parallel to DB, a side of the triangle ADB, 
ABiB to jBD, as ^Cto CB: (yl 2.) 
but J9i> is equal to ^ C; 
• therefore as ^-B is to uiC, so is -4C to CB. (v. 7.) 
Wherefore, to the two ghen straight lines AB, A C, a third pro- 
portional CB ia found. Q. £. F. 



PROPOSITION Xn. PROBLEM. 

Tojtnd a fourth proportional to three given straight line$» 

Let A, Bj Cbe the three given straight linet. 

It is required to find a fourth proportional to A^ B, C, 

Take two straight lines DB, DF, containing any angle BDFi 

and upon these make BO equal to A, OB equal to B, and DH equal 

to C; (I. 3.) 

D A 

B 
c 




join OH, and through B draw J&i'' parallel to it (l. 31.) 

Then J2F shall be the fourth proportional to A, B, C. 

Because OJB, is parallel to BFf one of the sides of the triangle DBF, 

DO is to OB, as DHtjo HF; (n. 2.) 

but DO is equal to A, OB to B, and DiT to C; 

therefore, as^isto^, soisCto MF, (v. 7.) 

Wherefore to the three given straight lines A, B, Of a fourth 

proportional HF is found. Q. E. F. 

PROPOSITION Xm. PROBLEM. 
Tojlnd a mean proportional between two given straight lines. 

Let ABf BChe the two given straight lines. 
It is required to find a mean proportional oetween them. 

D 




A B c 

Place ABf BCina. straight line, and upon AC describe the semi- 
circle ADC, 
and froin the point B draw BD at right angles to A C. (i. 11.) . 
Then BD shall be a mean proportional between AB ana BC» 
Joia AD, DC. 
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And because the angle ADC in a semicircle is a ri^t angle, (m. 31.) 
and because in the right-angled triangle ADC^ iD is diawni from 

the right angle perpendicular to the base, 
DB is a mean proportional between AJB, BCihe segments of the 

base : (vi. 8. Cor.) 
therefore between the two given straight lines AB, JBC, ^a mean 

proportional DB is found. a£.F. 



PROPOSITION XIV. THEOREM. 

Eqwil parallelogranu, which have one angle of the one egttal to one 
angle of the other ^ have their sides about the equal angles reciprocalkf pro- 
portioneU': and conversely, parallelograms that have one angle of the one 
equal to one angle of the other, and their sides about the equal angles reci- 
procally proportional, are equal to one another. 

Let AB, BChe equal parallelograms, which have the angles at B 
equal. 

The sides of the parallelo^ams AB, BC about the equal angles, 
shall be reciprocally proportional ; 

that is, DB shall be to BJS, as GB to BF, 

A ■ F 

CZE 



G C 

Let the sides DB, BE be placed in the same straight Hne ; 
wherefore also FB, ^6? are in one straight line : (1. 14.) 
complete the parallelogram FE, 
And because the parallelogram AB is equal to BC, and that FE 
is another pandlelogram, 

AB is to FE, as BCix} FE\ (v. 7.) 
but as AB to FE so is the base DB to BE, (vi. 1.) 

and as ^C to FE, so is the base GB to BF\ 
therefore, as DB to BE, so is GB to BF. (v. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 
viz. as DB to BE, so GB to BF*. 
the parallelogram AB shall be equal to the parallelogram BC* 
Because, as DB to BE, so is (?-B to BF; 
and as DB to BE, so is the parallelogram AB to the parallelogram 
FE', (yi. 1.) 
and as GB to Bp, so is the parallelogram ^Cto the parallelogram FE; 
therefore as AB to FE, so J?C to FE: (v. 11.) 
therefore the parallelogram AB is equal to the parallelogram BC, 
(v. 0.) 

Therefore equal parallelograms, &c. Q.B.D. 
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PBOPOSinON XV, THEOREM. 

Equal irianglet which have ons angle of the one equal to one angle of 
the other t hav& their eidea about the equal anglee reeiproeaUy proportional: 
and conversely^ triaaglee which have one angle in the one equal to one angle 
m tMe o^her, and their eidee about the equal anglee reciprocally proportional 
are equal to one another. 

Let A3 Cf ADEhe equal triangles^ which have the angle BAC 
equal to the angle DAE, 

Then the sides about the equal angles of the triangles shall be re- 
ciprocally proportional ; 

that is, CA shall be to AD, as EA to AE. 




Let ihe triangles be placed so that their sides CAf AD l^e in one 
straight line ; 

wherefore also EA and AS are in one straight line ; (i. 14.) 

andjoin ED. 

Becaiise the triangle AECi& equal to the triangle ^^DJ^, 

and that AED is another triangle ; 

therefore as the triangle CAE, is to the triangle EAD, so is the 

triangle AED to the triangle DAE; (v. 7.) 
hut as the triangle CAE to the triangle EAD, so is the base CA 

to the base AD, (vi. 1.) 
and as the triangle EAD to the triangle DAE, so is the base EA 
to the base AE; (VL 1.) 
therefore as CM to AD, so is JE^ to AE : (v. 11.) 
wherefore the sides of the triangles AEC, ADE, about the equal 

angles are reciprocally proportional. 
Next, let ihe sides of the triangles AEC, ADE about the equal 
angles be reciprocally proportionali 

vk CA to AD as EA to AE. 

Then the triangle ^^C shall be equal to the triangle ADE. 

Join ED as before. 

Then because, as CA to AD, so is EA to AE; (hyp.) 

and as CM to AD, so is the triangle AEC to the triangle PADv 

(VI. I.) 
and as EA to AE, so is the triangle EAD to the triangle EAD ; 

(VI. 1.) 
therefore as the triangle EAO to the triangle EAD, so is the tri- 

ai^le EAD to the triangle EAD\ (v. 11.) ' 
that is, the triangles EACf EAD have the same ratio to the tri- 
angle ^^D: 
wherefore the triangle AECh eq[ual to the triangle ADE^ {v. 9.) 
. Therefore, ^qua^trjangtes,.&«^ Q.&p4 , 
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PROPOSITION XVI. THEOREM. 

If four straight lines be proportionals, the rectangle contained by the 
esttrsmes is equal to the rectangle contained by the means: and conv«rs^, 
if the rectangle contained by the extrctnes be equal to the rectangle con* 
taiMd by the mea$is, the four straight knee are prcportiemals^ 

Let the four straight lines AB, CD, J^, JPbe proportionals, 
viz. as ^5 to CBy so E to F. 
The rectangle contained by AB^ F^ shall be equal to the rectai^le 
contained by &i>, E, 
♦ OH 



□ 



From the points -J, C draw AG, Cffat right angles to ABy CD-. 
(I. 11.) 

and make -46? equal to F, and CJS" equal to E; (i. 3 ) 

and complete the parallelograms BG^ DS* (i. ^1.) 

Because, as AB to CD, so is ^ to jP; 

ftnd that E is equal to OR^ and i^to AG ; 

AB is to CD M OSto AG: (v. 7.) 

therefore the sides of the parallelograms BG, DiST about the equal 

angles are reciprocally proportionidi 
but parallelograms which have their sides about equal iso^les reci- 
procally proportional, are equal to one another j (vi. 14.) 
therefore the parallelogram BGk equal to the paralldogram DJET: 
but the parallelogram ^G' is contained by the straight lines AB, Fi 
because ^^ k equal to P; 
and the parallelogram DBCis contained by CD and E^ 
because CSCia equal to E^ 
t!xerefore the rectangle contained by the straight lineB AB, F, is 

e^ual to that which is contained by CD aad E 
And if the rectangle contained by the strai^t lin&k AB, F^ be 
equal to that which is contained by CA E^ 

these ^Mir lines shall be prdportionaly 
vi2. i^ J? shall be to CA as ^ to JP. 
The sam^ construc^on being made, 
because the rectangle contiuned by the strai^Hlit lines AB, F, is 
«qual to that which is contained by CD^ M, 

and that the rectangle BGiB contained by AB, F^ 
because AG is ecmal to F; 
and the rectangle DHhy CD, E; oecause CJT is equal to E; 
th^efore the paraUelognun ^Gis (equal to the parallelogram DETi 
(ax. 1.) 

and they v(ri» equk&gular : 
but the sides about the equal angles of equal paraUelogxams are 
reciproodly proportional : (vi, li.) 

wheref<^e, «s ABno CD^ so is Ci^to AG 
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BixtCffiBeqjultoJBtUkdAOtoFt 

therefore as AB is to CD, eo la £ to F. (v. 7.) 

Wherefore, if four, &c. Q.E.D. 

PROPOSITION XVn. THEOREM. 

If three etraigM lines he proportionals, the rectangle contained by the 
extremes is equal to the square on the mean ; and connersply, if the rectangle 
contained by the extremes be equal to the square on the mean, ike three 
straight lines are proportionals. 

Let the three straight lines A, JB, Che proportionals, 

Tiz. Bs A to B, w B to C. 

The rectangle contained hj A, C shall he |qual to the squave on B» 

A , , 

B I Il> 



JD- 



D- 



Take D equal to B. 
And because as ,^4 to -B, so J? to C, and that B is equal to D; 

A is to ^, as 2> to €i (v. 7.) 
hut if four straight lines be proportionals, the rectangle contained 
^7 the extremes is equal to that 'which is contained by the means ; 
(Tl. 16.) 
therefore the rectangle contained by ^ C is equsd to tiiat con- 
tained hy B, D: 

but the rectangle contained by B, D, is the square on B, 

because B is equal to 2>: 

therefore the rectangle contained by ^, C, is equal to the squarcion B. 

And if the rectangle contained by A, C, be equal to the ^uare on B, 

then A shall ie to B, aa B to C 

The same construction being made, - 

because the rectangle contained by ^, Cis equal to the square on B, 

and the square on B is equal to the rectan^e contained by B^ D, 

because B is equal to 2>; 
therefore the rectangle contained by A, C, is equal to that contained 

hy B,JD: 
but if the rectangle contained by the extremes be equal to thatjcon- 
tamed by the means, the four straight lines are proportionals: (Vl, 16.) 
therefore -4 is to -B, as D to C; 

but B is equal to D; 

Krherefore, as ^ to ^, so ^ to C, 

Therefore, if three straight Knes, kc, Q.E.D. 

PROPOSITION XVUL PROBLEM. 

Upon a given jir/iigM line to describe a recHUxkeal figyn^ $imikir$ ^and 
similarly situated, to a given rectilineal ^figure. 

Let AB be the given straight line, and CDSF^e giren ipctiKneal 
figure of four-udes. 
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It is required upon the given straight line AB^ describe a rectili^ 
neal figure dmilar^ and similarly situated, to CDEF, 
H 

F 2 




Join DFf and at the points ^, J? in the straight line AB, make the 
angle BAO eaual to the angle at C, (i. 23.) 

ana the an^le ABO equal to the angle CDF\ 
therefore the remaining angle A OB is equal to the remaining angle 
(PFDi (i. 32 and ax. 3.) 
therefore the triangle Jf CD is equiangular to the triangle GAB, 
Again, at the points O, J9, in the straight line OB^ make the angle 
-B6?J5r equal to the angle DFE, (l. 23.) 

and the angl6 (?.B^ equal to FDE\ 
therefore the remaining angle '^'JTB is equal to the remaining angle 

FEB, 
. and the triangle FDE equiangular to the triangle GBH\ 
then, because the angle AijtB i& eqim to the angle CFD, and BOB 
to DFE, 
the whole angle AGHU equal to the whole angle CFE; (ax. 2.) 
for the same reason, the angle ABBCis equal to the angle CBE: 
also the angle at A is equal to the angle at C, (constr.) 
and the angle OHB to FEB : 
therefore the rectilineal figure ABHO is equiangular to CBEF'. 
likewise these figures have their sides about the equal angles pro- 
portionals ; 

because the triangles GABj FOB being equiangular, 

^-4 is to AOy as CDto CF-, (VI. 4A 

and because AO is to OB, as CF to FB; 

and as 6?^ is to OH, so is FB to FE, 

by reason of the equiangular triangles BOH, BFE, 

therefore, ex cequali, AO is to OR, as CFto FE, (v. 22.) 

In the same manner it may be proved that AB is to BM, as CB 

to BE: 

and OBT is to MB, mFE to EB. (vi. 4.) 
"Wherefore, because the rectilineal figures ABHO, CBJSF arc 
equiangular, 

and have their sides about the equal angles proportionals^ 
they are similar to one another, (vi. def. 1.) 
Next, let it be required to describe upon a given straight line ABi 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure BKEF of five sides. 

Join BE, and upon the given straight line AB describe the rectili- 1 
neal figure ABMO similar, and sunilarly situated, to the quadxilateralj 
figure CBEF, by the former case : 

and at the points B, H, in the straight line BE, make the angle 
JSTjBX equal to the angle ^DJT, 

and the angle BHL equal to the angle BEKi 
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therefore the remaining angie at X is equal to the remaining angle 
atZ. (I. 32, and ax. 3.) 

And because the figures ABHOf CDJSF^ie similar, 

the angle GHB is ecmal to the angle FUD : (n. def. 1.) 

and BmL is equal to DEK] 

therefore the whole angle OSL is eoual to the whole angle F£K 

for the same reason the angle ABl/ is equal to the angle CDK 

therefore the five-sided figures A OHLB, CpEKD are equiangular 

and because the figures AOHB, CFED are similar, 

OH IB to HB, as JPJ& to -K2>; (vi. def. 1.) 

butas JTlffto^X, sois J^Dtoi^JT; (vi. 4.) 

therefore, ex sBquali, QH is to JETX, as FE to EKx (t. 22.) 

for the same reason, ^^ is to BLy as CD to DKx 

and ^X is to XJT; as DJS: to JT^, (vi. 4.) 
because the triangles BLH, DKE are equiangular : 
therefore because the five-sided figures A OMLB, CFEKD are equi- 
angular, 

and have their sides about the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six sides may be described 
upon a given straight line similar to one given, and so on. Q. e.f. 

PROPOSITION XIX. THEOREM. 

Similar irianfflea are to one another in the duplicate ratio of their homo^ 
logout aides ^ 

Let ABC, DEF he similar triangles, having the angle B equal to 
theangle E, 

and let AB be to BC, as DE to EF, 
so that the side BC may be honiologous to EF. (v. def. 12.) 
Then the triangle ABC shall have to the triangle DEF the dupli- 
cate ratio of that which -BChas to EF. 




A 



Take BO a third proportional to BC, EF, (vi. 11.) 

so that ^Cmay be to EF, as EF to BO, and join OA. 

Then, because as AB to BC, so DE to EF} 

altematelv, AB is to DE, as -BC to EF: (v. 16.) 

but as J5C to EF, so is EF to BO; (constr.) 

. therefore, as AB to DE, soib EF to BO i (v. 11.) 

therefore the sides of the triangles ABO, DEF, which are about the 

equal, angles, are redproeally proportional: 
but tariaagles, whidi have the sides about two equal angles recipro* 
cally proportional, are equal to one another: (vi. 15.^ 

ther^nure the triangle ABO is equal to the tnaagleDEFi 
and because ^ BCU t(y EF, so EF to BQ j 
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• ai»d that if three Btnd^ht lines be proportionaJs, ike first is ssid io 
have to the third, the duphcate ratio of that vhieh it has to thejecond: 
(V. def. 10.) 

therefore J^Chts to BG the duplicate ratio of that whidi^ChafftoJ^ J: 
but as ^Cis toJSO, so is ^e trian|^e ABCto the tn&ng\eABG ; (YLl.) 
therefore ^e triangle ABC has to the triaxigie ABQ^ the duplicate 
ratio of that ^ch J? (7 has to JEFi 
but the tnaogle ABG is equal to the tiiaxkgle DBF; 
therefore ako the triangle ABC has to the triangle DJEFf the dupli- 
cate ratia of that which BC has to JEF, 

Therefore similar triangles, &e. a.£.B, 
Cob. From this it is manifest, tb^t if three stcaight lines he pro- 
portionals, as the first is to the third, so is any triangk upon the nist, 
to a similar and similarly described triangle upon the second. 

PROPOSITION XX. THEOREM. 

Similar pci^gom may he divided into ihfi §€me number iof MmOar Hi' 
angles, having the same ratio to ^neanoiher thai ihepoiygona have ; and the 
polygons have to one another iha (kijpUcats ratio of that whtch their homo- 
logotu sides have. 

Let ABCBEy FGHKL be similar polygons and let AB be the 
side homologous to FGi , 

the polygons ABCDE, FGHKL may be ^>dded into the same 
number of similar triangles, whereof each «hall have to each the same 
ratio which the polygons have ; 

and the polygon ABODE shall have to the polygon FGHKL the 
duplicate ratio of that which the side AB has to iiie side FQ> 




M 



.^ 



Join BE, EC, GL, LH. 
And because the polygon -45 Ci)j& is similar to the polygon FGEKly 
the angle BAE is equal to the angle GFL, (vi. def. 1.) 
and 5.4 is to AE, as GF^ FLi (vi. def. 1.) 
therefore, because the triangles ABE, FGL have an angle in one, 
equal to.an angle in the other, and their-sidesabout these equal anglei 
proportionals, 

the triangle ABEib equiangular 4)o ihe triangle FGLi : (VL 6.) 

and therefore similar to it; fvi. 4.) 

wheirefore the angle ABE is equal to ^e aagie F&L : 

and, beca&se the poJ^rgons axe aimilar, 

the whole angle ABC is eqiial tollie whole angle J^JT; ^TI. iet I) 

therefoafg the rBmaining an^e EB€is equai to the jenwinMig •ng^* 

ZGHi (I. 82. ^d ax. 3.) 

and becanse due triangles ABE, FGL are simOai^ 
; MB ia to BA,£iALG to GFi <TI.4.) 
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and also, because the polygons are flimilar, 
^-^ is to £C, an FQ to GJk; (vi. def. 1.) 
therefore, ex oequali, £B is to JBC, as X 6^ to OH; (v. 22.) 
that is, the sides about the equal ajagles £BCf ZGHeae proportionalB ; 
therefore, the triangle JEBC is equiangular to the triangle LOH^ 
(VI. 6.) and similar to it ; (vi. 4.) 
I for the some reason, the triangle ECD likewise is similar to the tri- 
angle XjEUT: 
therefore the similar polygons ABCDE^ FQHKL are divided into 
the same number of sumlar triangles. 

Also these triangles shall have, each to each, the same ratio whieh 
the polygons have to one another, 
the antecedents being ABE, EBC, ECD, and the consequents 
FQL, LGJS, LHKi 

and the polygon AB CBE shall have to the polygon FGHKZ the 

duplicate ratio of that which the side AB has to the homologous 

tide FG. Because the triangle ABE i» similar to the triangle FGZ, 

ABE has to FGL, the dujSicate ratio of that which the side BE has 

to the side (?X: (Vl. 19.) 
for the same reason, the triangle BEC has to GLS the duplicate 
I ratio .of that which BE has to GZ : 

therefore, as the triangle ABE is to the triangle FGZ, so is the 

triangle BEC to the triangle GZH. (y. 11.) 
Again, because the triangle JBBC is similar to the triangle ZGH, 
£BCha& to ZGH, tiie duplicate ratio of that which the side EC has 

to the side ZHi 
for the same reason, the triangle ECD has to the triangle ZHK, the 
duplicate ratio of that which EC has to ZHi 
therefore, as the triangle EBC is to the triangle ZGH, so is the tri- 
angle ECD to the triangle ZHKi (v. 11.) 
but it has been proved, 
that the triangle EBC is likewise to the triangle ZGH, as the tri- 
angle ABE to the triangle FGZ : 
therefore, as the triangle ABE to the triangle FGZ, so is the triangle 
JEBC toUie triwigle Z GH, and the triangle ECD to the triangle ZHK : 
and therefore, as one of the antecedents is to one of the consequents, 

80 are all the antecedents to all the consequents : ^V. 12.) 
that is, as the triangle ABE to the triangle FGZ^ so is the polvgon 
ABCDE t6 the polygon FGHKZ : 
Wtthe triMigle ^^^has to the trkngle FGZ, the duplicate ratio of 

tiuU; which the side AB has to the homologous side FG\ (yi. 19.) 

therefore ftlso the polygon ^.BCD^has to the4)olygon FGHKZ the 

duplicate ratio of tnat which AB has to the homologous side FG, 

Wherefore, isdmilar polygons, &e. Q. e. d. 
Cor. 1. In like manner it may be proved, that similar four-sided 
f^oies, or ^f atiy niuanber of sides, are one to another in the duplkate 
>atio of their homologous sides : and it has already been pcoved in tri- 
angles : fVL 19.) ther^re, universally, simikr rectilineal figures are to 
one anotner in the duplicate ratio of tiieir homologous jddes. 

Cpx. 2. And if to AS, FG, two of the hwnologoiis sides, a third 
proportional Jf be taken, (vi. 11.) 
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AB has to 3f the duplicate ratio of that which AB has to FO: 
(v. def. 10.) 
but the four-sided figure or polygon upon AB, has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which ^^ has to Jra : (vi. 20. Cor. 1.) 

therefore, as ^ J? is to J/, so is the figure upon AB to the figure 
upon-FG':(v. 11.) 

which was also proyed in triangles : (vi. 19. Cor.) 
therefore, uniyersally, it is manifest, that if three strai^t lines be 
proportionals, as the first is to the third, so is any rectilineal figure 
upon the first, to a similar and similarly described rectilineal figure 
upon the second. 

PROPOSITION XXI. THEOREM. 

Beetilineal figures whieh are similar to the same rectilineal fifftire, are 
also similar to one another. 

Let each of the rectilineal figures .^^, J^ be similar to the rectilineal 
figure C 

The figure A shall be similar to the figure B, 

A 

Because A is similar to C, 
they are equiangular, and also have their sides about the equal 
angles proportional : (VI. def. 1.) 

again, because B is similar to (7, 
they are equiangular, and haye their sides about the equal angles 

proportionals : (vi. def. 1.) 
therefore the figures -4, B are each of them equiangular to Q and 
haye the sides about the equal angles of each of tnem and of C pro- 
portionals. 

Wherefore the rectilineal fieures A and B are equiangular, 
(I. ax. 1.) and haye their sides ^out the equal angles proportionals: 
(v. U.) 

therefore A is similar to B. (vi. def. 1.) 
Therefore, rectilineal figures, &:c, Q.E.D, 

PROPOSITION XXII. THEOREM. 

If four straight lines he proportionals^ the similar rectilineal fiffmrm 
similarly described upon them shall also be preportionals : and converstfy, 
if the similar rectilineal figures similarly described upon four straight ^MM^ 
be proportionals t those straight lines shaU be proportionals. 

Let the four straight lines AB, CD, EF, QH be proportionals, 

yiz. AB to CD, as EFXjq QH\ 
and upon AB, CD let the similar rectilineal figures KAB, LCI> be 

similarly described ; 
and upon EF, G^JTtiie sunilar rectilineal figures MFyNH, in Vik» 
manner : 
the jrectilineal ^gure KAB shall be to LCD, as JfJ^ to KH^ 
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A A -i O V3 ^ O 

A ^ CD E F G H P^ B 

To ABt CD take a third proportional X\ (tl 11.) 

and to EFf OH a third proportional O : 

and because AB is to Ci) as ^i^to QH, 

therefore CD ia to X, as QHUi O; (v. 11.) 

wherefore, ex ce^uali, as AB to X, so ^i^to O: (v. 22.) 

but as AB to X| so IS the rectilineal figure KAB to the rectilineal 

figure LCD, 
and as EFijo O, so is the rectilineal figure MF to the rectilineal 
figure NHi (vi. 20. Cor. 2.) 

therefore,as JT^-BtoiCA sois JfFtoiVK (v. lU 
And if the rectilineal figure KAB be to LCD, as MFXo NH; 
the straight line AB shall be to CD, as EF to OH 
Make as ^^ to CD, so ^J^'tp PJB, (vi. 12.) • 
and upon PR describe the rectilineal figure 8R similar and simi* 
I larly situated to either of the figures MF, NH: (vi. 18.) 

then, because as AB to CD, so is EF to PM, 
I and that upon AB, CD are described the similar and similarly 

U situated rectilineals KAB, LCD, 
upon EF, PR, in like manner, the similar rectilineals MF, SR ; 
therefore KAB is to LCD, as JIfFto SR : 
but by the hypothesis KAB is to LCD, as MF to NHi 
uid therefore the rectilineal 3£F having the same ratio to each of the 
two NH, SR, 

these are e<}ual to one another; (v. 9.) 
they are also similar, and similiarly situated ; 

therefore OH is equal to PR : 

and because as AB to CD, so is EF to PR, 

and that PJB is equal to OH; 

ABisijo CD, as EFto OH. (V. 7.) 

If therefore, four straight Unes, &c. Q.E.D* 

PROPOSITION XXm. THEOREM. 

EguiangtUar paraUelograms have to one another the ratio which is 
impounded of the raiioe of their sides, 

let A C, CF be equiangular parallelograms, haying the angle BCD 
sqoal to the angle ECO. 

Then the ratio of the parallelogram ^Cto the parallelogram CF, 
ihall be the same with the ratio vmich is compounded cf the ratios of 
te sides. 

A D H 




KLM 
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Let BC, CO be placed in a straight line; 

therefore DC and CE are also in a straight line j (i. 14.) 

and complete the parallelogram DGi 

and taking any straight line K, 

make as jBCto CO, so JTto L ; (vi. 12.) 

and as DC to CE, so make L\jo M\ (VI. 12.) 

therefore, the ratios of K to X, and L to My are the same with the 

f ratios of the sides, 

viz. of -BCto CO, and DC to CE: 
but the ratio of ^ to Jfcf is that which is said to be compomided of 
the ratios of ^ to i, and L to Jfcf j (v. def. A.) 
therefore JT has to J(f the ratio compounded of the ratios of the sides: 
and because as ^C to CO, so is tae parallelogram w^ C to the paral- 
lelogram CJSTj (VI. 1.) 

but as ^Cto Ca, so is JTto X; 
therefore JT is to Z, as the parallelogram ^C to the parallelogram 

CH: (V. 11.) 
again, because as DC to CE, so is the parallelogram CS to the 
parallelogram CF; 

but as DC to CE, so is L to Jf; 
wherefore L is to M, as the parallelogram CM to the parallelogram 
CFi (V. 11.) 

therefore since it has been proved, 

that as JT to X, so is the parallelogram AC to the parallelogram CS\ 

and as X to M, so is the parallelogram CH to the parallelogram CF\ 

ex sequali, ^ is to itf, as the parallelogram AC to the paraJlelograoi 

CF: (V. 22.) 
but K has to 3f the ratio which is compounded of the ratios of the 

sides ; 
therefore also the parallelogram AChos to the parallelogram CF 
the ratio which is compounded of the ratios of the sides. 
Wherefore, equiangular parallelograms, &c. a.£.D. 

PROPOSITION XXIV. THEOREM. 
Parallelograms about the diameter of any parallelogram, are similar ft 
the tohole, and to one another, , 

Let ABCD be a parallelogram, of which the diameter is ^C; 

and EO, mK paraUelograms about the diameter. 
'Hie parallelograms EG, HK shall be similar both to the \irboli 
parallelogram ABCD, and to one another. 
A £ B 




D K c 

Because DC, OF sue parallels, 

the angle ADCis equal to the angle AOF: (I. 29.) 

for the same reason, because BC, EFene parallels, 

the angle ABCia equal to the angle AEF: 
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and each of the angles BCD, EFG is equal to the opposite angle 
DAB, (L 34.) 

and therefore they are equal to one another : 
wherefore the parallelograms ABCD, AEFO, are equiangular : 

and because the angle ABOb equal to the angle AEI't 
and the angle B AC common to the two triangles BAC, EAF, 
they are equiangular to one another ; 
therefore as AB to BC, so is AE to EF: (VI. 4.) 
and because the opposite sides of parallelograms are eqiial to one 
another, (l. 34.1 

AB IS to AD as AE XjoAO\ (v. 7.) 

and DC to CB, as QF to FE ; 
and also CD to DA, as FQ to GA : 
therefore the sides of tiie parallelograms ABCD, AEFQ about the 
equal angles are proportionals ; 

and they are therefore. similar to one another; (vi. def. 1.) 
for the same reason, the parallelogram ABCD is similar to the 

parallelogram FHCKi 
wherefore each of the ^arallelo^ams QE, KHh similar to DB : 
but rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another: (yi. 21.) 

therefore the parallelogram QE is similar to KH. 
Wherefore, parallelograms, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

To describe a rectilineal figure which shall be similar to one, and equal 
to another given rectilineal figure. 

Let ABC he the given rectilineal figure, to wbich the figure to be 
described is required to be similar, and D that to which it must be 
equal. 

It is reouired to describe a rectilineal figure similar to ABC, and 
equal to D. 

A 

K 



^ cdd Z\ 

I 1^ G H 



Upon the straight line BC describe the parallelogram BE equal to 
the figure ABC; (I. 45. Cor.) 
also upon UE describe the parallelogram Cilf equal to D, (i. 45. Cor.) 
and having the angle FCE equal to the angle CBL : 
therefore ^Cana CFs^e in a straight line, as also ZE and EM: 
(I. 29. and l. 14.) 
between ^Cand CJ^find a mean proportional GHj (vi. 13.)^ 
and upon GH describe the rectilineal figure KGH similar and simi- 
larly situated to the figure ABC, (vi. 18.) 

Because ^Cis to G'^as G'^to CF, 
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and that if three straight lines be proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarly 
described figure upon the second ; (vl 20. Cor. 2.) 
therefore, bbJBC to CF, so is the rectilineal figure A£C to KOHi 
but as ^Cto CF, so is the parallelogram BB to the parallelogram 

EFi (VI. 1.) 
therefore as the rectilineal figure ^^Cis to KOH, so is the paral- 
lelogram BE to the paralielo^m EF: (v. 11.) 
and the rectilineal figure ABC is equal to the parallelogram BE', 

(constr.) 
therefore the rectilineal figure KGHia equal to the parallelogiam 
EF: (V. 14.) 

but EFiB equal to the figure JD ; (constr.) 
wherefore also KOHis equal to 2) : and it is^ similar to ABC. 
Therefore the rectilineal figure KOH has been described similar to 
the figure ABC, and equal to D, q.e.f« 

PROPOSITION XXVI. THEOREM. 

If two iimilar parallelograma have a common angle, and be aimUarUf 
situated; they are ohout the same diameter. 

Let the parallelograms ABCD, AEFG be similar and sinrilarly 
situated, and have the angle DAB conmion. 

ABCD and AEFQ shall be about the same diameter. 




For if not, let, if possible, the parallelogram BD have its diameter 
AHCin a different straight line from AF, the diameter of the iwral- 
lelogram EG, 

and let GF meet AHCm H; 
and through H draw HK parallel to AD or BC; 
therefore the parallelof^rams ABCD, AKHG being about the same 
diameter, they are smiilar to one another; (vi. 24.) 
wherefore as DA to ^B, so is GA to AK\ (vi. def. 1.) 
but because ABCD and AEFG are similar parallelograms^ (hyp.) 
as DA is to AB, so is GA to AE\ 
therefore as (?^ to AE, so GA to AK, (v. 11.) 
that is, GA has the same ratio to each of the straight lines AJB^ AK\ 
and consequently AK\& equal to AE, (v. 9.^ 
the less equal to the greater, which is impossible : 
therefore ABCD and AKHG are not about the same diameter : 
wherefore ABCD and AEFG must be about the same diameter* | 
Therefore, if two similar, &c. Q.£,D, 
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PROPOSITION XXVn. THEOREM. 

Of all pardUelofframt applied to the eame straight line^ and deficient by 
paraMeloffranUf eimilar and eimilarhf situated to that vfhich ie deteribed 
upmihehalfofthe line; that which is applied to the half^ and ie similar 
toiti defect, is the greatest. 

Let AB be a straight line divided into two equal parts in C; 

and let the parallelogram AD be ap^ed to the half AC, which is 
therefore deficient from the parallelogram upon the whole line AB by 
the parallelogram CE upon the other half CB : 

ot all the parallelograms applied to any other parts of AB, and 
deficient by parallelograms that are similar and similarly situated to 
CE, AB shall be the greatest 

Let AF be any parallelogram applied to AK, any other part of ^^ 
than the half, so as to be deficient nrom the parallelogram upon the 
vhole line AB by the parallelogram XS sinular and similarly situ* 
atedto CB: 



DL 




AD shall be greater than AF. 
First, let AK the base of AF, be ereater than ^ (7 the half of AB : 
and because CB is similar to the parallelogram MK, (hyp.) 
they are about the same diameter : fyi. 26.) 
draw their diameter DB, and complete tne scheme : 
then, because the parallelogram CFis equal to FB, (i. 43.) 
add Jeff to both: 
therefore the whole CflTis equal to the whole KB: 
but CRis equal to CG, (i. 36.) 
because the base -4Cis equal to the base CB; 
therefore CO is equal to KB : ^ax. 1.) 
to each of these equals add CfF; 
then the whole -4-Fis equal to the momon CSX : (ax. 2.) 
therefore CB, or the parallelogram AD is greater than the paral- 
lelogram AF. 

Next, let -^JTthe base of ^JPbe less than AC: 



G FMH 




A KC 



then, the same construction being made, because BC l& equal to CA, 
therefore JOf is equal to MG j (i. 34.] 
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therefore the parallelogram DJEtla equal to the parallelogram DG] 
(L 36.) 

wherefore DHia greater than LO : 

but Dffia equal to DX; (l 4^^ 

therefore DJl is greater than ZO : 

to each of these add AL ; 

then the whole AD is greater than tiie whole AF, 

Therefore, of all parallelograms applied, &c« Q. E. D. 

PROPOSITION XXVni. PROBLEM* 

To a given straigM line to apply a parallelogram equal to a given 
rectilineal Jigure^ and deficient hy a paraUelogram eimilar to a given paral- 
lelogram : but the given rectilineal figure to tohich the parallelogram to bi 
applied is to be equal, must not be greater than the parcUlelogram fxpplied to 
half of the given line, honing its defect similar to the defect of that which is 
to be applied; that is, to the given parallelogram. 

Let u^^ be the given straight line, and Cthe ^ven rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (Yl. 27.) Hian the parallelogram applied to 
the half of the line, having its defect from that upon the wnole line 
similar to the defect of that which is to be applied ; 

and let D be the parallelogram to which tnis defect is required to be 
similar. 

It is reouired to apply a parallelogram to the straight line AB^ 
which shall be equal to the figure C, and be deficient from the paral^ 
lelogram upon the whole line by a parallelogram similar to 2>. 
Divide AB into two equal parts in the point JE, (L 10.) 
and upon EB describe the parallelogram EBFG similar and simi- 
larly situated to D, (vi. 18.) 
and complete the parallelogram A G, which must either be equal i4 

€f or greater than it, by the determination. 
If AG oe equal to C, then what was required is already done : i 
H G OF j 

L M 




^ % 



for, upon the straight line AB, the parallelogram AGia applied equi 
to the figure C, and deficient by the parallelogram J^JF* similar to J), 
But, ifAGhe not equal to C, it is greater than it : 
and JSFis equal to AG; (I. 36.) 
therefore FF also is greater than C 
Make the parallelogram KLMN equal to the excess of FlF abol 
C, and similar and similarly situated to D : (vi. 25.) 

th€9i, since b is similar to FF, (constr.) 

therefore also KM is similar to FF^ (vi. 21.) 

let KL be the homologous side to EG^ and LM\a GFi 

and because FFh equal to Cand JOf together. 
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JSFiB greater than KM; 
pierefore Uie stm^ht line JBO is greater than JSTX, and OF than ZMi 
make (7Xeqaal to ZK, and 6^0 eqnal to LM, (i. 3.) 
and comnlete the panillelogram XGOP : (i. 31.) 
therefore XO is equal and similar to KMi 
but KM\% similar to EF\ 
■wherefore also XO is similar to EF-, 
and therefore XO and FFaxe about the same diameter: (VI. 26.) 
let OPE be their diameter and complete the scheme. 
Then, because ^Fis equal to Cand ZJIf together, 
and XO a part of the one is emial to KM a part of the other, 
the remainder, yiz, the gnomon EltO, is equal to the remainder C: 

(ax. 3.) 
and because OJR is equal to XS, by adding 8E to each, (I. 43.) 

the whole OB is equal to the whole XB : 
but XB is equal to TJ5, because the base AE is equal to the base 
EB:, (I. 36.) 

wherefore also TE is equal to OB : (ax. 1.) 
add XS to each, then the whole TS is equal to the whole, yiz, to 
the ^omon EJRO : 

but It has been proved that the gnomon EBO is equal to C; 
and therefore also tS is equal to C 
! Wherefore the parallelogram TS, equal to the riven rectilineal 
fenre C, is applied to the given straight line AB, deficient by the 
pirallelogram SB, similar to the given one D, because SB is similar 
pBF. (VI. 24.) a.E.F. 

PROPOSITION XXIX. PROBLEM. 

To a given straight line to apply a paaraUelogram eqwd to a given recti- 
^aljigure, exceeding by a parailehgram similar to another given, 

I Let AB be the given straight line, and Cthe given rectilineal figure 
p ^hich the parallelogram to be applied is required to be equal, and D 
le parallelogram to which the excess of the one to be applied aboTe 
pat upon the given line Is required to be similar. 
I It 18 required to apply a parallelogram to the given straight line 
tB which shall be equal to the figure C, exceeding by a parallelogram 
Smilar to D. 

N P X O 

' Divide AB into two equal parts in the point Ey (I. 10.) and upon 
pB describe the paraUelocram EL similar and similarly situated to 
t):(vi.l8.) 

and make the parallelogram G'JST equal to EL and C together, and 
similar and similarly situated to D : (VI. 25.) 

wherefore OHia sunilar to EL\ (TI. 21.) 
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let KJIhe the side homologous to FL, and KO to FJSi 
and because the parallelogram OHia greater than J^X, 
therefore tne side jLfiTis greater than FL, 
taidKOihanFFi 
produce FL and FF, and make FLM equal to KR, and FFN to KG 
and complete the parallelogram MN: 
MNiB therefore equal and similar to GS; 
but GSia similar to FL ; 
wherefore MN is similar to FL ; 
and consequently FL and MN are about the same diameter : (vi. 26. 
draw their diameter FX, and complete the scheme. 
Therefore, since OHib equal to FL and C together, 
and that GHis equal to MN; 
MNis equal to ^L and C: 
take away the common part FL ; 
then the remainder, viz. the gnomon NOLf is equal to C, 
' And because AF is equal to FB, 
the parallelogram ^iVis equal to the parallelogram NB^ (i. 36. 
that is, to BM: (l. 430 

add NO to each ; 
therefore the whole, yiz, the parallelogram AX, is equal to th< 
gnomon NOL : 

but the gnomon NOL is equal to (7; 
therefore also AX is equal to C. 
Wherefore to the straight line AB there is applied the parallelo- 
gram AX equal to the given rectilineal figure C, exceeding by tin 
parallelogram FO, which is similar to D, because PO is BJmilar tc 
FL. (VI. 24.) Q.E.F. 

PROPOSITION XXX. PROBLEM. 
To cut a given straight line in extreme and mean ratio. 

Let AB be the given straight line. 
It is required to cut it in extreme and mean ratio. 





D 







c 

upon AB describe the square BC, (l. 46.) 
and to .^C apply the parallelomim CD, equal to ^C, exceeding b]^ 
the figure AD similar to BC: {ru 29.) 

then, since BCiss, square, | 

therefore also AD is a square : < 

and because BC 16 equal to CD, I 

by taking the common part CF from each, 
the remainder ^-Fis equal to the remainder ADi 
and these figures are equianguLuTi 
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therefore their sides about the equal angles are reciprocally propor- 
tional: (vi. 14.) 

therefore, as -F^ to ED, so AE to EB : 

but FE is equal to A C, (i. 34) that is, to AB ; (def. 30.) 

and EB is equal to AE; 

therefore as BA to AE, so is AE to EB : 

but AB is greater than AE\ 
wherefore AE is greater than EB : (v. 14.) 
therefore the straight line AB is cut in extreme and mean ratio in 
E, (VI. def. 3.) Q.E.F. 

Otherwise, 

Let AB be the given straight line. 

It is required to cut it in extreme and mean ratio. 



A c B 

Divide AB in the point C, so that the rectangle contained by AB, 
BC, may be equal to the square on AC, (il. 11.) 
Then, because the rectangle AB, BC'ib equal to the square on AC\ 
di^BAio AC,^o\& AC to CBi (vi. 17^ 
therefore AB is cut in extreme and mean ratio in C, (vi. def. 3.) 
; Q.E.F. 

PROPOSITION XXXI. THEOREM. 

In right-angled triangles, the rectilineal figure deicribed upon the aide op- 
fotite to the right angle, is equal to the aimilar and similarly described figures 
vpon the sides containing the right angle* 

Let ABC he a right-angled triangle, having the right angle BA C. 
The rectilineal figure described upon ^C shall be equal to the 
similar and similarly described figures upon BA, AC, 




Draw the perpendicular AD: (i. 12. J 
therefore, because in the right-angled triangle ABC, 
^D is drawn from the right angle at A perpendicular to the base BC, 
the triangles ABD, ADC fxre similar to the whole triangle ABC, 
and to one another : (vi. 8.) 
and because the triangle ABCib similar to ADB, 
as CB to BA, so is BA to BD : (VI. 4.) 
and because these three straight lines are proportionals, 
M the first is to the third, so is the ^ure upon the first to the similar 
Mid similarly described figure upon the second : (vi. 20. Cor. 2.) 
therefore as CB to BD, so is the figure upon CB to the similar and 

similarly described figure ujjon BA : 
and inversely, as DB to BC, so is the figure upon BA to that upon 
BC: (V. B.) 

O 
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fbr the same reason, as DC to CB^ so is the figure apon CjL to that 

upon CBx 
therefore as BB and DC together to ^C^ so are the figures upon 
J?ul,-4Cto that upon J?C: (T. 24.) 

but BD and DC together are equal to ^C; 
therefore the figure described on B€ is ^ual to the similar and 
similarly cfesoribed figures on BA, A C, (y. A.) 
Wherefore, in right-angled trian^es, &o. qjld. 



PROPOSITION XXXn. THEOREM. 

Jftwo triangleB which have two sides of the one proportional to two sides 
of the other, be joined at one angle, so as to have their homologoua sides 
parallel to one another ; the remaining sides shaU be in a straight line. 

Let ABC, DCE be two triangles which have the two sides BA, 
ulC proportional to the two CD, BE, 

viz. BA to AC, as CD to DE; 
and let AB be parallel to DC, and ^ C to DE. 




Then BC and CE shall be in a straight line. 
Because AB is parallel to DC, and the straight line -4 C meets them, 
the alternate angles BA C, A CD are equal ; (i. 29.) 
for the same reason, the angle CDE is equal to the angle A CJD ; 
wherefore also BACia equal to CDE: (ax. 1.) 
and because the triangles ABC, DCE have one angle at A equal to 
one at D, and the sides about these anglesproportionals, 
viz. BA to AC, as CD to DJE, 
the triangle -4^ C is equiangular to DC-S: (vi. 6^ 
therefore the angle ABC is equal to the angle DCE: 
and the angle BA C was proved to be equal to A CD ; 
therefore the whole angle ACE is equal to the two angles .ABC, 
BAC: (ax. 2.) 
add to each of these equals the common angle ACB, 
then the angles A CE, A CB are equal to the angles AB C, BA C, A CB : 
but ABC, BA C, A CB are equal to two right angles : fL 32.) 
therefore also the angles A CE, A CB are equal to two rignt angles : ' 
and since at the point C, in the straight line AC, the two atra^rht 
lines BC, CE, which are on the opposite sides of it, make the adjacent 
angles A CE, A CB equal to two right angles ; 

therefore jBCand CE are in a straight line. (1. 14*) | 

Wherefore, if two triangles, &c, Q.B.D. 
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PROPOSITION XXXm. THEOREM. 

J« equal circlet, angles, whether at the centers or eircumfereneee, have 
the tame ratio which the eircumfereneee on which they stand have to one 
another: so also have the sectors. 

Let ABC, DEFhe equal circles; and at their centers the angles 
BGC, EHF, and the angles BAC, EDF, at their circumferences. 
As the circumference ^C to the circumference EF, so shall the 
angle BQC be to the angle EHF, and the angle BAC to the 
angle ^D2^; 
and also the sector ^6rCto the sector ESF. 





Take any number of circumferences CK, KL, each equal to J?C» 

and any number whatever FM, MN, each equal to EF; 

and join GK, GL, MM, im. 

Because the circumferences BC, CK, KL are all equal, 

the angles BGC, CGK, KGL are also all equal : (ill. 27.^ 

therefore what multiple soever the circumference BL is of tne cir- 

^erence BC, the same multiple is the angle BGL of the angle 

for the same reason, whatever multiple the circumference J^JVis of 
file circumference EF, the same multiple is the angle EHN of the 
Migle EHFi 
and if the circumference BL be equal to the circimiference EN, 
the angle ^Gi is also equal to the angle EEN\ (iii. 27.) 
and if the circumference BL be greater than jEN, 
likewise the angle BGL is greater than EHN; and if less, less : 
therefore, since there are four magnitudes, the two circumferences 
BC, EF, and the two angles BGC, EHF; and that of the circum- 
erence BC, and of the angle BGC, have been taken any equimultiples 
^hatever, viz. the circumference BL, and the angle BGL ; and of the 
arcumference EF, and of the angle EHF, any equimultiples what- 
ever, viz. the circumference EN, and the angle EHN: 
and since it has been proved, that if the circumference BL be greater 
than EN; 

liie angle BGL is greater than EHN; 
and u equdl, equal ; and if less, less ; 
herefore as the circumference BC to the circumference EFt so is the 
angle J^G^Cto the angle EHF: (v. def. 50 

ut as the angle BGC ia to the angle EHF, so is the angle BAC to 
the angle EDF: (v. 15.) 

for each is double of each ; (in. 20.) 
ierefore, as the circumference BCh to EF, so is the angle BGCXa 
the angle J&ITF, and the angle ^^C to the angle JEZ>1^. 

o2 
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Also, as the oircumference BC to EF, so shall the sector BOC)^ 
to the sector EHF. 





Join BCj CKy and in the circumferences, BC, CK, take any points 
X, O, and join BX, XC, CO, OK. 

Then, because in the triangles GBC, GCK^ 
the two sides BO, OCaxe equal to the two CO, OK each to each, 
and that they contain equal angles ; 
the base ^C is equal to the base CK, (l. 4^ 
and the triangle OB C to the triangle OCK: 
and because the circumference ^Cis equal to me circumference CK, 
the remaining part of the whole circumference of the circle ABC,'\^ 
e()ual to the remaining part of the whole circumference of the same 
circle : (ax. 3.) 

therefore the angle BXC is equal to the angle COK-, (ni. 27.) 
and the segment BXC is therefore similar to the segment COK-, 
(m. def. 11.) 

and they are upon equal straight lines, BC, CKz 
but similar segments of circles upon equal straight lines, are equal | 
to one another: (III. 24.) 

therefore the segment BXC is equal to the segment COK : 
and the triangle BOCyfSLS proved to be equal to the triangle CGK: 
therefore the whole, the sector BOC, is equal to the whole, the I 

sector COK: 
for the same reason, the sector KOL is equal to each of the sectors 

BOC, COK: 
in the same manner, the sectors JSSF, FHM, MKN may be 

proved equal to one another : 
therefore, what multiple soever the circumference BL is of the circum- 
ference BC, the same multiple is the sector BGL of the sector BGC\\^ 
and for the same reason, whatever multiple the circumference B^ 
is of EF, the same multiple is tiie sector ERN of the .sector 
EHF: 
and if the circumference BL be equal to EN, the sector BGL i^ | 

equal to the sector ERN\ 
and if the circumference BL be greater than EN, the sector BGL 
is greater than the sector EmN; 

and if less, less ; ' 

since, then, there are four magnitudes, the two circumferences BC, 
EF, and the two sectors BOC, ERF, and that of the circumference 
BC, and sector BOC, the circumference BL and sector BGL are any 
equimultiples whatever ; and of the circumference EF, and sector 
ERF, the circumference EN, and sector ERN axe any equimultiples 
whatever j 
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and since it has been proved, that if the circumference BL be nreater 
than EN, the sector BGL is greater than the sector EHN\ 
and if equal, equal ; and if less, less : 
therefore, as the circumference ^Cis to the circumference EF^ so 
is the sector -B(?C to the sector EHF. (v. def. 5.) 
Wherefore, in equal circles, &c. q.e,d. 

PROPOSITION B. THEOREM. 

If an angle of a triangle be bisected by a straight line which likewise cuts 
the hose ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base, together with the square on 
the straight line which bisects the angle. 

Let ABC he a triangle, and let the angle BA C be bisected by the 
straight line AD, 

The rectangle BAj AC shall be equal to the rectangle BD, DC, 
together with the square on AD. 

A 




E 

Describe the circle A CB about the triangle, (IV. 5.) 

and produce AD to the circumference in J&, and join j6(7. 

Then because the angle BAD is equal to the angle VAE, (hyp.) 

and the angle ABD to the angle A EC, (ill. 21.) 

for they are in the same segment ; 

the triangles ABD, A EC are equiangular to one another : (l. 32.) 

thereforeas^-^ to^i>, sois JB-4 to-4C; (vi. 4.) 

i and consequently the rectangle BA, ACis equal to the rectangle EA, 

AD, (VI. 16.) 
that is, to the rectangle ED, DA, together with the square on AD ; 

(II. 3.) 

but the rectangle ED, DA is equal to the rectangle BD, DC; (III. 35.) 

therefore the rectangle BA, ACis equal to the rectangle BD, DC, 

together with the square on AD, 

Wherefore, if an angle, &c. Q. E. D. 



PROPOSITION C. THEOREM. 

If from any angle of a triangle, a straight line be drawn perpendicular to 
the base ; the rectangle contained by the sides of the triangle is equal to the 
ttctangle contained by the perpendicular and the diameter of the circle de* 
scribed about the triangle. 

Let ABC he a triangle, and AD the perpendicular from the angle 
A to the base BC 

The rectangle J?-4, ^C shall be equal to the rectangle contained by 
AD and the £ameter of the circle described about the triangle. 
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Describe the circle A CB about the triangle, (iv. 5.) and draw its 
diameter AE^ and join EC. 

Because the right angle BDA is equal to the angle ECA in a 

semicircle, (III. 31.) 
and the angle ABD equal to the angle ^^C in the same segment; 
(III. 21.) the triangles ABD, AECare equiangular: 
therefore as BA to AD, so is EA to AC; (vi. 4.) 
and consequently the rectangle BA, AC ib equal to the rectangle EA, 
AD, (vi« 16.) If therefore from any angle, &c. Q.E.D. 

PROPOsrnoN d. theorem. 

The rectangle contained by the diagonah of a quadrilateral figure inscribed 
in a circle, is equcU to both the rectangles contained by its opposite sides. 

Let A BCD he any quadrilateral figure inscribed in a circle, and 
join^C, ^D. 

The rectangle contained by A C, BD shall be equal to the two 
rectangles contained by AB, CD, and by AD, BC. 

Make the angle ABE equal to the angle DBC: (r. 23.) 
add to each of these equals the common angle EBD, 
then the angle ABD is equal to the an^le EBC: 
and the angle BDA is equal to the angle BCE, because they are 

in the same segment: (III. 21.) 
therefore the trian^e ABD is equiangular to the triangle BCE: 
wherefore, as j^C is to CE, so is BD to DA ; (vi. 4.) 




and consequently the rectangle BC, ADis equal to the rectangle| 

BD, CE : (VI, 16.) 
again, because the angle ABE is equal to the angle DBC, and thi 
angle BAE to the angle BDC, (iii. 21.) 
the triangle ABE is equiangular to the triangle BCD : J 
therefore as BA to AE, so is BD to DC-, J 

wherefore the rectangle BA, DC is equal to the rectangle BD, A3 
but the rectangle BC, AD has oeen shewn to be equal 

to the rectangle BD, CE ; 
therefore the whole rectangle AC, BDls equal to therectang 
AB, DC, together with the rectancle AD, BC. (n. 1.) 
Therefore the rectangle, &c. Q. K, D. 

This is a Lemma of CI. Ptolemaeus, in page 9 of his MtyoXn Swrr«f«t, 
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Ih thh Book, the theory of propoftion exhibited in the Fifth Book, is 
applied to the compariBon of the sides and areas of plane rectilineal figures, 
both of those which are similar, and of those which are not similar. 

Def. I. In defining similar triangles, one condition is sufficient, namely, 
that similar triangles are those which hare their three angles respectively 
equal ; as in Prop. 4, Book ti, it is proved that the sides about the equal 
angles of equiangular triangles are proportionals. But in defining similar 
figures of more than three sides, both of the conditions stated in Def. i, 
are requisite, as it is obvious, for instance, in the case of a square and a 
rectangle, which have their imgles respectively equal» but have not their 
sides about their equal angles proportionals. 

The following definition J^as been proposed : " Similar rectilineal 
figures of more than three sides, are those which may be divided into the 
same number of similar triangles." This definition would, if adopted, 
require the omission of a part of Prop. 20, Book vi. 

Def, III. To this definition may be added the following : 

A straight line is said to be divided harmonically^ when it is divided 
I into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle i)art. Three lines are in 
harmmical proportion, when the first is to the third, as the difference be* 
tween the first and second, is to the difference between the second and 
third ; and the second is called a harmonic mean between the first and third. 

The expression « harmonical proportion' is derived from the following 
fact in the Science of Acoustics, that three musical strings of the same 
Duaterial, thickness and tension, when divided in the manner stated in the 
definition, or numerically as 6, 4, and 3, produce a certain musical note, 
its fifth, and its octave. 

Def. rv. The term altitude, as applied to the same triangles and paral- 
lelogramu, will be different according to the sides which may be assumed 
as ^e base, unless they are equilateral. 

Prop. I. In the same manner may be proved, that triangles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Prop. A. When the triangle ABC is isosceles, the line which bisects 
the exterior angle at the vertex is parallel to the base. In all other cases, 
if the line which bisects the angle BAC cut the base BC in the point G, 

then the straight line £D is harmonically divided in the points G, C, 

For BG is to GC9SBA is to AC ; (vi. 3.) 

and BD is to DC aa B4 is to AC, (vr. A.) 

therefore BD is to DC a$ B(7 is to GC, 

but BG = BD- Z)G, and GC z= GD - DC. 

'Wherefore BD is to X)0 2i» BD - DG \s to GD - DC. 

Hence BD, DG, DC, are in harmonical proportion. 

Prop. IV is the first c^e of similar triangles, and corresponds to the 
third case of equal triangles, Prop. 2&, Book i. 
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Sometimes the Bides opposite to the equal angles in two equiangular 
triangles, are called the corretponding sides, and these are said to be pro- 
portional, which is simply taking the proportion in Euclid alternately. 

The term homologous {6ft6\oyot), has reference to the places the sides 
of the triangles have in the ratios, ai^d in one sense* homologous sides may 
be considered as corresponding sides. The homologous sides of any two 
similar rectilineal figures will De foimd to be those which are adjacent to 
two equal angles in each fi^re. 

Prop. V, the converse of ±*rop. rv, is the second case of similar triangles, 
and corresponds to Prop. 8, Book i, the second case of equal triangles. 

Prop. Yi is the third case of similar triangles, and corresponds to Prop. 
4, Book i, the first case of e^ual triangles. 

The property of similar triangles, and that contained in Prop. 47, Book 
I, are the most important theorems in Geometry. 

Prop. Yii is the fourth case of similar triangles, and corresponds to the 
fourth case of equal triangles demonstrated in the note to Prop. 26, Book i. 

Prop. IX. Tne learner here must not forget the different meanings of 
the word part, as employed in the Elements. The word here has the 
same meaning as in Euc. i. ax. 9. 

It may be remarked, that this proposition is a more simple case of the 
next, namely. Prop. x. 

Prop. XI. This [>roposition is that particular case of Prop, xit, in which 
the second and third terms of the proportion are equ^. These two 
problems exhibit the same results by a Geometrical construction, as are 
obtained by numerical multiplication and division. 

Prop. xiii. The difference in the two propositions Euc. ii. 14, and 
Euc. VI. 13, is this : in the Second Book, the problem is, to make a rect- 
angular figure or square equal in area to an irregular rectilinear figure, 
in which Sie idea of ratio is not introduced. In the Prop, in the Sixth 
Book, the problem relates to ratios only, and it requires to divide a line 
into two parts, so that the ratio of the whole line to the greater segment 
may be the same as the ratio of the greater segment to the less. 

The result in this proposition obtained by a Geometrical construction, 
is analogous to that which is obtained by the multiplication of two 
numbers, and the extraction of the square root of the product. 

It may be observed, that half the sum of AB and BC is called the 
Arithmetic mean between these lines ; also that BD is called the Geo- 
metric mean between the same lines. 

To find two mean proportionals between two given lines is impossible 
by the straight line and circle. Pappus has given several solutions of 
this problem in Book iii, of his Mathematical Collections ; and Eutodus 
has given, in his Commentary on the Sphere and Cylinder of Archimedes^ 
ten oifferent methods of solving this jproblem. 

Prop. XIV depends on the same prmciple as Prop, xv, and both mif^ 
easily be demonstrated from one diagram. Join DF, FE, EG in the fig«; 
to Prop. XIV, and the figure to Prop, xv is formed. We may add, thai; 
there does not appear any reason why the properties of the triangle and 
parallelogram should be here separated, and not in the first proposition oi\ 
the Sixth Book. 

Prop. XV holds good when one angle of one triangle is equal to the; 
defect from what the corresponding angle in the other wants of two right} . 
angles. I 

This theorem will perhaps be more distinctly comprehended hy thaj 
learner, if he will bear in mind, that four magnitudes are reciprcKBtUf^ 
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proportional, -when the ratio compounded of these ratios is a ratio of 
equality. 

Prop, xvn is only a particular case of Prop, xvi, and more properly^ 
might appear as a corollary : and both are cases of Prop. xiy« 

Algebraically, Let AB, CD, £, F, contain a, b, e, d units respectiyely 

Then, since a, b, o, d are proportionals, .'. t » 3 • 

a 

Multiply these equals by W, /. ad^s be, 
or, the product of the extremes is equal to the product of the means. 

And conversely. If the pro4uct of tiie extremes be equal to the pro- 
duct of the means, 

OT ad = bc, 

then, dividing these equals by bd, /. - « - , 

or the ratio of the first to the second number, is equal to the ratio of the 
third to the fourth. 

Similarly may be shewn, that if 7 = 3 ; then ad=b*. 

b a 

And conversely, if arf= 6" ; then r = j • 

6 a 

Prop. XVIII. Similar figures are said to be similarly situated, when 
their homologous sides are parallel, as when the figures are situated on 
the same straight line, or on parallel lines : but when similar figures are 
situated on the sides of a triangle, the similar figures are said to be similarly 
situated Tvhen the homologous sides of each figure have the same re- 
lative position with respect to one another ; that is if the bases on which 
the similar figures stand, were placed parallel to one another, the re> 
mainlng sides of the figures, if similarly situated, would also be parallel 
to one another. 

Prop. XX. It may easily be shewn, that the perimeters of similar 
polygons, are proportional to their homologous sides. 

Prop. XXI. This proposition must be so understood as to include all 
rectilineal figures whatsoever, which require for the conditions of simila- 
rity another condition than is required for the similarity of triangles. 
See note on Euc. vi. Def. i. 

Prop. XXIII. The doctrine of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by 
the ancient Geometers, has been almost wholly superseded. However 
satisfactory for the purposes of exact reasoning tiie method of expressing 
the ratio of two surfaces, or of two solids by two straight lines, may be in 
itself, it has not been found to be the form best suited for the direct ap- 
plication of the results of Geometry. Almost all modern writers on Geo- 
metry and its applications to every branch of the Mathematical Sciences, 
have adopted the algebraical notation of a quotient -4^ : BC ; or of a 

A Ti 

fraction -~- ; for expressing the rsftio of two lines AB, BC : as well as that 

of a product AB x BC,ot AB, BC, for the expression of a rectangle* 
The want of a concise and expressive method of notation to indicate the 
proportion of Geometrical Magnitudes in a form suited for the direct ap- 
plication of the results, has doubtless favoured the introduction of Alge- 
braical symbols into the language of Geometry. It must be admitted, 
.however, that such notations in me language of pure Geometry are liable 
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to Tenr BeriooB objections, chiefly on the ground that pure Geometry does 
not acimit the Arithmetical or Algebraical idea of a product or a quotierU 
into its reasonings. On the other hand, it may be urged, that it is not 
the employment of symbols which renders a process of reasoning pecu- 
liarly Geometrical or Algebraical, but the ideas which are expressed by 
them. If symbols be employed in Geometrical reasonings, and be under- 
stood to express the magnitudes themselves and the conception of their Geo- 
metricaX ratio, and not any measures, or numerical values of them, there 
would not appear to be any very great objections to their use, provided 
that the notations employed were such as are not likely to lead to mis- 
conception. It is, however, desirable, for the sake of avoiding confusion 
of ideas in reasoning on the properties of number and of magnitude, tiiat 
the language and notations employed both in Geometry and Algebra 
should be rigidly defined and strictly adhered to, in all cases. At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in Geometrical demonstrations. 
How far it may be necessary or advisable to employ them when he fully 
understands the nature of the subject, is a question on which some diffe- 
rence of opinion exists. 

Prop. XXV. There does not appear any sufficient reason why this pro- 
position is placed between Prop. xxiv. and Prop. xxvi. 

Prop. XXVII. To understand this and the three following proposi- 
tions more easily, it is to be observed : 

1 . " That a parallelogram is said to be applied to a straight line, when 
it is described upon it as one of its sides. Ex, gr. the parallelo^am JC 
is said to be applied to the straight line JB. 

2. But a parallelogram AE is said to be applied to a straight line 
AB, deficient by a parallelogram, when JD the base of JE is less than 
JB, and therefore ^E is less than the parallelogram AC described upon 
AB in the same angle, and between the same parallels, by the parallelo- 
gram DC; and DC is therefore called the defect of AE, 

3. And a parallelogram ^G is said to be applied to a straight line 
JB, exceeding by a parallelogram, when JP the base o£ AG is grc«ter 
than AB, and therefore AG exceeds AC the parallelogram described 
upon AB in the same angle, and between the same parallels, by the 
parallelogram J5Cr."— Simson. 

Both among Euclid's Theorems and Problems, cases occur in which 
the hypotheses of the one, and the data or qussita of the other, are 
restricted within certain limits as to magnitude and position. The 
determination of these limits constitutes the doctrine of Maxima and 
Minima, Thus: —The theorem Euc. vi. 27 is a case of the maximum 
value which a figure fulfilling the other conditions can have ; and the 
succeeding proposition is a problem involving this fact among the 
conditions as a part of the data, in truth, perfectly analogous to Euc. i. 
20, 22 ; wherein the limit of possible diminution of the sum of the two 
sides of a triangle described upon a given base, is the magnitude of 
the base itself: the limit of the side of a square which shall be equal to 
the rectangle of the two parts into which a given line may be divided, 
is half the line, as it appears from Euc. ii. 6 i^the greatest line that can 
be drawn from a given point within a circle, to the circumference, 
Euc. III. 7, is the line which passes through the center of the circle ; 
and the least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the circiun- 
ference. Euc. in. 8, also affords another instance of a ma x i mu m and a 
minimum when the given point is outside the given circle. 
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Prop. 3LXXI. Thif propositioii k the general cmo of Prop. 47f Book i, 
icff any similar rectilineal figure described on the sides of a right- ansled 
triangle. The demonstration, howerer, here given is wholly independent 
of Euc. I. 47. 

Prop, xzxiu. In the demonstration of this important proposition, 
angles greater than two right angles are exnployed, in accordance with 
the criterion (^proportionality laid down in £uc. y. def« 5. 

This proposition forms the basis of the assumption of arcs of circles 
for the measures of angles at their centers. One magnitude may be as- 
sumed as the measure of another magnitude of a different kind, when the 
two are so connected, that any variation in them takes place simultane- 
ously, and in the same direct proportion. This being the case with 
angles at the center of a circle, and the arcs subtended by them ; the 
arcs of circles can be assumed as the measures of the uigles they subtend 
at the center of the circle. 

Prop. B. The converse of this proposition does not hold good when 
the triangle is isosceles 



QUESTIONS ON BOOK VI. 

1. Distinguish between similar figures and equal figures. 

2. What is the distinction between Itotnologotts tides, and eqt$al tidet 
in Geometrical figures } 

3. What is the number of conditions requisite to determine similarity 
of figures } Is the number of conditions in Euclid's definition of similar 
figures greater than what is necessary ? Propose a definition of similar 
figures which includes no superfluous condition. 

4. Explain how Euclid makes use of the definition of proportion in 
Euc. VI. 1. 

6. Prove that triangles on the same base are to one another as their 
altitudes. 

6. If two triangles of the same altitude have their bases imequal, 
and if one of them be divided into m equal parts, and if the other contain 
n of those parts ; prove that the triangles have the same numerical relation 
as their bases. Why is this Proposition less general than Euc. vi. 1 \ 

7. Are triangles which have one angle of one equal to one angle of 
another, and the sides about two other angles proportionals, necessarily 
similar? 

8. What are the conditions, considered by Euclid, imder which two 
triangles are similar to each other ? 

9. Apply Euc. VI. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be m harmonical proportion ? If 
both the interior and exterior angles at the vertex of a triangle (Euc. vi. 
3, A.) be bisected by lines which meet the base, and the base produced in 
I>, G \ the segments BG, GD, GC of the'base shall be in Harmonical pro- 
portion. 

U. If the angles at the base of the triangle in the figure Euc. vi. J, 
be equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Euc. 
yi. A, meet the base on the side of the angle bisected ? Shew that there 
is an indeterminate caise. 
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18. State lome of the uses to which Euo. ti. 4, may be applied. 

14. Apply £uc. Yi. 4, to prove that the rectangle contained by the 
aegments of any chord paaaing through a given point within a circle is 
constant. 

1 6. Point out clearly the difference in the proofs of the two latter cases 
in Euc. VI. 7. 

16. From the corollary of Euc. vr. 8, deduce a proof of Euc. i. 47. 

17. Shew how the last two properties stated in Euc. vi. 8. Cor. may 
be deduced from Euc. i. 47 ; ii. 2 ; vi. 17. 

18. Given the nth part of a straight line, find by a Geometrical con- 
struction, the (n + l)^ part. 

19. Define what is meant by a mean proportional between two given 
lines : and find a mean proportional between the lines whose lengths are 
4 and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books ? 

20. Determine a third proportional to two lines of 6 and 7 imits : and 
a fourth proportional to three lines of 6, 7, 9, units. 

21. Find a straight line which shall have to a given straight line, the 
ratio of 1 to Vs. 

22. Define reciprocal figures. Enimciate the propositions proved re- 
specting such figures in the Sixth Book. 

23. Give the corollary, Euc. vi. 8, and prove thence that the Arith- 
metic mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together equal to two 
right angles, the sides about those angles are reciprocally proportionaL 

25. Give Algebraical proofs of Prop. 16 and 17 of Book vi. 

26. Enunciate and prove the converse of Euc. vi. 16. 

27. Explain what is meant by saying, that ** similar triangles are in the 
duplicate ratio of their homologous sides." 

28. What are the data which determine triangles both in species and 
magnitude ? How are those data expressed in Geometry ? 

29. If the ratio of the homologous sides of two triangles be as 1 to 
4, what is the ratio of the triangles r And if the ratio of the triangles be 
as 1 to 4, what is the ratio of the homologous sides } 

30. Shew that one of the triangles in me figure, Euc. rv. 10, is a mean 
proportional between the other two. 

31. What is the algebraical interpretation of Euc. vi. 19 ? 

32. From your definition of Proportion, prove that the diagonals of 
a square are in the same proportion as their sides. 

33. What propositions does Euclid prove respecting similar polygons ? 

34. Theparallelograms about the diameter of a parallelogram are similar 
to the whole and to one another. Shew when they are eqtuU, 

35 . Prove Algebraically, that the areas ( 1 ) of sunUar triangles and (2) 
of similar parallelograms are proportional to the squares of tiieir homo- 
logous sides. 

36. How is it shewn that equiangular parallelograms have to one 
another the ratio which is compounded of the ratios of their bases and al- 
titudes ? 

37. To find two lines which shall have to each other, the ratio com- 
poimded of the ratios of the lines A to B, and C to D. 

38. State the force of the condition ** similarly described ;" and shew 
that, on a given straight line, there may be described as many polygons 
of different magnitudes, similar to a given polygon, as there are sides of 
different lengths in the polygon. 
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39. Describe a triangle similar to a giyen triangle, and having its 
area doable that of the given triangle. 

40. The three sides of a triangle are 7, 8, 9 units respectively ; deter- 
mine the length of the lines which meeting the base, and the base produced, 
bisect the interior an^le opposite to the greatest side of the triangle, 
and the adjacent exterior angle, 

41. The three sides of a triangle are 8, 4, 6 inches respectively ; find 
the leng^ths ol the external segments of the sides determined by the lines 
which bisect the exterior angles of the triangle. 

42. "What are the segments into which the hypotenuse of a right- 
angled triangle is divided by a perpendicular drawn nrom the right angle, 
if &e sides containing it are a and Za imits respectively } 

43. If the three sides of a triangle be 3, 4, 6 units respectively : what 
are the parts into which they are divided by the lines which bisect the 
angles opposite to them ? 

44. If the homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square imits ; how many square 
lAiits are contained in the area of the other triangle ? 

45. Prove that ii BD be taken in ^B jproduced (fig. Euc. vi. 50) 
equal to the,greater segment AC, then AD is divided in extreme and 
mean ratio in the point B, 

Shew also, that in the series 1, 1, 2, 3, 5, 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually ap- 
proach to the proportion of the segments of a line divided m extreme and 
mean ratio, r ina a general expression (free from surds) for the nth term 
of this series. 

46. The parts oi a line divided in extreme and mean ratio are incom- 
mensurable with each other. 

47. Shew that in Euclid's figure (Euc. ti. 11.) four other lines, besides 
the given line, are divided in the required manner. 

48. Enunciate Euc. vi. 31. What theorem of a previous book is in- 
cluded in this proposition ? 

49. What is the superior limit, as to magnitude, of the angle at the 
circumference in Euc. vi. 33 ? Shew that the proof may be extended by 
withdrawing the usually supposed restriction^ as to angular magnitude ; 
and then deduce, as a corollary, the proposition respecting the magnitudes 
of angles in segments greater than, equal to, or less than a semicircle. 

60. The sides of a triangle inscribed in a circle are a, 6, c, units respec- 
tively : find by Euc. vi. c, the radius of the circumscribing circle. 

61. Enunciate the converse of Euc. vi. d, 

62. Shew independently that Euc. vi. d, is true when the quadri- 
lateral figure is rectangular. 

63. Shew that the rectangles contained by the opposite sides of a 
quadrilateral figure which does not admit of having a circle described 
about it, are together greater than the rectangle contained by the diagonals. 

64. What different conditions may be stated as essential to the possi- 
bility of the inscription and circumscription of a circle in and about a 
quadrilateral figure ? 

56, Point out those propositions in the Sixth Book in which Euclid's 
definition of proportion is directly applied. 

66. Explain briefiy the advantages gained by the application of 
analysis to the solution of Geometrical Problems. 

67. In what cases are triangles proved to be eqtuU in Euclid, and in 
what cases are they proved to be similar t 
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PROPOSITION I. PROBLEM. 
To inacribe a squan in a given triangle. 

Analysis. Let ABC he the given triangle, of which the bate BC, 
and the perpendicular AD are given. 

A B 




Let FGILK be the required inscribed square. 
Then BHO, BDA are similar triangles, 
and GH\% to OB, as AD is to AB, 
but G^^is equal to GH-, 
therefore G^2^is to OB, as AD is to AB. 
Let BFhe joined and produced to meet a line drawn from A pa- 
rallel to the base BCxa the point E. 

Then the triangles BGF, BAB are similar, 
and AB is to AB, as 6?jPis to GB, 
but 6?!^ is to OB, as AD is to AB j 
wherefore AB is to AB, as AD is to AB; 
hence ^^ is equal to AD, 
Synthesis. Through the vertex A, draw AJS parallel to ^Cthe 
base of the triangle, 

make AJS equal to AD, 

join BB cutting -4 C in F, 

through F, draw FO parallel to B C, and FK parallel to AiD ; 

also through G draw G'iZ' parallel to AD, 

Then OHKF is the square required. 

The different cases may be considered when the triangle is equi-^ 

lateral, scalene, or isosceles, and when each side is taken as the base. 

PROPOSITION IL THEOREM. 
If from the extremities of any diameter of a given circle, perpendieuUat 
be drawn to any chord of the circle, they shall meet the chord, or the chord 
produced in two points which are equidistant from the center. 

First, let the chord CD intersect the diameter AB in X, but not 
at right angles ; and from A, B, let AB, BFhe drawn perpendiculai 
to CD, Then the points F, E are equidistant from the center of thi 
chord CD, 

Join EB, and from 7 the center of the circle, draw lO perpendi- 
cular to CD, and produce it to meet EB in H, 
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A 




Then lO bisects CD in G\ (in. 2.) 
and IGf AE being both perpendicular to CD, are parallel. (l. 29.) 
Therefore BI is to BH, as Z4 is to HE ; (vi. 2.) 
and ^iSTis to FQ, as HE is to GEi 
therefore -SJis to FO, as I A is to 0E\ 
but ^7 is equal to lA ; 
therefore FO is equal to OE, 
It is also manifest that DE is e^ual to CF, 
When the chord does not intersect the diameter, the perpendicu* 
hra intersect the chord produced. 

PROPOSITION in. THEOREM. 

If two diagonals of a regular pentagon he draion to cut one another , the 
^eater segments will be equal to the side of the pentagon, and the diagonals 
viU cut one another in extreme and mean ratio. 

Let the diagonals AC, BE be drawn from the extremities of the 
side AB of the regular pentagon ABCDE, and intersect each other 
in the point H. 

Then BE and A C are cut in extreme and mean ratio in H, and 
the greater sement of each is equal to the side of the pentagon. 
Let the circle ABCDE be described about the pentagon, (iv. 14.) 
Because EA, AB are equal to AB, BC, and they contain equal 
angles ; 

therefore the base EB is equal to the base A C, (l. 4.) 

and the triangle EAB is equal to the triangle CBA, 

and the remaining angles will be equal to the remaining angles, 

each to each, to which the equal sides are opposite. 

D 




Therefore the angle BA C is equal to the angle ABE; 

and the angle AHE is double of the angle BAH, (i. 32.) 

hut the angle EAC is also double of the angle BAC, (yi. 33.) 

therefore the angle HAE is equal to AHE, 

and consequently HE is equal to EA, (i. 6J or to AB. 

And because BA is equal to AE, 

the angle ABE is equal to the angle AEB ; 
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but the angle ABE has been proved equal to BAHi 
therefore the angle BE A is equal to the an^e BAR : 
and ABE is common to the two triangles ABE, ABS*, 
therefore the remaining angle BAE is equal to the remaiuiog 

angle AHB ; 
and consequently the triangles ABE, ABH are equiangular ; 
therefore EB is to BA, as AB to BH: but BA is equal to EH, 

therefore EB is to EH, as EHi% to BH, 
but BE is greater than EH\ therefore EHI& greater than SB; 

therefore BE has been cut in extreme and mean ratio in H 
Similarly, it may be shewn, that A C has also been cut in extreme 
and mean ratio in H, and that the greater segment of it CH is equal 
to the side of the pentagon. 

PROPOSITION IV. PROBLEM. 

Divide a given arc of a circle into two parts which shall have their chords 
in a given ratio. 

Analysis. Let A, B be the two given points in the circumference 
of the circle, and C the point reauired to be found, such that when the 
chords A C and J9C are joined, tne lines ^C and ^C shall have to one 
another the ratio of E Uy F. 




E- 



Draw CD touching the circle in C; 
join AB and produce it to meet CD in D. 
Since the angle BACis equal to the angle BCD, (ill. 32.) 
and the angle CDB is common to the two triangles DBC, DACi 
therefore the third angle CBD in one, is equaf to the third angle 
DC A in the other, and the triangles are similar, 
therefore AD is to DC, as DC is to DB j ( vi. 4.) 
hence also the square on AD is to the square on DC as AD is to 
BD, (yi. 20. Cor.) 

But AD is to AC, as DC is to CB, (vi. 4.) 
and AD is to DC, as ^Cto CB, (v. 16.) 
also the square on AD is to the square on DC, as the square on AC 

is to the square on CB ; 

but the square on AD is to the square on DC, as AD is to BBi 

wherefore the square on -4 C is to the square on CB, as AD is to BD; 

but .4 C is to CB, as E is to JP, (constr.) 

therefore -^D is to DB as the square on E is to the square on P. 

Hence the ratio of AD to DB is given, 
and AB is given in magnitude, because the points Jf« .S in the cir- 
cumference of the circle are given. 
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Wherefore also the ratio of AD to AB is giTen, and also the mag- 
nitude of AD, 
Synthesis. Join AB and produce it to D, so that AD shall be to 
BD, as the square on ^40 the square on F. 

From D draw DC to touch the circle in C, and join CB, CA. 
Since AD is to DB, as the square on ^ is to the square on I) (constr.) 
and AD is to DB, as the 8(]^uare on ^ C is to the square on BC^ 
therefore the square on AC is to the square on J^C, as the square on 
J? is to the square on F, 

and ^Cis to BC, as Fiato F. 

PROPOSITION V. PROBLEM. 

A, B, C are given points. It ia required to draw throuffh any other point 
in the same plane with A, B, and C, a straight line, such that the sum of its 
distaf ices from two of the given points, may be equal to its distance from the 
third. 

Analysis. Suppose JF'the point required, such that the line XFH 
being drawn through any other point X, and AD, BE, CH perpen- 
dici£urs on XFH, the sum of BE and CH is equal to AD, 

A 




Join AB, BC, CA, then ABC is a triangle. 
Draw AGixi bisect the base ^C in G, and draw (?J£" perpendicular 
to ^JP. 

Then since 5C is bisected in G, 

the sum of theperpendiculars CH, BE is double of GK\ 

but C£t and BE are equal to AD, (hyp.) 

therefore AD must be double of UK', 

but since AD is parallel to GK, 
the triangles ADF, GKF are similar, 
therefore AD is to AF, as GK is to GF-, 
but AD is double of GK, therefore AF is double of GF\ 
and consequently, GF is one-third oi AG the line drawn from the 
vertex of the triangle to the bisection of the base. 
But AGhb. line ^iven in magnitude and position, 
therefore the point F is determined. 
Synthesis. Join AB, A C, BC, and bisect the base BC oi the tri- 
angle ABC'm G\ join AG and take 6?2^ eoual to one-third of GA ; 
the Ihie drawn through X and F will de the line required. 
It is also obvious, that while the relative position of the points A, 
B, C, remains the same, the point F remains the same, wherever the 
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poiot X onj be» The point X maj ^erefbre coincide with Hie point 
JFf and when this is the case, the position of the line FX k left un- 
determined. Hence the following porism, 

A triangle being given in position, a point in it may be fonnd, 
such, that any straiffht line whatever beinff drawn through, that pdnt, 
the perpendiculars drawn to this strai^^ht Hne from the two angles of 
the triangle, which are on one side of it, will be together equal to the 
perpendicular that is drawn to the same line from the angle on the 
other side of it. 



6. Triangles and parallelograms of unequal altitudes are to each 
other in the ratio compounded of the ratios of their bases and altitudes. 

7. If A CB, ABB be two triangles upon the same base ABy and 
between the same parallels, and if through the point in which two of 
the sides (or two of the sides produced) intersect two straight lines be 
drawn parallel to the other two sides so as to meet the base AB (or 
AB produced) in points E and i^. Prove that AE^ BF^ 

8. In the base -4C of a triangle ABCteHkB any point i>; bisect 
AD, DC, AB, BC, in E, F, (?, M respectively : shew that EG is 
equal to HF, 

9. Construct an isosceles triangle equal to a given scalene triangle 
and having an equal vertical angle with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn makiil|^ equal angles with 
the homologous sides, these straight lines will have the same ratio bs I 
the sides on which they fall, and will also divide those sides proper- 
tionally. 

11. Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
another, will form a triangle similar to the original triangle. 

12. BD, CD are perpendicular to the sides AB, AC of a. triande 
ABC,SLnd CE is drawn perpendicular to AD, meeting AB in £: 
shew that the triangles ABC, ACE are similar. 

13. In any triangle, if a perpendicular be let fall upon the base 
from the vertical angle, the base will be to the sum of the sides, as the 
difference of the sides to the difference or sum of the segments of the 
base made by the perpendicular, according as it ialls within or with- 
out the triangle. 

14. If triangles AEF, ABC have a common angle A, triangle 
ABC: triemgh AEF :: AB.AC: AE,AF. 

15. If one side of a triangle be produced, and the other shortened 
bjr equal quantities, the line joining the points of section will he di- 
vided by tne base in the inverse ratio of tne sides. I 

n. 

16. Find two arithmetic means between two given atraight line«« 

1 7. To divide a given line in harmonical proportion. 
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18. To ind, by a geometrical congtmotion, an arithmetic, 
geometric, suid hannonic mean between two grren lines. 

19. iSrove geometrically, that an arithmetic mean between two 
qaantltieB, is {greater than a geometric mean. Also baring given the 
sum of two Imes, and the excess of their arithmetic above dietr 
geometric mean, find by a conttmction the lines themselves. 

20. If through the point of bisection of the base of a triangle any 
line be drawn, intersectmg one side of the triangle, the other produced, 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonically. 

21. If a given straight Hne AB be divided into any two parts in 
the point C, it is required to produce it, so that the whole line 
produeed may be harmonically divided in C and B, 

22. If from a point without a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the Ime 
which cuts the circle wiU be divided harmonically by the convex 
cireum£»renoe, and the chord which joins the points of contact 

in. 

23. Shew geometrically that the diagonal and side of a square are 
incommensurable. 

24. If a straight line be divided in two given points, determine a 
third point, such that its distances from tne extremities, may be 
proportional to its distances from the given points. 

25. Determine two straight lines, such that the sum of their 
squares may equal a given square, and their rectangle equal a given 
rectangle. 

26. Draw a straight line such that the perpendiculars let fall 
from any point in it on two given lines may be in a given ratio. 

27. Ii diverging lines cut a straight line, so that the whole is to 
one extreme, as the other extreme is to the middle part, they will 
intersect every other intercepted line in the same ratio. 

28. It is required to cut off a part of a given line so that the part 
out off may be a mean proportional between the remainder and 
another given line. 

29. It is required to divide a given iSnite straight line into two 
parts, the squares of which shall have a given ratio to each other. 

IV. 

30. From the vertex of a triangle to the base, to draw a straight 
line which shall be an arithmetic mean between the sides containing 
the vertical angle. 

31. From the obtuse angle of a triangle, it is required to draw a 
line to the base, which shall be a mean proportional between the 
Kegments of the base. How many answers does this question admit 
of? 

32. To draw a line from the vertex of a triangle to the base, which 
shall be a mean proporticmal between the whole base and one segment. 

33. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is equal to the 
alternate segment. 
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34. From the vertex of any triangle ABC, draw t straight line 
meeting the base produced in 2>, so that the rectangle DB. JDC^AIf* 

35. To find a point P in the base J^C of a triangle produced, so 
that PD being drawn parallel to ^ C, and meeting A C produced to 2), 
ACiCPi.CPiPD. 

36. If the triangle ABC has the ang^e at C a right angle, and 
from C a perpendicular be dropped on the opposite side intersecting 
it 'm D.ihQn AD I DB .1 AC*'. CB*. 

37. In any rightrangled triangle, one side is to the other, as the 
excess of the hj'potenuse above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle. 

38. If on the two sides of a right-angled triangle squares be 
described, the lines joining the acute angles of the triangle and the 
opposite angles of the squares, will cut off equal segments from the 
sioes ; and each of these equal segments will be a mean proportional 
between the remaining segments. 

39. In anv right-angled triangle ABC, (whose hypotenuse ]&AS) 
bisect the angle A by AD meeting CB in 2>, and prove that 

2AC*iAC*-CD^:iBC:CD. 

40. On two given straight lines similar triangles are described. 
Required to find a third, on which, if a triangle similar to them be 
described, its area shall equal the difference of their areas. 

41. In the triangle ABC, AC^ 2.BC. If CD, CB respectively 
bisect the angle C, and the exterior angle formed by producmg AC; 
prove that the triangles CBD,ACD, ABC, CDE, have their areas as 
1,2,3,4. 

V. 

42. It is required to bisect any triangle (1 ) by a line drawn parallel, 
(2) by a line drawn perpendicular, to the base. 

43. To divide a given triangle into two parts, having a given ratio 
to one another, by a straight line di awn parallel to one of its sides. 

44. Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal triangles. 

45. From a given point in the side of a triangle, to draw Imes to 
the sides which shall divide the triangle into any number of equal parts. 

46. Any two triangles being given, to draw a straight line n^iallel 
to a side of the greater, which shall cut off a triangle equal to tine less. 

VI. 

47. The rectangle contained by two lines is a mean proportional 
between their squares. 

48. Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio. 

49. If from any two points within or without a parallelogiam, 
straight lines be diiwn perpendicular to each of two adjacent sides 
and mtersecting each other, they form a parallelogram similar to the 
former. 

50. It is required to cut off from a rectangle a similar rectangle 
which shall be any required part of it. 
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5U If fr6m. one angle A of a parallelogram a straight line be drawn 
cutting the diagonal in E and the sides in P, Q, shew that 
A£*r.PE.EQ. 

52. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another m the same ratio. 

vn. 

53. In a given circle place a straight line parallel to a given 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the mameter to the given line in the circle. 

54. In a given circle place a straight line, cutting two radii which 
are perpendicular to each other, in such a manner, that the line itself 
may be trisected. 

55. AB h a diameter, and P any point in the circumference of a 
circle ; AP and BP are joined and produced if necessary j if from any 
point C of ABf a perpendicular be drawn to AB meeting AP and Bp 
m points D and B respectively, and the circumference of the circle 
m a point 2^, shew that CD is a third proportional of CB and CF. 

56. If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

57. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided in a 
given ratio at the point where it intersects the convex circumference. 

58. From what point in a circle must a tangent be drawn, so that 
a perpendicular on it from a given point in the circumference may be 
cut by the circle in a given ratio ? 

59. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and the circumference, may have a given ratio. 

60. Let the two diameters ABj CD, of the circle ADBC be at 
right angles to each other, draw any chord ^JP, join CE, CF, meeting 
-4^ in §and^; prove that the triangles CGJisind CJ^i^ are similar. 

61. A circle, a straight line, and a point being given in position, 
required a point in the line, such that a line drawn from it to the 
men point may be equal to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, i.e. admit of innumerable solutions ? 

vni. 

62. Prove that there may be two, but not more than two, similar 
triangles in the same segment of a circle. 

63. If as in Euclid VI. 3, the vertical angle BA C of the triangle 
BA C be bisected by AD, and BA be produced to meet CB drawn 
parallel to AD in B; shew that AD will be a tangent to the circle 
described about the triangle BA C. 

64. If a triangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremities of its base, they 
will cut off similar triangles. 
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M. If from any pohil in the diroumibreDM of * llM« peipen- 
diculars be drawn to the sides, or sides produeed, of an insarxied tri- 
angle; shew that the three points of intersection will be in the same 
straight line. 

60. If through the middle point of any chord of a cirole, two chords 
be drawn, the Imes joining tneir extremities shall intersect the first 
chord at equal distances from its extremities. 

67. If a straight line be diyided into any two parts^ to find the 
locus of the point in which these parts subtend equal angles. 

68. If the line bisecting the vertical angle of a triangle be di^ded 
into parts which are to one another as the base to the simi of the sides, 
the point of division is the center of the inscribed circle. 

69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed circles, as 
twice ttie perimeter is to the base. 

70. Shew that the locus of the vertices of all the triangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle, perpen- 
diculars be let fall on the opposite sides, and likewise straiffht Bnes 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center of the circumscnbing circle, will 
be in the same straight line. 

IX. 

72. If a tangent to two circles be drawn cutting the straight Ime 
which joins their centers, the chords are parallel wmchjoin the points 
of contact, and the points where the line through the centers cuts the 
circumferences. 

73. If through the vertex, and the extremities of the base of a 
triangle, two circles be described, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of the 
triangle. 

74. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is a 
mean proportional oetween the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one another, 
the rectangles of the segments are equal. 

76. If a circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and the 
produced parts of the other sides, ^ew that the rectangle under the 
radii is equal to the triangle, and the sum of the radii equal to the sum 
of the sides which contain the right angle. 

77. If a perpendicular be drawn from the rig;ht angle to the hy- 
potenuse of a right-angled triangle, and circles be inscribed within the 
two smaller triangles mto which the given triangle is divided, their 
diameters will be to each other as the sides containing the right angle. 

X. 

78. Describe a circle passing through two given points and touch- 
ing a given circle. 

Digitized by VjOOQIC 



09 BOOK TI. Stl 

^ Desonb^ a eiicle yfhkk ihall pftM ihi^M^k ft ^ten point and 
towk a given straight Ime and a given oircle. 

80. Through a given point draw a circle touching twe gifen 
circles. 

81. Describe a circle to teuoh two given right Unei and such that 
a tangent drawn to it from a given ooint> may he equal to a ([iven line. 

82. Describe a circle which shall have its center in a given line, 
and «hall touch a circle and a straight line given in position. 

XI. 

S3. Given the perimeter of a ri^htrangled triangle, it is required 
to construct it» (1) If the sides are m aritmnetical progression. (2) If 
the sides are in geometrical progression. 

84^ Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it^ to 
construct the triangle. 

85. Apply (yi. €.) to construct a triangle; having given the 
vertical angle, the radius of the inscribed circle, and the rectangle 
contained by the straight lines drawn firom the center of the circle to 
the angles «t the base. 

86. Describe a triangle with a given vertical angle, so that the 
line which bisects the base shall be equal to a given line, and the 
angle which the bisecting Hne makes with the base shall be equal to 
a given an^le. 

87. Oiven the base, the ratio of the sides containing the vertical 
angle, and the distance of the vertex from a given point in the base ; 
to construct the triangle. 

88. Given the vertical angle and the base of a triangle, and also 
a line drawn from either of the angles, cutting the opposite side in a 
gi^en ratio, to construct the triangle. 

89.^ Upon the given base A£ construct a triangle having its sides 
in a given ratio and its vertex situated in the eiven indefinite line CJJ, 

90. Describe an equilateral triangle equal to a given trian^e. 

91. Given the hypotenuse of a right-angled triangle, and the side 
of an inscribed square. Required the two sides of the triangle. 

92. To make a triangle, which shall be equal to a given triangle, 
and have two of its sides equal to two given straight lines ; and shew 
that if the rectangle contained by the two straight lines be less than 
twice the given triangle, the problem is impossible. 

xn. 

93. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

94. The diagonals ACy J?i>, of a trapezium inscribed in a circle, 
cut each other at right angles in the point JE ; 

the rectangle AB.BC : the rectangle AD. DC :: BE : JED. 
XIIL 

95. In any triangle, inscribe a trianele similar to a given triangle. 
^ 96. Of the two squares which can be inscribed in a right-angled 

triangle, which is the greater ? 

97. From the vertex xif an isosceles triangle two straight lines 
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drawn to the opposite angles of the square described on the base, cut 
the diagonals or the square in £ and F: prove that the line JEF is 
parallel to the base. 

98. Inscribe a square in a segment of a cirle. 

99. Inscribe a square in a sector of a circle, so that the angular 
points shall be one on each radius, and the othor two in the cireum- 
ference. 

100. Inscribe a square in a given equilateral and equiangular 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to a 
given parallelogram. 

102. If any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

103. Inscribe the greatest parallelogram in a given semicircle. 

104. In a given rectangle mscribe another, whose sides shall bear 
to each other a ^iven ratio. 

105. In a given segment of a circle to inscribe a similar segment 

106. The square inscribed in a circle is to the square inscru>ed in 
the semicircle : : 5 : 2. 

107. If a square be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse of the triangle, the extremities 
of that side divide the base into three segments that are continued 
proportionals. 

108. The square inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle : : 8 : 5. 

109. Shew that if a triangle inscribed in a circle be isosceles, 
having each of its sides double the base, the squares described upon the 
radius of the circle and one of the sides of the triangle, shall be to each 
other in the ratio of 4 : 16. 

110. APB is a quadrant, SPT a straight line touching it at 
P, PM perpendicular to CA ; prove that triangle SCT : triangle 
ACB:: triangle A CB : triangle CMP, 

111. If through any point in the arc of a quadrant whose radius 
is iZ, two circles be drawn touching the bounding radii of the quadrant, 
and r, r' be the radii of these circles : shew that rr'= JB*. 

112. If i2 be the radius of the circle inscribed in aright-angled 
triangle ABC, right-angled at A ; and a perpendicular be let fall from 
A on the hypotenuse BC, and if r, r* be the radii of the circles in- 
scribed in the triangles ADB, ACD : prove that r* + r*=i?. 

XIV. 

113. If in a given equilateral and equiangular hexagon anotiier 
be inscribed, to determine its ratio to the given one. 

114. A regular hexagon inscribed in a circle is a mean propor> 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inscribed pentagon, is to the area of the 
circumscribing pentagon, as the square of the radius of the circle 
inscribed within the greater pentagon, is to the square of the radios 
of the circle circumscribing it. 

116. The diameter of a circle is a mean proportional between the 
sides of an equilateral triangle and hexagon which are described about 
*hat circle, r^^^^i^ 
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8. This is a particular case of Euo. x. 28. The tiiangle howerer may 
be described by means of Euc. 1. 1. Let AB be the given base, prodace 
AB both ways to meet the circles in D, E (fig. Euc. i. I.) ; with center A, 
and radius AE, describe a circle, and with center B and radius BD, de* 
scribe another circle cutting the former in G« Join GA, GB« 

9. Apply Euc. I. 6, 8. 

10. This is proved by Euc. i. 32, 13, 5. 

11. Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc. I. 4. 

18. Let CAB be the trianffle (fig. Euc. 1. 10.) CD the line bisecting 
the angle ACD and the base AB. Produce CD, and make D£ equal to 
CD, and Join AE. Then CB may be proved equal to AE, also AE to AC. 

14. Let AB be the given line, and C, D the ffiven points. From C 
draw C£ perpendicular to AB, and produce it making EF equal to GB, 
join FD, ana produce it to meet tiie given line in G, which will be the 
point required. 

15. Make the construction as the enimciation directs, then by Euc. 
1. 4, BH is proved equal to CK: and by Euc. i. 13, 6, OB is shewn 
to be equal to OC. ^ 

16. This proposition requires for its proof the case of equal triangles 
omitted in Euclid :— -namely, when two sides and one angle are given, 
but not the angle included by the ffiven sides. 

17. The angle BCD may be shewn to be equal to the sum of the 
angles ABC, AJOC. 

18. The angles ADE, AED may be each proved to be equal to the 
eomplements of the angles at the base of the triangle. 

19. The angles CAB, CBA, being equal, the ansles CAD, CBE are 
equal, Euc. 1. 13. Then, by Euc. i. 4, CD is proved to be equal to CE. 
And by Euc i. 5, 32, the angle at the vertex is shewn to be four times 
dther of the angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in 
% and let P be the given point, within the angle A£D. Draw EF 
bisecting the angle AED, and through P draw FGH parallel to EF, 
and cutting ED, EB in G, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtained. It will be found that the two lines 
are at right angles to each other. 

21. Let the two sdven straight lines meet in A, and let P be the 
given point. Let PQH be the Hne required, meeting the lines AQ, AR 
m Q and R, BO that PQ is equal to QR. Through P draw PS parallel 
to AR and join RS. Then APSR is a parallelogram and AS, PR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any x>oint D, and from AC cut off AE equal to AD, and join DE. On 
BE, or DE produced, take DF equal to the given line, and through 
F draw FG parallel to AB meeting AC in G, and through G draw GH 
parallel to DE meeting AB in H. Then GH is the line required. 
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23. The two ffiven points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, 
an isosceles triangle is formed, and if a perpendicular be £:awn on the 
base irom the point in the line : the construction is obvious. 

24. The problem is simply this— to find a point in one side of a 
triangle from which the perpendiculars drawn to the other two sides 
shall be equal. If all the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the iaoscelea triangle be obtuse-angled, by Euc. i. 5, 32, the 
truth will be made evident. If the triangle be acute-angled, the enun- 
ciation of the proposition requires some modification. 

26. Construct the figure and apply Euc. i. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of 
a right- angle, the line ED produced, meets AB produced towards the 
base, and then 3 . AEF = 4 right angles -4^ AFE. If the vertical angle be 
greater than two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF = 2 right angles + AFE. 

27. Let ABC be an isosceles triangle, and from any point D in the 
base BC, and the extremity B, let three lines DB, DF, BG be drawn to 
the sides and making equal angles with the base. Produce ED and make 
DH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets 
the side AC in D and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated by two lines 
which meet in a point, they will cut off triangles of equal area. Hence 
the two triangles have a common vertical angle and their areas and bases 
equal. By Euc. i. 32 it is shewn that the angle contained by the bisecting 
lines is equal to the exterior angle at the base. 

30. There is an omission in this question. After the words •• making 
equal angles with the sides,** add, "and be equal to each other re- 
spectively." (I), (3) Apply Euc. T. 26, 4. (2) The equal lines vfhich. 
bisect the sides may be shewn to make equal angles with the sides. 

31. At C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a line from the vertex 
to the point of bisection, it may be shewn that this line forms with tht 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, having the right anglp at A, and the angle 
at C greater than the angle atB, also let AD be perpendicular to the base, 
and AE be the line drawn to £ the bisection of the base. Then AE may 
be proved equal to BE or EC independently of Euc. iii. 31. 

34. Produce EG, FG to meet the perpendiculars CE, BF, produced 
if necessary. The demonstration is obvious. 

35. If the given triangle have both of the angles at the base, acute 
angles ; the difference of the angles at the base is at once obvious fitnn 
Euc. I. 32. If one of the angles at the base be obtuse, does the property; 
hold good r 

36. Let ABC be a triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC Take DE 
equal to DC and join AE. Then AE may be proved to be equal to EB, 

If ACB be an obtuse angle, then AC is equal to the sum of the seg- 
ments of the base, made by the perpendicular from the vertex A. 

37. Let the sides AB, AC of any triangle ABC be produced, the ex^ 
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tenor angles bisected by two lines wbich meet in t), and let AD be Joined, 
then AD bisects the angle BAC. For draw D£ perpendicular on BC, 
also DF, DG perpendiculars on AB, AC produced, if necessary. Then DF 
maj be proved equal to t)Q, and the squares on DF, DA are equal to the 
squares on FO, OA, of which thesquareonFD is equal to the square onDG; 
hence AF b e(|ual to AG, and Euc. i. 8, the angleBAC is bisected by AD. 

38. The hne required will be found to be equal to half the sum 
of the two sides of the triangle. 

39. Apply Euc. i. 1, 9. 

40. The angle to be trisected is one-fourth of a right angle. If an 
equilateral triangle be described on one of the sides of a triangle which 
contains the given angle, and a line be drawn to bisect that angle of the 
equilateral triangle which is at the ffiven angle, the angle contained 
between this line and the other side of the triangle will be one- twelfth 
of a right angle, or equal to one-third of the given ansle. 

^ It may be remarked, senerally, that any angle which is the half, fourth, 
eighth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. I. 20, 

42. Let ABC, DBC be two equal triangles on the same base, of which 
ABC is isosceles, fig. Euc. i. 37. ^y producing AB and making AG equal 
to AB or AC, and joining GD, the perimeter of the triangle A^C may be 
shevn to be less than the perimeter of the triangle DBC. 

43. Apply Euc. I. 20. 

44. For me first case, see Theo. 32, p. 76 : for the other two cases, 
aH>ly Euc. 1. 19. 

45. This is obvious from Euc. i. 26. 

46. By Euc. i. 29, 6, FC may be shewn equal to each of the lines 
EF,FG. 

47. Join GA and AF, and prove GA and AF to be in the same 
•traight line, 

48. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AC in F. Then m the triangle EBD, EB is 
equal to ED, by Euc. i. 29, 6. Also, in the triangle BAD, the angle 
EA.D may be shewn equal to the angle EDA, whence EA is equal 
to ED, and therefore AB is bisected in E. In a similar way it may 
^ shewn, by bisecting the angle C, that AC is bisected in F, Or 
the bisection of AC in F may be proved when AB is shewn to be 
bisected in E. 

49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

50. If a line equal to the given line be drawn from the point where 
the two lines meet, and parallel to the other given line ; a parallelogram 
"•lay be formed, and the construction effected. 

51. Let ABC be the triangle ; AD perpendicular to BC, AE drawn 
to the bisection of BC, and AF bisectinz the angle BAC. Produce AD 
«nd make DA' equal to AD : join FA', EA'. 

52. If the point in the base be supposed to be determined, and lines 
^wn from it parallel to the sides, it will be found to be in the line which 
bisects the vertical angle of the triangle. 

53. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of the required lines, through D draw DE parallel to CB 
meeting AC in E, and draw EF parallel to DC, meeting BC in F, Then 
^^ is equal to DC. Next produce CB, making CG equal to CE, and join 
2Q cutting AB in H. From H draw HK perpendicular to EAC» and 

p2 
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HL perpendieulAr to BC. Then HK and HL together are eqaal to DC, 
The proof depends on Theorem 27» p. 75. 

54. Let C' be the intersection of the circles on the other side of the 
base, and join AC, BC. Then the angles OBA, C'B A being equal, the 
angles CBP, CBP are also equal, Euc. i. 13 : next by Euo. i. 4, CP, PC 
are proyed equal ; lastly prove CC to be equal to CP or PC. 

65. In the fig. Euo. z. 1, produce AB both ways to meet the circlee 
in I) and E, join CD, CE, then CDE is an isosodes triangle, haying each 
of the angles at the base one-fourth of the angle at l^e yertex. AtE 
draw EG perpendicular to DB aad meeting DC produced in G. Then 
CEG is an equilateral triangle. 

56. Join CC, and shew that the mgles CCF, CCG are equal to two 
right angles ; also that the line FCG is equal to the diameter. 

57. Construct the figure and by Euc. i. 32. If the angle BAC be 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior anffles of the tri- 
angle ABC form a new triangle A'B'C. Then each of the angles at 
A', B\ C may be shewn to be equal to half of the angles at A and B, 
B and C, C and A respectiyely. And it will be found that half the 
Hims of eyery two of three unequal numbers whose sum is constimt, 

aye less difierences than the three numbers themsehres. 
^ 59. The first case mi^ be shewn l>y Euc. i. 4 : and the second by 
Euc. I. 32, 6, 15. 

60. At D any point in « line EF, draw DC perpendicular to EF and 
equal to the giyen perpendicular on the hypotenuse. With centre C and 
radius equal to the giyen base describe a circle cuttmg EF in B. At G 
draw CA perpendicular to CB said meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required triangle haying the angle ACB a right 
anp[le. In BC produced, take CE equal to AC, and with center B and 
radius BA describe a circular arc cutting CE in D, and join AD. Then 
DE is the difierence between the sum m the two sides AC, CB and the 
hypotenuse AB ; also one side AC the perpendicular is ^yen. Hence 
the construction. On any line EB take EC equal to the giyen side, BD 
equal to the giyen difference. At C, draw CA perpendicular to CB, and 
equal to EC, join AD, at A in AD make the angle DAB e^ual to ABB, 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (1) Let ABC be the trianj^le required, haying ACB the light 
angle. Produce AB to D making AD equal to AC or CB : then BD is 
the sum of the sides. Join DC : then the angle ADC is one-fourth of a 
right angle, and DBC is one-half of a right angle. Hence to construct: 
at B in SD make the angle DBM equal to half a right an^e, and at B 
the angle BDC equal to one-fourth of a right angle, and let DC meet BM 
in C. At C draw CA at right angles to BC meetmg BD in A : and ABC 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle : ttom AB cut off 
AD equal to AC ; then BD is the difference of the hypotenuse and one 
side. Join CD ; then the angles ACD, ADC are equal, and each is half 
the supplement of DAC, which is half a right angle. Hence the con- 
struction. 

63. Take any straight line terminated at A. Make AB equal to 
the difference ot the sides, and AC equal to the hypotenuse. At B 
make the angle CBD equal to half a right angle, and with center A 
and radius AC describe a circle cutting BD in D : join AD, and draw 
DE perpendicular to AC. Then ADE is the requiredtriangle. 
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64. Let BC the giTen T>ase be bisected in D. At D draw DB at 
right angles to BC and equal to the sum of one side of the triangle 
and the perpendicular from the vertex on the base : join DB, and at B 
in BB make the angle EBA equal to the angle BED, and let BA meet 
DE in A : join AC, and ABC is the isosceles triangle. 

05 This construction may be effected bj means of Prob. 4, p. 71. 

6^. The perpendicular from the vertex on the base of an equilateral 
triangle bis.ect8 the angle at the vertex which is two-thirds of one right 
angle. 

67. Let ABC be the equilateral triangle of which a side is required 
to be found, having given BD, CD the lines bisecting the ancles at B, C. 
Since the angles DBu, DCB are equal, each being one-third of a righl 
angle, the sides BD, DC are equal, and BDC is an isosceles triangll^ 
having the angle at the vertex the supplement of a third of two right 
angles. H^ice the side BC may be found. 

68. Ijet the given angle be taken, (1) as the included angle between 
the given sides ; and (2) as the opposite angle to one of the given sides. 
Bi the latter case, an ambiguity will arise if the angle be an acute angle , 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD th 
given difference of the sides AB, AC : join BD, then DBC by Euc. 1. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AD. Hence at B in the given base BC, make the angle CBD 
equal to half the difference of the angles at the base. On CB take CE 
equal to the difference of the sides, and with center C and radius OE, 
describe a circle cutting BD in D : join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required tri- 
angle describe a triangle having its angles equal to the given angles. 
Hien bisect the angles at the base ; and from the point where these fines 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABC be the required trian^e, BC the given base, and the 
side AB greater than AC. Make AD equal to AC, and draw CD. 
Then the angle BCD may be shewn to be equal to hatf the difference, 
and the angle DC A equal td half the sum of the angles at the base. 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 
If BC, BD be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD is the triangle req\rired, and the fi^re* 
ACBD may be shewn to be a parallelogram. Whence the construction.^ 

73. It can be shewn that lines drawn from the angles of a triangle to 
bisect the opposite sides, intersect each other at a point which is two- 
thirds of their lengths from the angular points from which they are drawn. 
Let ABC be the triangle required, AD, BE, CF the given lines from the 
angles drawn to the bisections of the opposite sides and intersecting in G. 
Produce GD, making DH equal to DG, and join BH, CH : the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (fig. to Euc. i. 20.) be the reqtdred triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
angle, and the two sides BA, AC together equal to the ffiven line BD. 
Join DC, then since AD is equal to. AC, the triangle ACD is isosceles, 
and tiierefore the angle ADC is equal to the angle ACD. Hence the 
eonstruction. 

75. Let ABC be the required triangle (fig. to Euc. 1. 18), having the 
angle ACB equal to the given angle, and the base BC equal to the give- 
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line, also CD equal to the difference of the two sides AB, AC. If BD 
be joined, then ABD is* an isosceles triangle. Hence the synthesis. 
Does this construction hold good in all cases ? 

76. Let ABC be the required triangle, (fig. Euc. 1. 18), of which the 
side BC is given and the angle BAC, also CD the difference between the 
sides AB, AC. Join BD ; then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABB is 
equal to the angle ADB ; and since BAD and twice the angle ABB 
are equal to two right angles, it follows that ABD is half the supplemeot 
of the given angle BAC. Hence the ccmstruction of the triangle. 

77. Let AB be the given base : at A draw the line AD to whiph 
the line bisectine the vertical angle is to be parallel. At B draw BE 
p>arallel to AD ; nrom A draw A£ equal to the given sum of the two 
sides to meet BE in E. At B make the angle EBC equal to the angle 
BEA, and draw CF parallel to AD. Then ACB is the triangle required. 

78. Take any point in the given line, and apply Euc. i. 23, 81. 

79. On one of the parallel fines take EF equal to the given line, apd 
with center E and radius EF describe a circle cutting the other in G. 
Join EG, and through A draw ABC parallel to EG. 

80. This will appear from Euc. i. 29, Id, 26. 

81. Let AB, AC, AD, be the three Imes. . Take any point E in AC, 
and on EC make EF equal to EA, through F draw "FQ parallel to AB, 
join GE and produce it to meet AB in U. Then G£ is equal to GH. 

82. Apply Euc. i. 32, 29. 

88. From E draw EG perpendicular on the base of the triangle, 
then ED and EF mav each be proved equal to EG, and the figure shewn 
to be equilateral. Three of the angles of the figure are right anp^les. 

84. The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

85. Let AB be one of the cuagonals : at A in AB make the 
BAC less than the required ansle, and at A in AC make the angle Ci 
equal to the required angle. Bisect AB in E and with center £ and 
radius equal to half the other diagonal describe a circle cutting AC, AD 
in F, G. Join FB, BG : then AFBG is the parallelogram required. 

86. This problem is the same as the following ; having given the 
base of a trian^, the vertical angle and the sum of the sides, to construct 
the triangle. This triangle is one half oi the required parallelogram. 

87. Draw a line AB equal to the given diagonal^ and at the point A 
make an angle BAC equal to the given angle. Bisect AB in I), and 
through D draw a line parallel to the given line and meetixig AC in C. 
This will be the position of ^e other diagonal. Through fi draw BE 
parallel to CA, meeting CD produced in £; join AE, and BC. l^up 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. i. 24. 

89. By Euc« i. 4, the opposite sides may be proved to be equaL 

90. Let ABCD be the given parallelogram; construct the other 
parallelogram A'B'C'D' by curawing the lines required, also the dia- 
gonals AC, A'C, and shew that the triangles ABC, A'B'Ct are equi- 
angular. 

J91. AD' and B'C may be proved to be paralleL 

92. Apply Euc. i. 29, 32. 

93. The points D, D', are the intersections of the diagon^ of two 
rectangles : if the rectangles be completed, and the lines OD, Oiy be 
produced, they will be the other two diagonals. 

94. Let the line drawn from A feJl without the paraUelogram* and 
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let CC, BB', Biy, be the perpendicolart from C, B, D, on the Une drawn 
from A ; from B draw BE parallel to AC, and the truth is manifest. 
Next, let the Une from A be drawn so as to fall within the parallelofla[am. 

05. Let the diagonals intersect in £. In the triangles DCB, UDA« 
two angles in each are respectively equal and one side DE : wherefiDre 
the diagonals DB, AC are equal : luso since DE, EC are equal, it follows 
that EA, EB are equal. Hence DEC, A£B are two isosceles triangles 
haying their vertical angles equal, wherefore the angles at their bases 
are equal respectively, and therefore the angle CDB is equal to DBA. 

06. (1) By supposing the point P found in the side AB of the paral- 
leloffram ABCD, such that the angle contained by AP, PC may be bisected 
by me line PD ; CP may be proved equal to CD ; hence the solution. 

(2) B)r supposing the pomt P found in tiie side AB produced, so that 
PD may bisect the angle contained by ABP and PC ; it may be shewn 
that the side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Euc. i. 86. 

08. Let D, E, F be the bisections of the sides AB, BC, CA of the 
triangle ABC : draw DE, EF, PD ; the triangle DEF is one-fourth of the 
triangle ABC. The triangles DBE, FBE are equal, each being one-fourth 
of the triangle ABC: DF is therefore parallel to BE» and DBEFisa 
paraUelofmun of which DE is a diagonaL 

90. This may be proved by applying Euc.i. 88. 

100. Apply Euc. I. 87, 88. 

101. On any side BC of the given triangle ABC, take BD equal to the 
given boie ; join AD, through C cfraw CE parallel to AD, meeting BA pro- 
duced if necessary in E, join ED ; then BDE is the triangle required. 
By a process somewhat similar the triangle may be formed when the ol- 
tUude is given. 

102. Apply the preceding problem (101) to make a triangle equal to 
one of the given triangles and of the same altitude as the other given tri 
angle. Then the sum or difference can be readily found. 

108. First construct a triangle on the given base equal to the given 
triangle ; next form an isoscel^ triangle on the same base equal to this 
triangle. 

104. Make an isosceles triangle equal to the given triangle, and 
then this isosceles triangle into an equal equilateral triangle. 

105. Make a triangle equal to the given parallelogram upon the 
given Une, and then a triangle equal to mis triangle, having an angle 
equal to the given angle. 

106. If me figure ABCD be one of four sides; join the opposite 
aisles A, C of the figure, through D draw DE parallel to AC meeting 
BC produced in E, join A£:— the triangle ABE is equal to the four- 
sided figure ABCD. 

If the figure ABCDE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, 1^ two constructions 
similar to that employed for a fi^;ure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must be repeated. 

107. Draw two lines from the bisection of the base parallel to the 
two sides of the triangle. 

108. This may be shewn ex absurdo. 

1 09. On the same base AB , and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC a right angle, but the ansle ABD not a right angle ; then the triangle 
ABC is greater than ABD, i^mether the angle ABD be acute or obtuse. 

110. Let ABC be a triangle whose vertical angle is A, and whose 
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base fiC is bisected in P ; let any Kne EDG be drawn through D, meet- 
ixig AC the greater side in G and AB produced in E, and forming a triangle 
AEG haying the same vertical angle A. Draw BH parallel to AC^and 
the trianffles BDH, GDC are equal. Euc. i. 26. 

111. Xet two triangles be constructed on the same base with equal 
perimeters, of which one is isosceles. Through tiie vertex of that wnidi 
is not isosceles draw a Hne parallel to the base, and intersecting the 
perpendicular drawn from the vertex of the isosceles triangle upon the 
common base. Join this pointof intersection and the extremities of the base. 

112. (1) DF bisects the triangle ABC (fie. Prop. 6, p. 73.) On each 
side of the point F in the line BC, take FG, FH, each equal to one-tidrd 
of BF, the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point m BC. Trisect BC in E, 
F. Join AD, and draw EG. FH parallel to AD. Join DG, DH; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest, 

(2) . Let ABC be any triangle ; trisect the base BC in D, E, and join 
AD. AE. From I), E, draw DP, EP parallel to AB, AC and meeting 
in P. Join AP, BP, CP j these three fines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the 
base BC in D, E. From the vertex A draw AD, AE, AP. join PD, 
draw AG parallel to PD and join PG. Then BGPA is one-third of the 
triangle. The problem may be solved by trisecting either of the other 
two sides and making a sinailar construction. 

113. The base may be divided into nine eijual parts, and lines may 
be drawn from the vertex to the points of division. Or, the sides of the 
triangle may be trisected, and the points of trisection joined. 

114. It is proved, Euc. i. 34, that each of the diagonals of a parallelo- 
gram bisects the figure, and it may be shewn that they also bisect each 
other. It is hence manifest that any straight line, whatever may be its 
position, which bisects a parallelogram, must pass through the intersec- 
tion of the diagonals. ' 

116. See the remark on the preceding problem 114. 

116. Trisect the side AB in E, F, and draw EG, FH parallel to AD 
or BC, meeting DC in G and H. If the givenpointP be in EF, the two 
lines drawn from P through the bisections of £G and FH will trisect the 
parallelogram. K P be m FB, a line from P through the bisection of 
rH will cut off one-third of the parallelogram, and the. remaining trape- 
zium is to be bisected by a line from P, one of its angles. If P coincide 
with E or F, the solution is obvious. 

117. Construct a right-angled parallelogram by Euc. i. 44, equal to 
the given quadrilateral figure, and from one of the angles, draw a Kne 
to meet the opposite side and equal to the base of the rectangle, and a 
line from the adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the vertex A, draw AE parallel to 
BC, with center D and radius equal to half the sum of AB, AC, describe 
a circle cutting AE in E. 

119. Produce one side of the square till it becomes equal to the di- 
agonai, the line drawn from the extremity of this produced side and pa- 
rallel to the adjacent side of the square, and meeting the diagonal p^oduc^d, 
determines the point required. 

1 20. Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
triangles is situated on different sides of the same base and has equal, al- 
titudes. 
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121. One caae is included in Theo. 120. The other case, when the 
point is in the diagonal produced, is obrious from the same principle. 

122. The triangles BGF, ABF may be prored to be equal to half 
of the parallelogram by Eno. i. 41. 

123. Apply Euc. i. 41, 38. 

124. If a line be drawn parallel to AD through Uie point of intersec- 
tion of the diagonal, and the line drawn through O parallel to AB ; then 
by Euc. I. 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that paralldograms, are dirided into pairs 
of equal triangles by the diasonals, and therefore by taking the triangle 
ABD equal to the trianele JlBC, the property may be easily shewn. 

126. The triangle ABD is one half of the parallelogram ABOD, 
Euc. I. 34. And the triangle BKC is one half of the parallelogram 
CDHG, Eno. i. 41, also for the same reason the triangle AKB is one 
half of the parallelogram AHGB : therefore the two triangles DKC, 
AKB are together one half of the whole parallelogram ABCD. Hence 
the two triangles DKC, AKB are «qual to the triangle ABD : take from 
these equals the equal parts which are common, uierefore the triangle 
OKP is equal to the triangles AHK, KBD ; wherefore also taking AElK 
from.these equals, then Uie difierence of the triangles CKF, AHK is 
equal to the triangle KBC : and the doubles of these are equal, or the 
difference of the parallelograms CFKG, AHKE is equal to twice the 
triangle KBD. 

127. First prove t^t the perimeter of a square is less than the peri- 
meter of an equal rectangle : next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proTC»l by shewing that the area of the isosceles 
triangle is greater than the area of any other triangle which has the same 
yertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. i. 42), AEperpen- 
dicular to the base BC, and AECG the equiyalent rectangle. Then AC 
is greater than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in £, jmn BE, ED, and prove BE, ED in the same straight 
line and equal to one another. 

131. Apply Euc. I. 15. 

132. Apply Euc. i. 20. 

133. This may be shewn by Euc. i. 20. 

1 34. Let AB be the longest and CD the shortest side of the rectangular 
figure. Produce AD, BC to meet in E. Then by Euc. i. 32. 

135» Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite sides AB, CD, join EF and bisect it in G ; and through 
G draw a straight line HGK terminated by the sides AD, BC; and 
bisected in the pomt G. Then EF, HK are the diagonals of the required 
parallelogram. 

136. After constructing the figure, the proof oflfers no difficulty. 

137. If any line be assumed as a diagonal, if the four given lines 
taken two and two be always greater than ttdi diagonal, a four-sided 
figure may be constructed having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two on 
one side of each diagonal. Then two of the lines drawn through the points 
of bisection of two sides may be proved parallel to one diagonal, and two 

P 6 
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parallel to the other diagonal, in the same way as Theo. 97> supra. The 
other property is manifest Irom the relation of the areas of the triangles 
made by the unes drawn through the bisections of the sides. 

139. It IB sufficient to suggest, that triangles on equal bases, and of 
equal altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in £ 
and CD in F, and let EF be drawn. Join AF, BF, then Euc. i. 38. 

141. Let BCED be a trapezium of which DC, BE are the diagonals 
intersecting each other in Q. If the trianffle DBO be equal to the triangle 
EGC, the side D£ may be proved parallel to the side BC, by Euc. i. 39. 

142. Let ABCD be the quadrilateral figure haying the sides AB, 
CD, tmrallel to one another, and AD, BC equal. Through B draw BE 
parallel to AD, then ABED Ib a parallelogram. 

143. Let ABCD be the quadrilateral haying the side AB paralld 
to CD. Let £, F be the points of bisection of the diagonals BD, AC, 
and join EF and produce it to meet the sides AD, BC in G and H. 
Through H draw LHK parallel to DA meeting DC in L and AB pro- 
duced in K. Then BK ib half the difference of DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAB by Prob. 
106, supra, and bisect the triangle BAE by a line AF from the vertex.1 
If F fall without BC, through F draw F6 parallel to AC or DE, and 
join AG. 

Or thus. Draw the diagonals AC, BD : bisect BD in E, and join AE| 
EC. Draw FEG parallel to AC the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium. 

(2) Let £ be the given point in the side AD. Join EB. Bisect thfl 
quadrilateral EBCD by EF. Make the triangle EFG equal to the tri-^ 
angle EAB, on the same side of £F as the triangle AB. Bisect the tri^ 
angle EFG by EH. EH bisects the figure. 1 

145. If a straight line be drawn from the given point through the in^ 
tersecdon of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapeziimi by a line diawn 
from one of its angles. 

1 46. If the four sides of the figure be of different leng^, the truth d 
the theorem may be shewn. If, however, two adjacent sides of the figure 
be equal to one another, as also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, wUl be found to divide the 
trapezium into four triangles which are equal in area to one another* 
Euc. I. 38. 

147. Apply Euc. i. 47, observing that the shortest side is one half 
of the longest. 

148. Find by Euc. j. 47, a line the square on which shall be seven 
times the square on the given line. Then the triangle which has these 
two Unes containing the right angle shall be tiie triangle required. 

149. Apply Euc. i. 47. 

150. Let the base BC be bisected in D, and DE be drawn perpendicu- 
lar to the hypotenuse AC. Join AD : then Euc. i. 47. 

151. Construct the figure, and the truth is obvious from Euc. i. 47. 

152. See Theo. 32, p. 76, and apply Euc. i. 47. 

153. Draw the lines required and apply Euc. i. 47. 

154. Apply Euc. i. 47. 

155. Apply Euc. i. 47. 

156. Apply Euc. i. 47, observing that the square on any line is four 
times the square on half the line. 
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157. Apply Euc. i. 47t to express the squares of the three sides in 
terms of the squares on the perpendiculars and on the segments of AB. 

158. By £uc. i. 47. bearing in mind that the square described on any 
line is four times the square described upon half the line. 

159. The former part is at Once manifest by Euc. i. 47. Let the dia- 
gonals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the diagonals, the minimum is obvious. Find its 
value in terms of the side. 

160. (a) This is obvious from Euc. i. 18. 
{b) Apply Euc. I. 32, 29. 

(c) Apply Euc. 1. 5, 29. 

(a) Let AL meet the batee BC in P, and let the perpendiculars from 
F, K meet BC produced in M and N respectively ; then the triangles 
APB, FMB maybe proved to be equal in all respects, as also APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
DQB may be proved equal to each of the triangles AB(/, DBF ; whence 
the triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD are equal, by shewing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other. 

(/) If DQ be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and DQ equal to AC. Then the 
square on FD is found by the right-angled triangle FQD. Similarly, the 
square on KE i^ found, and the sum of the squares on FD, EK, GH will be 
found to be six times the square on the hypotenuse. 

(g) Through A draw PAQ parallel to BC and meeting DB, EC 
produced in P, Q. Then by the right angled triangles. 
^ 161. Let any parallelograms be described on any two sides AB, AC 
of a tiiangle ABC, and the sides parallel to AB, AC be produced to meet 
jn a point P. Join PA. Then on either side of the base BC, let a paral- 
lelogram be described having two sides equal and parallel to AP. Pro- 
duce AP and it will divide the paraUelosram on JBC into two parts re- 
iBpectively equal to the parallelograms on tne sides. Euc. i. 35, 36. 

162. Let the equilateral triangles ABD. BCE, CAF be described on 
AB, BC, CA, the sides of the triangle ABC having the right angle at A. 

Join DC, AK : then the triangles DBC, ABE are equal. Next draw 
Do perpendicular to AB and join CG : then the triangles BDG, DAG, 
DGC are equal to one another. Also draw AH, EK perpendicular to 
BC ; the triangles EKH, EKA are equal. "Whence majr be shewn that 
the triangle ABD is equal to the triangle BHE, and in a similar way may 
he shewn that CAF is equal to CHE. 

The restriction is unnecessary : it only brings AD, AE into the same 
line. 



GEOMETRICAL EXERCISES ON BOOK H. 
HINTS, &c. 

6. See the figure Euc. ii. 5. 

7. This Problem is equivalent to the following : construct an isosceles 
nght- angled triangle, having given one of the sides which contains the 
right angle. 

8. In the question for E read D. Construct the square on AB, and 
the property is obvious. 
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9. The sum of the squaree on the two parts of any Mne is least 
when the two parts are equal. 

10. A Une maj be found the square on which is double the square 
on the given line. The problem is then reduced to :— having given the 
hypotenuse and the sum oi the sides of a right-angled trianglci con- 
struct the trianffle. 

11. This foUows from Buc. n. 6, Cor. 

12. This problem is, in other words, Given the sum of two lines and 
the sum of their squares, to find the Unes. Let AB be the given straid^t 
line, at B draw BC at right angles to AB, bisect the angle ABC by BD. 
On AB take A£ equal to the side of the given square, and with center A 
and radius A£ describe a circle cutting BD in D, from D draw DF per- 
pendicular to AB, the line AB is divided in F as was required. 

18. Let AB be the given Une. Produce AB to C making BC equal 
to three times the square on AB. From BA cut off BD equal to BC ; 
then D is the point of section such that the squares on AB and BD are 
double of the square on AD. 

14. In the hg. £uc. n. 7. Join BF, and draw FL perpendicular on 
OD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB, BC. 

Or, join KA.. CD, KD, CK. Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to the triable ABK. Hence, 
twice the triangle ABK is equal to the figure CBED ; but twice the 
triangle ABK is equal to the rectangle AB, BC ; and the figure CBKD 
is equal to half the rectangle DB and CK, the diagonals of the squares 
on AB, BC. Wherefore, &c. 

15. The difference between the two imequal parts may be shewn to 
be equal to twice the line between the points of section. 

16. This proposition is only another form of stating Euc. ii. 7. 

17. In the figure, Theo. 7, p. 69, draw PQ, PR, PS perpendiculars on 
AB, AD, AC respectively : then since the triangle PAC is equal to the 
two triangles PAB, PAD, it follows that the rectangle contained by 
PS, AC, IB equal to the sum of the rectangles PQ, AB. and PE, AD. 
When is the rectangle PS, AC equal to the difference of the other two 
rectangles ? 

18. Through E draw EG parallel to AB, and through F, draw FHK 
parallel to BC and cutting EG- in H. Then the area of the rectangle is 
made up of the areas of four triansles ; whence it may b e rea dily shewn 
that twice the area of the triangle J^E, and the figure AGHK is equal to 
the area ABCD. 

19. Apply Euc. n. 11. 

20. The vertical angles at L may be proved to be equal, and each of 
them a right angle. 

21. Apply Euc. II. 4, 11. i. 47. 

22. Produce FG, DB to meet in L, and draw the other diagonal 
LHC, which passes through H, because the complements AG, BK are 
equal. Then LH may be shewn to be equal to Ft, and to Dd. 

23. The common mtersection of the three lines divides each into two 
parts, one of which is double of Uie other, and this point is the vertex of 
three triangles which have lines drawn from it to the bisection of the 
bases. Apply Euc. ii. 12, 13. 

24. Apply Theorem 3, p. 104, and Euc. i. 47. 

25. This will be found to be that particular case of Euc. n. 12, in 
which the distance of the obtuse angle m>m the foot of the perpendicular, 
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is half of the side subtended by the right aag^ made by the perpendicular 
and the base produced. 

26. (1) Let the triangle be aeute-an|;led. (Euc. ii. 13, fig. 1.) 

Let AC be bisected in E^ and BE be joined ; also EF be drawn per- 
pendicular to BC. EF is equal to FC. Then the square on BE may be 
proved to be equal to the square on BC and the rectangle BD, BC. 

(2) If the triangle be obtuse-angled, the perp^idicuhur EF falls within 
or without the base according as the bisecting line is drawn from the obtuse 
or the acute angle at the base. 

27. This may be shewn from theorem 3. p. 114. 

28. Let the perpendicular AD be drawn nrom A on the base BC. It 
may be shewn that the base BC must be produced to a point E, such 
that C£ is equal to the difference of the segments of the base made by 
the perpendicular. 

29. Since the base and area are given, the altitude of the trianele b 
known. Hence the problem is reduced to ;— Given the base and altitude 
of a triangle, and the line drawn from the vertex to the biaection of the 
base, constnict the triangle. 

30. This follows immediately from Euc. i. 47. 

31. Apply Euc. It. 13. 

32. The truth of this property depends on the fact that the rectangle 
contained by AC, CB is equal to that contained by AB, CD. 

33. Let P the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Prob- 
lem is contained in Theorem 3. p. 1 14. 

34. This may be shewn from Euc. i. 47 ; xi. 5. Cor. 

35. From C let fall CF perpendicular on AB. Then ACE is an ob- 
tuse-angled, and BEC an acute-angled triangle. Apply Euc. ii. 12, 13 ; 
and by Euc. i. 47, the squares on AC and CB are equal to the square 
onAB. 

36. Apply Euc. i. 47, n. 4 ; and the note p. 94, on Euc. n. 4. 

37. Draw a perpendicular from the vertex to the base, and apply 
£ue. I. 47 ; ii. 5, Cor. Enunciate and prove the proposition when the 
straight line drawn from the vertex meets the base produced. 

38. This follows directly from Euc. ii. 13, Case 1 . 

39. The truth of this proposition may be shewn from Euc. i. 47 ; n. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square, and the proof is obvious. 

41 . Let ABC be Ae triangle required, such that the square on AB 
is three times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. ii. 12, CD may be shewn to be equal 
to one half of BC. Hence the construction. 

42. Apply Euc. ii. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw also 
EG perpendicular to the base. Then bjr Euc. i. 47 ; ii. 6, Cor. 

44. Bisect the angle B by BD meetins the opposite side in D, and 
draw BEperpendicular to AC. Then by Euc. i. 47 ; ii. 5, Cor. 

45. This follows directly from Theorem 3, p. 104. 

46. Draw the diagonals intersecting each other in P, and join OP. 
By Theo. 3, p. 104. 

47. Draw from any two opposite angles, straight lines to meet in the 
bisection of the diagonal joining the other angles. Then by Euc. n. 12, 1 3. 

48. Draw two lines from the point of bisection of either of the bi- 
sected sides to the extremities of the opposite side ; and three triangles 
will be formed, two on one of the bisected sides and one on the other, in 
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each of ^diieh ii aline drawn from the Tertex tothe biseetion of thebsse. 
Then by Theo. 8, p, 104. 

49. If the extremities of the two lines which bisect the opposite sides 
of the trapezium be joined, the figure formed is a parallelogram which 



has its sides respeotiyelj partdlel to, and equal to, half the diagonals of 
the trapezium. The sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the sum of the squares on 
the four sides of the parallelogram. 

50. Draw perpendiculars from the extremities of one of the jMiraDel 
sides, meeting the other side produced, if necessary. Then from theiisur 
right-angled triangles thus formed, may be shewn the truth €i the pro- 
position. 

61. In the problem, for triangle read rectangle. Let ABCI> be any 
trapezium having the side AB parallel to BC. Draw the diagonal AC, 
then the sum of the triangles AuC, ADO may be shewn to be equal to 
the rectangle contained by the altitude and hidf the sum of AD and BC 

62. Let ABCD be the trapezium, having the sides AB, CD, paralld, 
and AD, BC equal. Join AC and draw AE perpendicular to DC. Then 
by Euc. II. 13. 

63. Let ABC be any triangle ; AHKB, AGFC, BDEC, the squares 
upon their sides ; EF, GH, KL the lines joining the angles of the squares. 
Produce GA, KB, EC, and draw HN^ DQ, FR perpendiculars upon them 
respectivdy: also draw AP, BM^ CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM ; CR to CP ; and 
BQ to BS ; and by Euc. ii. 12, 13. 

64. Convert the triangle into a rectangle, then Euc. n. 14. 

65. Find a rectangle equal to the two figures, and c^ply £uc. ii. 14. 

66. Find the side of a square which shall be equal to the given rec- 
tangle. See Prob. i. p. 113. 

67. On any line PQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square ; bisect AB in O and join OC ; with center 
O and radius 00 describe a semicircle meeting PQ in D and E. Th^ 
the lines AD, AE have AB for their difference, and the rectangile con- 
tained by them is equal to the square on AC. 

68. Apply Euc. ii. 14. 



GEOMETRICAL EXERCISES ON BOOK IIL 
HINTS, &c, 

7. Euc. in. 3, suggests the construction. 

8. The ffiven point may be either within or without the circle. Find 
the center of the circle, and join the given point and the center, and upon 
this line describe a semicircle, a line equal to the given distance inay be 
drawn from the given point to meet the arc of the semicircle. Vflien. 
the point is without the circle, the given distance may meet the diameter 
produced. 

9. This may be easily shewn to be a straight line passing through 
the center of the circle. 

10. The two chords form by their intersections the sides of two isos- 
celes triangles, of which the parallel chords in the circle are the bases. 
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11. The angles in equal legments are equal, and by Eno. i. 29. If 
the chsada are equally distant from the center, the lines intersect the 
diameter in the center of the circle. 

12. Construct the figure and the arc BC may be proved equal to the 
arc B'C. 

13. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center of 
the required circle. 

14. Construct the figures : the proof ofiers no difficulty. 

16. On any radius construct an isosedes right-angled triangle, and 
produce the side which meets the circumference. 

16. Join the extremities of the chords, then Euc. i. 27 ; in. 28. 

17. Take the center O, and join AP, AO, &c. and apply Euc. i. 20. 

18. Draw any straight line intersecting two parallel chords and meet- 
ing the circumference. 

19. Produce the radii to meet the circumfer^ice. 

20. Join AB, and the first equality follows directly from Euc. in.' 
20, 1. 32. Also by joining AC, the second equality may be proved in a 
similar way. If however the line AD do not fall on the same side of the 
center O as E, it will be found that the difference, not the sum of the two 
angles, is equal to 2 . AED. See note to Euc. in. 20, p. 155. 

21. Let DKE, DBO (%. Euc. in. 8) be two lines equally inclined 
to DA, then KE may be proved to be equal to BO, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
are equid to one another. 

22. Apply Euc. i. 15, and in, 21 . 

23. This is the same as Euc. in. 34, with the condition, that the Hue 
most pass through a given point. 

24. Let the segments AHB, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con- 
verse to £u^. in. 32, AB touches the circle AKC, and AC the circle AUB. 

2-5. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the triangles ABD, ACE, the sides AB, AC shall cut off 
segments similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc. in. 26, p. 156. 

27. The segment must be described on the opposite side of the pro- 
duced chord. By converse of Euc. ni. 32. 

28. If a circle be described upon the side AC as a diameter, the cir- 
cumference will pass through the points D, E. Then Euc. ni. 21. 

29. Let AB, AC be the bounding radii, and D any point in the arc 
BC, and DE, DF, perpendiculars from D on AB, AC. The circle de*^ 
smbed on AJ) will always be of the same magnitude, and the angle EAF 
in it, is constant :— wh^ce the arc EDF is constant, and therefore its 
chwrdEF. 

30. Construct the figure, and let the circle with center O, described 
on AH as a diameter intersect the given circle in F, Q, join OP, PE, and 
prove EP at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line : 
draw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given lind. 

32. The straight line which joins the center and passes through the 
intersection of two tangents to a circle, bisects the angle contained by 
the tangents. 
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88. Draw two radtt eonteiniiig an an^ equal to the supplement of 
the giTen angle ; the tangents drawn at the extremitiea of these radii wiQ. 
contain the given angle. 

84. Since the circle ia to touch two parallel lines drawn firom two 
ffiTen points in a third line, the radius of uie cirde is determined by tiie 
distance between the two given points. 

85. It is suffident to suggest that the angle between a chord and a 
tangent is equal to the angle in the alternate segment of the circle. Eac. 
III. 82. 

86. Let AB be the given chord of the circle whose center is O. Draw 
D£ touching the circle at any point £ and equal to the given line ; jcnn 
DO, and with center O and radius DO describe a circle i produce the 
chord AB to meet the circumference of this cirde in V : then F is the 
point required. 

87. Let D be the point required in the diameter BA produced, such 
that the tangent DP is half of DB. Join CP, C being the center. Then 
CPD is a right-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendiculu* PD. 

88. If BE intersect DF in K (fig. Euc. ra. 37). Join FB, FE, then 
by means of the trianales, BE is shewn to be bisected in K at right angles. 

39. Let AB, CD be any two diameters of a drde, O the center, and 
let the tangents at theb extremities form the quadrilateral figure EFGH. 
Join EO, OF, thenEO and OF may be proved to be in the same straight 
line, and similarly HO, OK* 

NoTB.— This Propodtion is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following propodtion :— 
The dii^nals of the circumscnoed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, ^Kud let DE be any diameter, also let AE, BD be 
joined, int^seoting in P, then if CP be joined and produced to meet D£ 
in O : CO is perpendicular to DE. Join DA, EB and produce them to 
meet in F. 

Then the an^es DAE, EBD being angles in a semicircle, are ri^^t 
angles ; or DB, EA are drawn perpendicular to the sides of the triangle 
DEF : whence the line drawn from F through P is perpendicular to tiie 
third side DE. 

41. Let the chord AB, of which P is its middle point, be produced 
both ways to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the drde forming the tangential quadrilateral CKDR, the 
points of contact of the sides, being E, H, F, G. Let O be the center of 
the circle. Join EH. GF, CO, GO, FO, DO. Then EH and GF may 
be proved each parallel to CD, they are therefore paralld to one another. 
Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. i. 29, and the note to tii. 22. p. 156. 

43. From any point A in tiie circumference, let any chord AB and 
tangent AC be drawn. Bisect the are AB in D, and from D draw BE, 
DC perpendiculars on the chord AB and tangent AC. Join AD, the 
triangles ADE, ADC may be shown to be equfd. 

44. I^t A, B, be. the given points/ Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle. 
If the drde cut tiie given line, there will be two pdnts; if it only touch 
the line, there will be one ; and if it ndther cut nor touch the line, the 
problem is impossible. 
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4^. It may be shewn that the point re<iiiired is detennined hj a per- 
pendiculeu: drawn from the center of the circle on the ^ven lice. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles wiUi the tangent to the circle at the point of contact 
P, take any other point Q in the convex circumference, and join QA, 
QB: then by Prob. 4, p. 71, and Euc. i. 21. 

47. Let C be the center of the circle, and E the point of contact of 
DF with the circle. Johi DC, CE, CF. 

48. Let the tangents at E, F meet in a point R. Produce RE, RF 
to meet the diameter AB produced in S, T. Then RST is a triangle, 
and the quadrilateral RFOE maybe circumscribed by a circle, and RPO 
may be proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact : produce AC, 
BC to meet the circumference in B', A', and Join AA', BB'. 

60, Let A be the given point, and B the given point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
and from F draw FE perpendicular to AB and meeting BE in E. E is 
the center of the required circle. 

51 . Let O be the center of the given circle. Draw O A perpendicular 
to the given straight line ; at O in OA make the angle AOP equal to the 
nven angle, produce PO to meet the circimiference again in Q. llien P, ^ 
Q are two points from which tangents may be drawn fulfilling the re- 
quired condition. 

62. Let C be the center of the given circle, B the given noint in the 
circumference, and A the other given point through which the required 
circle is to be made to pass. «Join CB, the center of the circle is a point 
in CB produced. The center itself may be foimd in three ways. 

63. Euc. III. 11 suggests the construction. 

64. Let AB, AC be the two given lines which meet at A, and let D 
he the given point. Bisect the angle BAC by AE, the center of the circle 
is in AE. Through D draw DF perpendicular to AE, and produce DF 
to G, making FG equal to FD. Then DG is a chord of the circle, and 
the circle wmeh passes through D and touches AB, will also pass through 
and touch AC. 

65. As the center is gi^en, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremi- , 
ties of which the required circle is to pass. 

66. Let AB be the given line and D the given point in it, through 
"Which the circle is required to pass, and AC the line which the circle is 
to touch. From D draw DE perpendicular to AB and meeting AC in C. 
Suppose O a point in AD to be the centre of the required circle. Draw 
OE perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

67. Let the given circle be described. Draw ar line through the 
center and intersection of the twa lines. Next draw a chord perpendi- 
cular to this line, cutting off a segment containing the given angle. The 
pele described passing throush one extremity of the chord and touch- 
i^ one of the straight lines, shall also pass tlurough Uie other extremity 
of the chord and touch the other line. 

68. The line drawn- through the point of intersection of the two 
circles parallel to the line which joins their centers, may be shewn to be 
oouble of the line which joins their centers, and greater than any other 
straight line drawn through the same point and' terminated by the cir- 
c^uuierences. The greatest line therefore depends on the distance be- 
tween the centers of the two eirdefl% 
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69. ApplyBuc. ra,27.i.6, 

60. Let two unequal circles cut one another, and let the line ABC 
drawn through B, one of the points of intersection, be the line required, 
such that AB is equal to BC. Join O, O' the centers of the circles, and 
draw OP, OF perpendiculars on ABC, then PB is equal to BP' ; through 
O' draw O'D parallel to PF ; then ODO' is a right-angled triangle, and 
a semicircle described on OO' as a diameter will pass through the point 
D. Hence the synthesis. If the line ABC be supposed to move round 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a mi^-r^w^iim . 

61. ^ Suppose the thing done, then it will appear that the line joining 
the points of intersection of the two circles is bisected at right angles by 
the line joining the centers of the circles. Since the ra£i are known, 
the centers of tne two circles may be determined. 

62. Let the circles intersect in A, B ; and let CAD, £BF be any 
parallels passing through A, B and intercepted by the circles. Join 
CB, AB, DF. Then the figure CEFD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB ; AHB being the 
other part. Then since the angle ACB is constant, being in a j^en 
segment, the sum of the arcs D£ and AHB is constant. But ASB is 

* given, hence £D is also given and therefore cimstant. 

64. From A suppose ACD drawn, so that when BD, BC are joined, 
AD and DB shall together be double of AC and CB together. Then 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles. Also the angles 
BCD, BDC are given, hence the triangle BI)C is given in species. 

Again AD + DB = 2. AC + 2.BC, or CD = AC + BC. 

Whence, make the triangle bdc having its angles at d, c equal to that 
in the segment BDA ; and make ca = cd — eb, and join ab. At A make 
the angle BAD equal to bad, and AD is the line re<]^uired. 

65. The line drawn from the point of intersection of the two lines 
to the center of the given circle may be shewn, to be constant^ and the 
center of the given circle is a fixed point. 

66. This is at once obvious from £uc. in. 36. 

67. This foUaws directly from Euc. in. 36. 

68. Each of the lines C£, DF may be proved parallel to the common 
chord AB. 

69. By constructing the figure and joining AC and AD, by Euc. 
in. 27, it may be proved that the line BC falls on BD. 

70. By constructing the figure and applying Euc i. 8, 4, the truth 
is manifest. 

71 . The bisecting line is a common chord to the two circles ; join the 
other extremities of the chord and the diameter in each circle, and the 
angles in the two segments may be proved to be equal. 

72. Apply Euc. in. 27 ; i. 32. 6. 

73. Draw a common tangent at C the point of contact of the cirdest 
and prove AC and CB to be m the same straight line. 

74. Let A, B, be the centers, and C the point of contact of the two 
circles ; D, E the points of contact of the circles with the common tangent 
DE, and CF a tangent conmion to the two circles at C, meeting DF in£. 
Join DC, CE. Then DF. FC, FE may be shewn to be equ^O, and FC 
to be at right angles to AB. 

75. The line must be drawn to the extremities of the diameters which 
are on opposite sides of the line joining the centers. 
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76. The Bum of the distances of the center of the third circle from 
the centers of the two given circles, is equal to the sum of the radii of 
the given circles, which is constant. 

77. Let the circles touch at C either externally or intemalljr, and 
their diameters AC, BC through the point of contact will either coincide 
or be in the same straight line. CDE any line through C will cut off 
similar segments from the two circles. For joining AD, BE, the angles 
in the segments DAC, EBC are proved to be equal. 

The remaining segments are also similar, since they contain angles 
which are supplementary to the angles DAC, EBC. 

78. Let the line which joins the centers of the two circles be pro- 
duced to meet the circumferences, and let the extremities of this line 
and any other line from the point of contact be joined. From the center 
of the larger circle draw perpendiculars on the sides of the right-angled 
triangle inscribed within it. 

79. In general, the locus of a point in the circumference of a circle 
which rolls within the circumference of another, is a curve called the 
Eypocycloid; but to this there is one exception, in which the radius of 
one of the circles is double that of the other : in this case, the locus is 
a straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB cutting the 
circumferences in C, D. On AB take CE, DF each equal to the radius 
of the required circle : the two circles described with centers A, B, and 
radii AE, BF, respectively, will cut one another, and the point of inter- 
section will be the center of the required circle. 

81. Apply Euc. III. 31. . 

82. Apply Euc. m. 21. 

83. (1) When the tangent is on the same side of the two circles. 
Join C, C' their centers, and on CC describe a semicircle. With center 
C' and radius equal to the difference of the radii of the two circles, describe 
another circle cutting the semicircle in D : join DC and produce it to 
meet the circumference of the given circle in B. Through C draw CA 
parallel to DB and join BA ; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, 
C ; on CC describe a semicircle ; with center C, and radius equal to the 
«*» of the radii of the two circles describe another circle cutting the 
semicircle in D, join CD cutting the circumference in A, through C 
draw CB parallel to CA and join AB. 

84. The possibility is obvious. The point of bisection of the segment 
intercepted between the convex circumferences will be the center of one 
of the circles : and the center of a second circle will be found to be the 
point of intersection of two circles described from the centers of the 
given circles with their radii increased by the radius of the second circle, 
'fhe line passing through the centers of these two circles will be the locus 
of the centers of all the circles which touch the two given circles. 

85. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw PQ, RS, tangents equal to the given ^ines, and 
join AQ, BS. These being made the sides of a triangle of which AB 
is the base, the vertex of the triangle is the point required. 

86. In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw 
a straight line touchmg these circles. 

87. Within one of the circles draw a chord cutting off a segment 
equal to the given segment, and describe a concentric circle touching 
the chord : then draw a straight line touching this latter circle and the 
other given circle. o,,.ea., Google 
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8S. The tangent may intersect the line joining the centers, or the line 
produced. Prove that the angle in the segment of one circle is equal to 
the angle in the correspondinff segment of the other circle. 

89. Join the centers A, B ; at C the point of contact draw a tangent, 
and at A draw AF cutting the tangent m F» and makine with CF an 
angle e^ual to one-fourth of the given ang^e. From F draw tangents 
to the circles. 

90. Let C be the center of the given circle, and I> the given point in 
the given line AB. At D draw any line D£ at right angles to AB, then 
the center of the circle required is in the line AB* 1 hioi^h C draw a 
diameter FG parallel to BE, ^e cireie described passing through the 
points E, F, G will be the circle required. 

91. Apply Euc. in. 18. 

92. Let A, B-, be the twa given points, and C the center of the given 
circle. Join AC, and at C draw the diameter DCE perpendicular to AC, 
and through the points A, D, E describe a circle, and produce AC to 
meet the circumference in F. Bisect AF in G, and AB in H, and draw 
GK, HK, perpendiculars ta AF, JlUB respectively and intersecting in K. 
Then K is the center of the circle which passes through the points A, B, 
and bisects the circumference- of the circle whose center is C. 

93. Let ]> be the given point and £F the given straight line. (fig. 
Euc. III. 32.) Draw D© to make the angle DBF equal to that contained 
in the alternate segment. Draw BA at right angles to EF, and DA at 
right angles to DB and meeting BA in A. Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and CD the given line. From E 
the middle of the line A^ draw EM perpendicular to AB, meeting CD 
in M, and draw MA. In EM tf&e any point F; draw FH to make the 
given angle with CD ; and draw FG equal to FH, and meeting MA 
produced in G. llirough A draw AP parallel to FG ; and CPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required : and AP may be proved equal to CP by means of the 
triangles GMF, AMP; and HMF, CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle KCD equal to FHD, that is, to the 
given angle. 

95. Let A, B be the two given points, join AB and bisect AB in C, 
and cbraw CD perpendicxilar to AB, then the center of the required circle 
will be in CD. From O the center of the given circle draw CFG parallel 
to CD, and meeting the circle in F and AB produced in G. At F draw 
a chord FF' equal to the given chord. Then the circle which passes 
through the points at B and F, passes also through F. 

96. Let the straight line joining the centers of the two circles be 
produced both ways to meet the circumference of the exterior circle. 

97. Let A be Uie common center of two circles, and BCDE the chord 
such that BE is double of CD. From A, B draw AF, BG perpendicular 
to BE. Join AC, and produce it to meet BG in G. Then AC may be 
shewn to be equal to CG, and the angle CBG being a right angle, i» the 
angle in the semicircle described on CG as its diameter. 

98. The lines joining the common center and the extremities of thr 
chords of the circles, may be shewn to contain imequal angles j and the 
angles at the centers of the circles are double the angles at the cireiua* 
ferences, it follows that the segments containing these imequal angles 
are not similar. 

99. Let AB, AC be the straight Unes drawn from A, a point in 
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the <mter circle to touch the inner circle in the points D, E, and meet 
the outer circle again at B, C. Join BC, DE. Prove BC double of DB. 
Let O be the center, and draw the common diameter AOG inter- 
secting BC in F, and join EF. Then the fignre DBFE may be proved 
to be a parallelogram. 

100. This appears from Euc. iii. 14. 

101. The given point may be either within or without the circle. 
Draw a chord in the circle equal to the given chord, and describe a 
concentric circle touching the chord, and though the given point draw 
a line touching this latter circle. 

102. The diameter of the inner circle must not be less than one- third 
of the diameter of the exterior circle. 

103. Suppose AD, DB to be the taneents to the circle AEB contain- 
ing the given angle. Draw DC to the center C and join CA, CB. 
Then the triangles ACD, BCD are always equal : DC bisects the given 
angle at D and the angle ACB. The angles CAB, CBD, beins right 
angles, are constant, and the an^es ADC, BDC are constant, as dso the 
angles ACD, BCD ; also AC, CB the radii of the given circle. Hence 
the locus of D is a circle whose center is C and radius CD. 

104. Let C be the center of the inner circle ; draw any radius CD, 
at I> draw a tan^nt CE equal to CD, join CE, and with center C and 
radius CE describe a circle and produce £D to meet the circle again in F. 

105. Take C the center of the given circle, and draw any radius CD, 
at p draw DE perpendicular to DC and equal to the length of the re- 
<I!uired tangent ; with center C and radius CE describe a circle. 

106. This is manifest from Euc. iii. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AD on the opposite side, or opposite side produced, 
The semicircles described on AB, BC both pass tlurough D. Euc. iii. 31. 

108. Let A be the right angle of the triangle ABC, the first property 
follows from the preceding Theorem 87. Let DE, DF be dra^^-n to E, 
F the centers of the circles on AB, AC and join EF. Then ED may 
be proved to be perpendicular to the radius DF of the circle on AC at 
the point D. 

109. Let ABC be a triangle, and let the arcs be described on the 
sides externally containing angles, whose sum is equal to two right angles. 
It is obvious that the sum of the angles in the remaining segments is 
eqiial to four r^ht angles. These arcs may be shewn to intersect each 
otiier in one point D. Let a, b, c be the centers of the circles on BC, 
AC, AB. Join ad, be, ca ; A*, 6C, Ca ; aB, Be, eA ; 6D, cD, oD. Then 
the angle cba may be proved equal to one-half of the angle A*C, 
Similarly, the other two angles of abe, 

110. It may be remarked, that generally, the mode of proof by which, 
in pure geometry, three lines must, under specified conditions, pass 
through the same point, is that by reductio ad absurdum. This will for 
the most part reqmre the converse theorem to be first proved or taken 
for granted. 

The converse theorem in this instance is, <*If two perpendiculars 
drawn from two angles of a triangle upon the opposite sides, intersect 
in a point, the line drawn from the third angle through this point 
will be perpendicular to the third side." 

The proof will be formally thus : Let EHD be the triangle, AC, 
BD two perpendiculars intersecting in F. If the third perpendicular 
£G do not pass through F, let it t^e some other position as EH ; and 
through F draw EFQ to meet AD in G. Then it has be^n proved that 
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BG u perpendicular to AI> : whence the twa anglea EHG, £0H of the • 
triangle EGII are equal to twa right angles : — which is absurd. 

111. The circle described on AB as a diameter will pass thromgh 
S and D« Then Euc. in. 36. 

112. Since all the triangles are on the same base and have e^al 
vertical angles, these angles are in the same segment of a given drde. 

The lines bisecting the vertical angles may be shown to pass through 
the extremity of that diameter which bisects the base. 

118. Let AG be the common base of the triangles, ABC theisoscdes 
triangle, and ADC any other triangle on the same base AC and be- 
tween the B&me parallels AC, BD. Describe a circle about ABC, and 
let it cut AD in E and loin EC. Then, Euc. i. 17, m. 21. 

114. Let ABC be the given isosceles triangle having the vertieal 
anrie at C, and let FG be any given line. Required to find a |»oizit P 
ia FG such that the distance PA shall be double of PC. Divide AC 
in D so that AD is double of DC, produce AC to E and make AE double 
of AC. On DE describe a circle cutting FG in P, then PA is double 
of PC. This is found by shewing that AP» = 4 . PC«. 

115. On any two sides of the triangle, describe segments of circles 
each containing an angle equal* to two> thirds of a right angle, the point 
of intersection of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equal angles. Euc. ni. 22. 

116. Let A be the base of the tower, AB its altitude, BC the height 
of the flagstaff, AD a horizontal line drawn from A. If a circle be des- 
cribed passing through the points B, C, and touching the line AI> in 
the point B : M will be the point required. Give the analysis. 

117. If the ladder be supposed to be raised in a vertical plane, the 
locus of the middle point may be shewn to be a quadrantal are of which 
the radius i» half the length of the ladder. 

118. The line drawn perpendicuhn: to the diameter froiik the other 
extremity of the tangent is parallel to the tangent drawn at the extremity 
of the diameter. 

119. Apply Euc. III. 21. 

120. Let A, B^ C, be the centers of the three equal circles, and let 
them intersect one another in the point D: and let the circles whose 
centers are A, B intersect each other again in E ; the circles whose cen- 
ters are B> C in F ; and the circles whose centers are C, A in G. Then 
FG is perpendicular to DE ; DG to FC ; and DF to GE. Since the 
circles are equal, and all pass through the same point D, the centers A, 
B, C. are in a circle about D- whose radius is the same as the radius of 
the given circles. Join AB, BC, CA ;. then these will be pevpendi^ular 
to the chords DE, DF, DG. Again, the figures I>AG<:iy DBFC, are 
equilateral, and hence FG is parcel to AB f that is, perpendicular to 
DE. Similarly for the other two cases. 

121. Let E be the center of the circle which touches the two equal 
circles whose centers are A, B. Join AE, BE which pass throu^ the 
points of contact F, G. Whence AE is eq;Qal to EB. Also CD the 
common chord bisects AB at right angles, and theref<»e the perpei- 
dicular from E on AB coincides with CD. 

122. Let three circles touch each other at the point A,, and from A 
let a line ABCD be drawn cutting the circumferences in B,, C, D. Let 
O, O', O" be the centers of the circles, join BO, CO', DO'V these lines 
are parallel to one another. Euc. i. 5. 28. 

123. Proceed as in Theorem 90, supra. 
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124. The three tangents will be fotuid to be perpendicular to the 
sides of the triangle formed by joining the centers of the three circles. 

125. With center A and any radius less than the radius of either of 
the equal circles, describe the tnird circle intersecting them in C and D. 
Join BC, CD, and prove BC and CD to be in the same straight line. 

126. Let ABC be the triangle required ; BC the given base, BD the 
nreH ^^erenoe of the sides, and BAC the given vertical angle. Join 
CD and draw AM perpendkjular to CD. Then MAD is half the vertical 
angle and AMD a right angle : the angle BDC is therefore given, and 
hence D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefwe the sides BA, AC are given. 
Hence the synthesis. 

127. Let ABC be the required triangle, AD the line bisecting the 
yertical angle and dividing the base BC into the segments BD, DC. 
About the triangle ABC describe a circle and produce AD to meet the 
circumference in E, then the arcs BE, EC are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it : draw AF to bisect the vertical angle BAC and meet 
Ae circle in F, make AV equal to AC, and draw CV to meet the circle 
in T ; join TB and TF, cutting AB in D ; draw the diameter FS cutting 
BC in R, DR cutting AF in E; join AS, and draw AK, AH perpen- 
dicular to FS and BC. Then shew that AD is half the sum, and DB 
half the difference of the sides AB, AC. Next, that the point F in which 
AF meets the circumscribing circle is given, also the point E where DE 
meets AF is given. The points A, K, R, E are in a circle, Euc. iii. 22. 

Hence, KF.FR = AF.FE, a given rectangle; and the segment KR, 
which is equal to the perpendicular AH, being given, RF itself is given. 
Whence the construction. 

129. On AB the given base describe a circle such that the segment 
AEB shall contain an angle equal to the given vertical angle of the tri- 
angle. Draw the diameter EMD cutting AB in M at right angles. At 
D in ED, make the angle EDC equal to half the given difterence of the 
angles at the base, and let DC meet the circumference of the circle in C. 
Join CA, CB ; ABC is the triangle required. For, make CF equal to 
CB, and join FB cutting CD in G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
hase BC in E, and the longer side AB in G, and BA produced in F, and 
join AE, EG, FC. Then the angle GFC being half the given angle, 
BAC is given, and the angle BEG equal to GFC is also given. Like- 
wise BE the (fifference of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle BEG is 
given (with two solutions). Again, the angle EGB being given, the 
angle AGE, and hence its equal AEG is given ; and hence the vertex A 
is given, and likewise the line AE equal to AC the shortest side is given. 
Hence t^e construction. 

131. Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE,BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one-third of EC is given, and BG one-half of BD is also given. 
Now BG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the circle 
containing me angle BEG is also given. Hence F is a given point, and 
FE a given line, whence E is in the circumference of the given circle 
about ¥ whose radius is FE. Wherefore E being in two given circles, it 
is itself their given intersection. 
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182. Of all triangles on the same base and ha^inff equal yertical 
angles, that triangle will be die greatest whose perpenaicnfar from the 
yertez on the base is a maximum, and the greatest perpendicular is that 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the other two 
■ides ; at B draw BD at right angles to AB and equal to the given alti- 
tude, produce BD to £ making DE equal to BD. With center A and 
and nulius AC describe the circle CFG, draw FO at right angles to BE 
and find in it the center O of the circle which passes through B and £ 
and touches the former circle in the point F The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

134. Since the area and bases of the triangle are given, the altitude 
ii given. Hence the problem is— given the base, the vertical angle and 
the altitude, describe the triangle. 

135. Apply Euc. iii. 27. 

136. The hzed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAD of the quadrilateral, 
meet the circumference in E, join EC, and prove that the angle made by 
producingDC is bisected by EC. 

1 38. Draw the diagonals of the quadrilateral, and by Euc ui. 21 , i. 29. 

139. From the center draw lines to the angles : then Euc. in. 27. 

140. The centers of the four circles are determined by the intersec- 
tions of the lines which bisect the four angles of the given quadrilateraL 
Join these four points, and the opposite angles of &e quadrilateral so 
formed are respectively eqUal to two right angles. 

141. Let ABCD be the required trapezium inscribed in the given circle 
(fig. Euc III. 22.) of which AB is given, also the sum of the remaining 
thxee sides and the angle ADC. Since the angle ADC is given, the 
opposite angle ABC is Known, and therefore the point C and the side 
BC. Produce AD and make DE equal to DC and join EC. Since the 
sum of AD, DC, CB is given, and DC is known, therefore the sum of 
AD, DC is given, and likewise AC, and the angle ADC. Also the angle 
DEC being half of the angle ADC is given. Whence the segment of uie 
circle which contains AEC is given, also AE is given, and henc6 the 
point E, and consequently the point D. Whence the construction. 

142. Let ADBC be the inscribed quadrilateral ; let AC, BD pro- 
duced meet in O, and AB, CD produced meet in P, ^so let the tangents 
firom O, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in G and join AG. Then 
A, B, G, O may be shewn to be points m the circumference of a circle. 
Whence the sum of the squares on OH and PK may be foimd by Euc 
in. 36, and shewn to be equal to the square on OP. 

143. This will be manifest from the equality of the two tangents 
drawn to a circle from the same point. 

144. Apply Euc. III. 22. 

146. A circle can be described about the figure AECBF. 

146. Apply Euc. iii. 22, 32. 

147. Apply Euc m. 21, 22, 32. 

148. Apply Euc. in. 20, and the angle BAD will be found to be 
equal to BAJ) and CBD. 

149. Let A, B, C, D be the angular pconts of the inscribed quadrila- 
teral, and E, F, G, H those of the circumscribed one whose p<nnts of 
contact with the circle are at A, B, C, D. Draw the diagonals AG, BD ; 
join EO, OG, O beins the center of the cirole, and prove £0 to be in the 
•^ame straight line with OG. ^,^ ^^^^^ ^^ Google 
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150. A^y Eue. ni. 22. 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

lo2. Let AB be a chord parallel to the diameter FG of the circle, 
fig. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114 ; Euc. i. 47; 
Euc. II. 9. 

163. Let A be the given point (fig. Euc. iii. 36, Cor.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD be a 
tangent drawn firom A. Then 2. AF" = AF. AC = AD^ but AD is 
given, hence also AF is given. To construct. Draw the tangent AD. 
On AD describe a semicircle AGD, bisect it in G ; with center A and 
radius AG, describe a circle cutting the given circle in F. Join AF and 
produce it to meet the circumference again in C. 

154. Let the chords AB, CD intersect each other in E at right 
angles. Find F the center, and draw the diameters HEFG, AFK and 
join AC, CK, BD. Then by Euc. ii. 4. 5 ; iii. 35. 

155. Let E, F be the points in the diameter AB equidistant from the 
center O ; CED any chord ; draw OG perpendicular to CED, and join 
FG, OC. The sum of the squares on DF and FC may be shewn to be 
equal to twice the square on FE and the rectangle contained by AE, EB 
by Euc. I. 47 ; n. 5 ; iii. 35. 

156. Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 

AB, AC in D and E, and join BC; Then the opposite angles of the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. i. 36. 

] 57. Let the lines be drawn as directed in the enunciation. Draw 
the diameter AE and join CE, DE, BE ; then AC»+ AD« and 2 . AB* 
may be each shewn to oe equal to the square of the diameter. 

158. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Euc. ii. 9, 
liie squares on PO, OQ are readily shewn to be equal to twice the square 
onCP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join 

AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
and BDPQ, and then by Euc. ni. 36. 

160. Describe the figure according to the enunciation ; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars from the vertex upon the bases of the tri- 
angles EAB, EAC, EAP. Whence by Euc ii. 13, and theorem 3, page 
114, the truth of the property may be shewn. 

161. If FA be the given line mg. Euc. ii. 11), and if FA be produced 
to C ; AC is the part produced which satisfies the required conditions. 

162. Let AD meet the circle in G, H, and join BG, GC. ThenBGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shewn to be equal to the square on BG. 
Euc III. 35 ; n. 5 ; i. 47. Or, if EC be joined, the quadrilateral 
figure ADCE may be circumscribed by a circle. Euc. in. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the given one in E, and 
draw EF perpendicular to AD ; then F i» the point required. 
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164. Let AB be the giren straikht line. Biieot AB in C and on AB 
as a diameter describe a circle ; and at any point D in tbedrcumference, 
draw a tangent BE equal to a side of the given square ; join DC, !EC» 
and with center C and radius CE describe a circle cutting AB produced 
in F. From F draw FG to touch the circle whose center is C in 
the point G. 

165. Let AD, DF be two lines at right angles to each other, O the 
centre of the circle BFQ ; A any point in AD from which tangents AB, 
AC are drawn ; then the chord BC shall always cut FD in the same 
point P, wherever the point A is taken in AD. Join AP ; then BAC ia 
an isosceles triangle, 

andFD.DE + AD« = AB« = BP .PC + AP« =BP.PC + AD« + DP«, 

wherefore BP . PC = FD . DE - DP*. 
The point P, therefore, is independent of the position of the point A ; and 
is consequently the same for aU positions of A in the line AD. 

166. The point E will be found to be that point in BC, from which 
two tangents to the circles described on AB and CD as diameters, are 
equal, Euc. iii. 36. 

167. If AQ, A'F be produced to meet, these lines with AA' form a 
right-angled triangle, then Euc. i. 47. 
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5. Let AB be the given line. Draw through C the center of the 
given circle the diameter DCE. Bisect AB in F and join FC. Through 
A, B draw AG, BH parallel to FC and meeting the diameter in G, H : 
at G, H draw GK, UL pnerpendicular to DE and meeting the circumfer- 
ence in the points K, L ; join KL; then KL is equal and parallel to AB. 

6. Trisect the circumference and join the center with the points of 
trlsection. 

7. See Euc. iv. 4, 5. 

8. Let a line be drawn from the third angle to the point of intersec- 
tion of the two lines ; and the three distances of this point from the angles 
may be shewn to be equal. 

9. Let the line AD drawn from the vertex A of the equilateral tri- 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined : AD is equal to DB and DC. If on DA, DE be 
taken equal to DB, and BE be joined ; BDE may be proved to be an 
equilateral triangle, also the triangle ABE may be proved equal to the 
triangle CBD. 

The other case is when, the line does not cut the base. 

1 0. Let a circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other triangle. 

11. The line joining the points of bisection, is parallel to the base of 
the triangle and therefore cuts off an equilateral triangle from the given 
triangle. By Euc. iii. 21 ; i. 6, the truth of the theorem may be shewn. 

12. Let a diameter be drawn from any angle of an eqiiilateial tri- 

Digitized by VjOOQIC 



ON BOOK IT. 839 

angle inscribed in a circle to meet the circumference. It may be proved 
that the radius is bisected by the opposite side of the triangle. 

13. Let ABC be an equilateral triangle inscribed in a circle* and let 
AB'C be an isosceles triansrle inscribed in the same circle, haTins tbe 
same vertex A. Draw the aiameter AD intersecting BC in £, and BC 
mE', and let B'C fall below BC. Then AB, BE, and AB', B'E, are 
respectively the semi-perimeters of the triangles. Draw BT perpendi- 
cular to BC, and cut off AH equal to AB, and join BH. If BF can be 
proved to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of AB'C. Next let B'C fall above BC. 

14. The angles contained in the two segments of the circle, may be 
shewn to be equal, then by joining the extremities of the arcs, the two 
remaining sides may be shewn to be parallel. 

15. It may be shewn that four equal and equilateral triangles will 
form an equilateral triangle of the same perimeter as the hexagon, which 
is formed by six equal and equilateral triangles. 

16. Let the figure be constructed. By drawing the diagonals of the 
hexagon, the proof is obvious, 

17. By Euc. I. 47, the perpendicular distance from the center of the 
circle upon the side of the mscribed hexagon may be foimd. 

18. The alternate sides of the hexagon will fall upon the sides of the 
triangle, and each side will be foimd to be equal to one-third of the side 
of the equilateral triangle. 

19. A regular duodecagon may be inscribed in a circle by means of 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodecagon is three times the square of the radius of the circle, 
which is the square of the side of an equilateral triangle inscribed in the 
same circle. Theorem 1, p. 196. 

20. In general, three straight lines when produced Mrill meet and 
form a triangle, except when all three are parallel or two parallel are 
intersected by the third. This Problem includes Euc. iv. 5, and all the 
cases which arise from prpducing the sides of the triangle. The circles 
described touching a side of a triangle and the other two sides produced, 
are called the escribed circles. 

21. This is manifest from Euc. in. 21. 

22. The point reqiiired is the center of the circle which circumscribes 
^e triangle. See the notes on Euc. in. 20, p. 155. 

23. If the perpendiculars meet the three sides of the triangle, the 
point is within the triangle, Euc. iv. 4. If the perpendiculars meet t3he 
base and the two sides produced, the point is the center of the escribed 
circle. 

24. This is manifest from Euc. m. 11, 18. 

26. The base BC is intersected by the perpendicular AD, and the 
side AC is intersected by the perpendicular BE. From Theorem i. p. 
160 ; the arc AF is proved equal to AE, or the arc FE is bisected in A. 
In the same manner the ares FD, DE, may be shewn to be bisected in BC. 

26. Let ABC be a triangle, and let D, E be the points where the in- 
scribed circle touches the sides AB, AC. Draw BE, CD intersecting 
each other in O. Join AO, and produce it to meet BC in F. Then F is 
the point where the inscribed circle touches the third side BC. If F be 
not the point of contact, let some other point G be the point of contact. 
Through D draw DH parallel to AC, and DK parallel to BC. By the 
similar triangles, CG may be proved equal to CF, or G the point of con- 
tact coincides with F, the point where the line drawn frt)m A through O 
meets BC. 
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27. In the figure, Eoc. nr. 5. Let AF bisect the angle at A, and be 
produced to meet the circumference in G. Join GB, GC and find the 
center U of the circle inscribed in the triangle ABC. The lines GH, GB , 
GC are equal to one another. 

28. Let ABC be any triangle inscribed in a circle, and let the per- 
pendiculars AD, BE, CF intersect in G. Produce AD to meet the cir- 
cumference in H, and join BH, CH. Then the triangle BHC may be- 
shewn to be equal in all respects to the triangle BGU, and the circle 
which circumscribes one of the triangles will idso circumscribe the other. 
Similarly may be shewn \fj producing BE and CF, &c. 

29. First. Prove that the perpendiculars Aa, B6, Co pass through 
the same point O, as Theo. 112, p. 158. Secondly. That the triangles 
Ac6, Bca, Cab are equiangular to ABC. Euc. iii. 21. Thirdly. That the 
angles of the triangle abe are bisected by the perpendiculars ; and lastly* 
by means of Prob. 4, p. 71, that a6 + 6c + ca is a minimum. 

30. The equilateral triansle can be proved to be the least triangle 
which can be drciunscribed about a circle. 

31. Through C draw CH parallel to AB and join AH. Then HAG 
the difference of the angles at the base is equal to the angle HFC. Euc 
HI. 21. and HFC is bisected by FG. 

32. Let F, G, (figure, Euc.iv. 5,) be the centers of the ciroumscribed 
and inscribed circles ; join GF, GA, dien the ansle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal to 
half the difference of the anales ABC and ACB. 

33. This Theorem may be stated more generally, as follows : 

Let AB be the base of a triangle, AEB the locus of the vertex ; D the 
bisection of the remaining arc ADB of the circumscribing circle ; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD : then P the center of the inscribed 
circle is in CD. Join AP, PB ; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one another. 

34. Let ABC be a triangle, having C a right angle, and upon AC, BC^ 
let semicircles be described : bisect the hypotenuse in D, and let fall DE, 
DF perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the semicircles in P, Q ; then DP may be proved 
to be equal to DQ. 

35. Let the angle BAC be a right angle, fig. Euc. rv. 4. Join AD. 
Then Euc. in. 17, note p. 155. 

36. Suppose the triangle constructed, then it nay be shewn that the 
difference between tixe hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle. 

37. Let P, Q be the middle points of the arcs AB, AC, and let PQ 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the 
center O and join OP, QO. 

38. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angle 
equal to the ^ven vertical angle. Bisect BC in D, and draw the diame- 
ter EDF : jom FB, and with center F and radius FB describe a circle: 
tMs will be the locus of the centers of the inscribed circle (see Theorem 
2r, supra.) On DE take DG equal to the given radius of the inscribed 
circle, and through G draw GH parallel to SC, and meeting the locus of 
the centers in H. H is the center of the inscribed circle. 

39. This may readily be effected in almost a similar way to the pre- 
ceding Problem. 

40. With the given radius describe a circle, then by Euc. m. 34. 
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' 41. Let ABC be a triangle oh the given base BG and having its ver- 
tical angle A equal to the given angle. Then since the ansle at A is 
constant, A is a point in the arc of a segment of a circle described on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
DA, DB, BC : th^i the angles at B, C, A, are bisected. Euc. iv. 4. 
Also since the angles of each of the triangles ABC, DBC are equal to two 
right angles, it follows that the angle BDC is equal to the angle A and 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A is given. Hence the angle BDC is known, and 
therefore D is the locus of the vertex of a triangle described on the base 
BC <and having its vertical angle at D double of the angle at A. 

42. Suppose the parallelogram to be rectangular and inscribed in the 
given triangle and to be equal in area to half the triangle : it may be 
shewn that the parallelogram is equal to half the altitude of the triangle, 
and that there is a restriction to the magnitude of the angle which two 
adjacent sides of the parallelogram make with one another. 

43« Let ABC be the given triangle, and A'B'C" the other triangle, to 
the sides of which the inscribed triangle is required to be parallel. 
Through any point a in AB draw oAparaflel to A'B' one side of tne given 
triangle and through a, b draw ac, be respectively parallel to AC, BC, 
Join Ac and produce it to meet BC in D ; throush D draw DE, DF, 
parallel to ca, cb, respectively, and join EF. Then i)EF is the triangle 
required. 

: 44. This point will be found to be the intersection of the diagonals 
of the given parallelogram. 

45 . The difference of the two squares is obviously the sum of the four 
triangles at the comers of the exterior square. 

46. ^1) Let ABCD be the given square: join AC, at A in AC, 
make the angles CAE, CAF, each equal to one-tmrd of aright angle, and 
join EF. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
tiien at P make the angles as in the former case. 

47. Each of the interior angles of a regular octagon may be shewn to 
be equal to three-fourths of two right angles, and the exterior angles 
made by producing the sides, are each equal to one- fourth of two right 
angles, or one-half of a right angle. 

48. Let the diagonals of the rhombus be drawn ; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

49. Let ABCD be the required square. Join O, O' the centers of the 
circles and draw the diagonal AEC cutting 00' in E. Then E is the 
middle point of 00' and the angle AEO is half a right angle. 

60. Let the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

51. Let one of the diagonals of th^ square be drawn, then the isos- 
celes right-angled triangle which is half the square, may be proved to be 
greater than any other right-angled triangle upon the same hjrpotenuse. 

52. Take half of the side of the square inscribed in the given circle, 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at which they meet will be the center of the circle which circumscribes 
the octagon, and either of the bisecting Imos is the radius of the circle. 

53. First shew the possibilitv of a circle circumscribing such a figure, 
and then determine the center of the circle. 

54. By constructing the figures and drawing lines firom the center of 
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the circle to the angles of the octAgon, the arieas of the eight triaagles 
may be easily shewn to be equal to eight times the rectangle contained 
by the radius of the circle, and half Uie side of the inscribed square. 

66, Let AB, AC, AB, be the sid^ of a square, a regular hexagon 
and octagon respectivelY inscribed in the circle whose center is O. Pro- 
duce AC to E making A£ equal to AB ; from £ draw £F touching the 
circle in F, and prove £F to be equal to AD. 

66. Let the circle required touch the given circle in P, and the given 
line in Q. Let C be the center of the siven circle and C that of the re- 
quired circle. Join CC, C'Q, QP ; and let QP produced meet the g^en 
circle in K, join RC and ^oduce it to meet the given line in Y. Then 
RCV is perpendicular to VQ. Hence the construction. 

67. Let A, B be the centers of the given circles and CD the pren 
straight line. On the side of CD opposite to that on which the circles 
are situated, draw a line £F paralld to CD at a distance equal to the 
radius of the smaller circle. From A the center of the larger circle de- 
scribe a concentric circle GH with radius equal to the difference of the 
radii of the two circles. Then the center of the circle touching the 
circle GH, the line £F, and passing through the center of the smaller 
circle B, may be shewn to be the center of the circle which touches the 
circles whose centers are A, B, and the line CD. 

58. Let AB, CD be the two lines given in position and E the center 
of the given circle. Draw two lines FG, HI parallel to AB, CD respee^ 
tively and external to them. Describe a circle passing through E and 
toucning FG, HI. Join the centers E, O, and with center O and radius 
e<^ual to the difference of the radii of these circles describe a circle ; this 
will be the circle required. 

69. Let the circle ACF having the center G, be the required circle 
touching the given circle whose center is B, in the point A, and cutting 
the other given circle in the point C. Join BG, and through A draw a 
line perpendicular to BG ; then this line is a common tangent to the 
circles whose centers are B, G. Join AC, GC. Hence the constructioii. 

60. Let C be the given point in the given straight line AB, and D 
tiie center of the given circle. Through C draw a Ime CE perpendicular 
to AB ; on the other side of AB, take CE equal to the radius of the given 
circle. Draw ED, and at D make the angle EDF equal to the angle 
DEC, and produce EC to meet DF. This gives the construction far one 
case, when the given line does not cut or touch the other circle. 

61. This is a particular case of the general problem ; To describe a 
circle passing through a given point and touching two straight lines 
given m position. 

Let A be the given point between the two given lines which when 
produced meet in the point B. Bisect the angle at B by BD and through 
A draw AD perpendicular to BD and produce it to meet the two given 
lines in C, E. Take DF equal to DA, and on CB take CG such that the 
rectangle contained by CF, CA is equal to the square of CG. The cirde 
described through the points F, A, G, will be the circle required. De- 
duce the particiUar case when the given lines are at right angles to one 
another, and the siven point in the line which bisects the angle at B. If 
the lines are para&el, when is the solution possible ^ 

62. Let A, B, be the centers of the given circles, which touch 
externally in E ; and let C be the given point in that whose center is Bh 
Make CD equal to AE and draw AD ; make the angle DAG equal to 
the angle ADG : then G is the center of the circle required, aind 6C 
its radius. 
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^ 63. If the three points be suqh as when joined by straight lines a 
triangle is formed ; the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. Euc. iy. 4. Different cases arise from the relative position 
of the three points. 

64. Bisect the angle contained by the two lines at the point where 
the bisecting line meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe 
a circle. 

65. From the given angle draw a line through the center of the circle, 
and at the point where the line intersects the circumference, draw a 
tangent to tlie circle, meeting two sides of the triangle. The circle 
inscribed within this triangle will be the circle required. 

66» Let the diagonal AD cut the arc in P, and let O be the center of 
the inscribed circle. Draw OQ i>erpendicular to AB. Draw P£ a 
tangent at P meeting AB produced in E : then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal 
to BE or DP. 

67. Suppose the center of the required circle to be found, let fall 
two perpendiculars from this point upon the radii of the quadrant, 
and join the center of Uie circle with the center of the quadrant and 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two semicircles and 
the arc of the quadrant, they form a right-angled triangle which 
circumscribes the required circle. 

68. Let AB be l^e base of the given segment, G its middle poiiit. 
Let DOE be the required triangle having the sum of the base D£ and 
iNNrpendicular CF equal to the given line. Produce CF to H making 
FBT equal to DE. Join HD and produce it, if necessary, to meet AB 
produced in K. Then GK is double ofDF. Draw DL perpendicular 
toCK. 

69. From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Euc. TV. 4 ; next inscribe a circle so as to touch the two circles and the 
two equal sides of the triangle. This gives one solution : the problem 
is indeterminate. 

70. If BD be shewn to subtend an arc of the larger circle equal to 
one-tenth of the whole circumference : — then BD is a side of the decagon 
in the larger circle. And if the trianele ABD can be shewn to be 
inscriptible in the smaller circle, BD wm be the side of the inscribed 
pentagon. 

71. It may be shewn that the angles ABF, BFD stand on two arcs, 
one of which is three times as large as the other. 

72. It may be proved that the diagonals bisect the angles of the 
pentagon , and the five-sided figure formed by their intersection, may be 
ehewn to be both equiangular and equilateral. 

73. The figure ABGDE is an irregular pentagon inscribed in a circle ; 
it may be shewn that the five angles at the circumference stand upon 
arcs whose sum is equal to the whole circumference of the circle ; Euc. 
111. 20. 

74. If a side GD (figure, Euc. rv. IVS of a regular ^pentagon be 
produced to K, the exterior angle ADE oi the inscribed quadrilateral 
figure ABCD is equal to the angle ABG, one of the interior angles of the 
pentagon. From this a construction may be made for the method of 
tolding the ribbon. 
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76. In the figure* Eoo. rr. 1 0, let DC be produced to meet tlie drcum- 
ference in F, and join FB. Then FB is the side of a regular pentagon 
inscribed in the larger circle, D is the middle of the arc subtended br 
the adjacent side of the pentagon. Then the difference of FD and BD 
is equal to the radius AB. Next, it may be shewn, that FD is divided 
in the same manner in C as AB, and by £uc. ii. 4, 11, liie squares on 
PD and DB are three timet the square on AB, and the rectangle of FD 
and DB is equal to the square on AB. 

76. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadrilateral figure of which three oonsecutiye sides 
are equal. The problem is reduced to the inscription of a quadrilateral 
in a square. 

77. This may be deduced from Euc. iv. 11. 

78. ITie angle at A the center of the circle (fig. Euc. iv. 10.) is one- 
tenth of four right angles, the arc BD is therefore one-tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the larser circle. Produce DC to meet the circumference 
in F and loin BF, then BF is the side of the inscribed pentagon, and AB 
is the side of the inscribed hexagon. Join FA. Then FCA may be 
proved to be an isosceles triangle and FB is a line drawn from the 
vertex meeting the base produced. If a perpendicular be drawn from 
F on BC, the difference of the squares on FB, FC may be shewn to be 
equal to the rectangle AB, BC, (Euc. i. 47 ; ii. 5. Cor.) ; or the square 
on AC. 

79. Divide the circle into three equal sectors, and draw tangents to 
the middle points of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle. 

80. Let the inscribed circles whose centers are A, B touch each 
other in G, and the circle whose center is C, in the points D, E ; join 
A, D ; A, E ; at D, draw DF perpendicular to DA, and EF to EB, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
circles in G whose centers are A and B. 

81. The problem is the same as to find how many equal circles may 
be placed round a circle of the aame radius, toucming this circle and 
each other. The number is six. 

82. This is obvious from Euc. rv. 7, the side oi a square circum- 
tcribing a circle being equal to the diameter of the circle. 

83. Each of the vertical angles of the triangles so formed, may be 
proved to be equal to the difference between &e exterior and interior 
angle of the heptagon. 

84. Every regular polygon can be divided into equal isosceles trir 
angles by drawing lines from the center of the inscribed or circumscribed 
circle to the angidar points of the figure, and the number of triangles 
will be equal to Uie number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. iv. 14) ^ center on the base CD of 
FCD. one of these triangles, and if GF be produced to H till FH be 
equal to FG, and HC, HD be joined, an isosceles triangle is formed, 
such that the angle at fit is half the angle at F. Bisect HC, HD in K, 
Ii, and join KL; then the triangle HKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the vertex F. 

85. The sum of the arcs on which stand the Ist, Srd, dth, &c. angles, 
is equal to the sum of the arcs on which stand the 2nd, 4di, 6th, &c. 
angles. 

86. The proof of this property depends on the fact, that an isosceles 
triangle has a greater area than any scalene triangle of the same perimeter. 
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6. In the fig^ure Eue. ti. 23, let the paraUelograms be supposed to be 
rectangular. 

Xheii the rectangle AC : the rectangle DO : : BC : CO, Euo. ti. 1. 

and the rectangle DG : the rectangle CF :: CD : EC, 
whence the rectangle AC : the rectangle CF : : BC . CD : CG . EC. 
In a similar way it may be shewn that the ratio of any two parallelo- 
grams is as the ratio compounded of the ratios of their bases and altitudes. 

7. Let two sides intersect in O, through O cbraw POQ parallel to 
the base AB. Then br similar triangles, jPO may be proved equal to 
OQ : and POFA, QOEB, are parallelograms : whence AE is equal 
toPB. 

8. Apply Euc. TI. 4, t. 7. 

9. Let ABC be a scalene triangle, having the vertical angle A, and 
suppose ADE an equivalent isosceles triangle, of which the side AD is 

2[iial to AE. Then Euc. vi. 15, 16, AC.AB « AD.AE, or AD* 
ence AD is a mean proportional between AC, AB. Euc. vi. & 

10. The lines drawn making equal angles with homologous sides, 
divide the triangles into two corresponding pairs of equiangular triangles ; 
by Euc. VI. 4, the proportions are evident. 

11. By constructing the figure, the angles of the two triangles may 
easily be shewn to be respectively equal. 

12. A circle may be described about the four-sided figure ABDC. 
By Euc. I. 13 ; Euc. m. 21, 22. The triangles ABC, ACE may be 
shewn to be equiangular. 

13. Apply Euc. I. 48 ; ii. 5. Cor., vi. 16. 

14. This property follows as a corollary to Euc. vi. 23, for the two 
triangles are respectively the halves of the parallelogram^, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles : and this ratio is the same as the ratio of the 
rectangles by the sides. 

15. Let ABC be the given triangle, and let the line EGF cut the 
base BC in G. Join AG. Then by Euc. vi. 1, and the preceding 
tiieorem (14,) it may be proved that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series 
of four lines whose successive differences are equal ; the difierence therefore 
between the first and the fourth, or the extremes, is treble the difference 
between the first and the second. 

17. This may be effected in different ways, one of which is the 
following. At one extremity A of the given line AB dr§w AC making 
any acute angle with AB and join BC ; at any point D in BC draw DEF 

Sarallel to AC cutting AB in E and such that EF is equal to ED, draw 
'C cutting AB in G. Then AB is harmonically divided in E, G. 

18. In the figure Euc. vi. 13. If E be the middle point of AC ; then 
AE or EC is the arithmetic mean, and DB is the geometric mean, between 
AB and BC. If DE be joined and BF be drawn perpendicular on DE ; 
then DF may be proved to be the harmonic mean between AB and BC. 

19. In the fig. Euc. vi. 13. DB is the geometric mean between AB 
and BC, and if AC be bisected in E, AE or EC is the Arithmetic mean. 

The next is the same as — To find the segments of the hypotenuse of a 
right-angled triangle made by a perpendicular from the right angle, 
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haying s^toh the difEsrenoe between half the hypotenuse and the 
perpendicular. 

20. Let the line DF drawn from I) the bisection of the base of the 
triangle ABC, meet AB in £, and CA produced in F. Also let AG- 
drawn parallel to BG from the Tertez A, meet DF in G. Then by means 
of the similar triangles ; DF, FE, FG, may be shewn to be in harmonic 
progression. 

21. If a triangle be constructed on AB so that the vertical angle is 
bisected by the line drawn to the point C. By £uc. yi. A, the point 
required may be determined. 

22.. Let DB, BE, DCA be the three straight lines, fig. £uc m. 37 ; 
iet the points of contact B, £ be joined by the straight line BG cutting 
DA in G. Then BDE is an isosceles triangle, and DG is a line from the 
f ertex to a point G in the base. And two yalues of the square of BD 
may be found, one from Theo. 37, p. 118: Euc. lu. 35; ii. 2; and 
another from Euc. th. 36; u. 1. From these may be deduced, thait 
the rectangle DG, GA, is equal to the rectangle AD, GG. Whence 
the, &c. 

23. Let ABGD be a square and AG its diagonaL On AG take A£ 
equal to the side BG or AB : join BE and at E draw £F perpendicular 
to AG and meeting BG in F. Then EG, the difference between the 
diagonal AG and me side AB of the square, is less than AB ; and C£, 
EF, FB may be proved to be equal to one another : also GE, EF are tlie 
adjacent sides of a square whose diagonal is FG. On FG take FG equal 
to GE and join EG. Then, as in the first square, the difference GG 
between the diagonal FG and the side EG or EF. is less than the side £G. 
Hence EG, the difference between the diagonal and the side of the given 
square, is contained twice in the side BG with a remainder GG : and GG 
is the difference between the side GE and the diagonal GF of anoth^ 
square. By proceeding in a similar way, GG, the difference between the 
diagonal GF and the side GE, is contained twice in the side Gli) with a 
remainder : and the same relations may be shewn to exist between the 
difference of the diagonal and the side of every square of the series which 
is so constructed. Hence, therefore, as the difference of the side and 
diagonal of every square of the series is contained twice in the side with 
a remainder, it follows that there is no line which exactly measures the 
side and the diagonal of a square. 

24. Let the given line AB be divided in G, D. On AD describe a 
semicircle, and on GB describe another semicircle intersecting the former 
in P ; draw PE perpendicular to AB ; then £ is the point required. 

25. Let AB be equal to a side of the given square. On AB describe 
a semicircle ; at A draw AG perpendicular to AB and equal to a fourth 
proportional to AB and the two sides of the gii;en rectangle. Draw CD 
parallel to AB meeting the circumference in D. Join AD, BD, which 
are the required lines. 

26. Let the two given lines meet when produced in A. At A draw 
AD perpendicular to AB, and AE to AG, and such that AD is to AE in 
the given ratio. Through D, E, draw DF, EF, respectively parallel to 
AB, AG and meeting each other in F. Join AF and produce it, and 
the perpendiculars drawn from any point of this line on the two given 
lines will always be in the given ratio. 

27. The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. A, p. 295. 

28. Let AB be the given line from which it is required to cut off a 
part BG such that BG shall be a mean proportional between the 
remainder AG and another given line. Produce AB,4p. Jd^ making BD 
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. «<raal to tlie other given line. On AD describe a Bemicirde, at 6 draw 
BE perpendicular to AD. Bisect BD in O, and with center O and 
radius OB describe a semicircle, join 0£ cutting the semicircle on BD 
in F, at F draw FC perpendicular to OE and meeting AB in C. C is 
the point of division, such that BC is a mean proportional between 
AC and BD. 

29. Find two squares in the given ratio, and if BF be the given line 
(figure, Euo. vi. 4), draw BE at right angles to BF, and take BC, CE 
respectively equal to the sides of the squares which are in the given ratio. 
Join EF, and draw CA parallel to EF : then BF is divided in A as 
required. 

30. Produce one side of the triangle through the vertex and make 
the part produced equal to the other side. Bisect this line, and with 
the vertex of the triangle as center and radius equal to half the sum ol 
the sides, describe a circle cutting the base of the triangle. 

31. If a circle be described about the given triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, as a diameter, this circle will cut the base in two points, and 
give two solutions of the problem. Give the Analysis. 

32. This Problem is analogous to the preceding. 

33. Apply Euc. vi. 8, Cor. ; 17. 

34. Describe a circle about the' triangle, and draw the diameter 
through the vertex A, draw a line touching the circle at A, and meeting 
the base BC produced in D. Then AD shall be a mean proportional 
between DC and DB. Euc. in. 36. 

35. In BC produced take CE a third proportional to BC and AC ; 
on CE describe a circle, the center being O ; draw the tangent EF at 
E equal to AC ; draw FO cutting the circle in T and T' ; and lastly 
draw tangents at T, T" meeting BC in P and P'. These points fulful the 
conditions of the problem. 

By combining the proportion in the construction with that from the 
aimilar triangles ABC, DBP, and Euc. in. 36, 37 : it may be proved 
that CA.PD = CP*. The demonstration is similar for P'D'. 

36. This property may be immediately deduced from Euc. vt. 8, Cor. 

37. Let ABC be the triangle, right-angled at C, and let AE on AB 
be ecmsl to AC, also let the line bisecting the angle A, meet BC in D. 
Join DE. Then the triangles ACD, AED are equal, and the triangles 
ACB, DEB equiangular. 

38. The segments cut off from the sides are to be measured from the 
right angle, and by similar triangles are proved to be equal ; also by 
similar triangles, either of them is proved to be a mean proportional 
between the remaining segments of the two sides. 

39. First prove AC*: AD* :: BC : 2.BD; then2. AC«: AD^ ::BC :BD, 
whence 2. AC»-AD»:AD*::BC-BD:BD, 

and since 2. AC* - AD* = 2. AC* - (AC* + DC*) = AC* - CD*, 
the property is immediately deduced. 

40. The construction is suggested by Euc. i. 47, and Euc. vi. 31. 

41. See Note Euc. vi. A. p. 295. The bases of the triangles CBD, 
ACD, ABC, CDE may be shewn to be respectively equal to DB, 2.BD, 
3.BD, 4.BD. 

42. (1) Let ABC be the triangle which is to be bisected by a line 
drawn parallel to the base BC. Describe a semicircle on AB, from the 
center D draw DE perpendicular to AB meeting the circumference in 
E, join EA, and with center A and radius AE describe a circle cutting 
AB in F, the Hne drawn fron F parallel to BC, bisects the triangle. Th« 
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proof depends on Bnc. ti. 19 ; 20, Cor. 2. (2) Let ABC be the triangle, 
BC bcdnff the base. Draw AD at right angles to B A meeting the Muse 
prodttcea in D. Bisect BG in £, and on ED describe a semicircle, from 
B draw BP to touch the semicircle in P. From BA cut off BF equal 
to BP, and from F draw FG perpendicular to BC. The line FG bisects 
the triangle. Then it may be proved that BFG : BAD :: BE : BD, 
and that BAD : BAG :: BD : BCf ; whence it follows that BFG : BAG 
: : BE : BC or as 1 : 2» 

43. Let ABC be the giyen triangle which is to be divided into two 
parts having a given ratio, by a line parallel to BC. Describe a semi- 
circle on AB and divide Am in D in the given ratio ; at D draw DB 
perpendicular to AB and meeting the circumference in £ ; with center 
A and radius A£ describe a circle cutting AB in F : the line drawn 
through F parallel to BC is the line required. In the same manner 
a triangle may be divided into three or more parts having any given ratio 
to one another by lines drawn parall^ to one of the sides of the triangle. 

44. Let these points be taken, one on each side, and straight lines be 
drawn to them ; it may then be proved that these points sev^ally biseot 
the sides of the triangle. 

45. Let ABC be anv triangle and D be the given point in BC, from 
which lines are to be drawn which shall divide the triangle into any 
number (suppose five) equal parts. Divide BC into five equal parts in 
E, F, G. H, and draw AE, AF, AG, AH. AD, and through E, F, G, H 
draw EL, FM, GN, HO parallel to AD, and join DL, DM, DN, DO ; 
these lines divide the triangle into five equal parts. 

By a similar process, a triangle may be divided into any number of 
parts which have a given ratio to one another. 

46. Let ABC be the larger, abc the smaller triangle, it is required to 
draw a line DE parallel to AC cutting off the triangle DBE equal to the 
triangle abc. On BC take BG equal to be, and on BG describe the 
triangle BGH equal to the triangle abc. Draw HK parallel to BC, join 
KG ; then the triangle BGK is equal to the triangle abc. On BA, BC 
take BD to BE in the ratio of B A to BC, and such that the rectangle 
contained by BD, BE shall be equal to the rectangle contained by BK, 
BG. Join DE, then DE is parallel to AC, and the triangle BDE is 
equal to abc, 

47. XiCt ABCD be any rectangle, contained by AB, BC, 

Then AB« : aS.BC : : AB : BC, 

and AB.BC : BC* : : AB : BC, 

whence AB« : AB.BC :: AB.BC : BC«, 

or the rectangle contained by two adjacent sides of a rectangle, is a mean 

proportional between their squares. 

48. In a straight line at any point A, make Ac equal to Ad in the 
given ratio. At A draw AB perpendicular to cAd, and equal to a side 
of the given square. On cd describe a semicircle cutting AB in b ; and 
join be, bd ; from B draw BC parallel to 6c, and BD parauel to bd : then 
AC, AD are the adjacent sides of the rectangle. For, CA is to AD 
as cA to A^, Euc. vi. 2 ; and CA. AD = AB', CBD being a right-angled 
triangle. 

49. From one of the given points two straight lines are to be drawn 
perpendicular, one to each of any two adjacent sides of the parallelogram ; 
and from the other point, two lines perpendicular in the same manner to 
each of the two remaining sides. When these four lines are drawn to 
intersect one another, the figure so formed may be shewn to be equi- 
angular to the given parall^ogram. 
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50. It is manifest that this is the general case of Prop. 4, p. 198. 

If the rectangle to be cut off be two- thirds of the giyen rectansle ABCD. 

Produce BC to E so that BE may be equal to a side of tnat square 
which is equal to the rectangle required to be cut off; in this case, equal 
to two- thirds of the rectangle ABCD. On AB take AF equal to AD or 
BC ; bisect FB in G, and with center G and radius GE, describe a 
semicircle meeting AB, and AB produced, in H and K. On CB take 
CL equal to AH and draw HM, LM parallel to the sides, and HBLM 
is two*third8 of the rectangle ABCD. 

51. Let ABCD be the parallelogram, and CD be cut in P and BC 
produced in Q. By means of the similar triangles formed, the property 
may be proved. 

52. The intersection of the diagonals is the common vertex of two 
triangles which have the parallel sides of the trapezium for their bases. 

53. Let AB be the given straight line, and C the center of the nven 
circle ; through C draw the diameter DCE perpendicular to AB. Place 
in tiie circle a line FG which has to AB the given ratio ; bisect FG in 
Hjjoin CH, and on the diameter DCE, take CK, CL each equal to 
CH ; either of the lines drawn through K, L, and parallel to AB is 
the line required. 

54. Let C be the center of the circle, CA, CB two radii at right angles 
to each other ; and let DEFG be the line required which is trisected in 
the i)oints E, F. Draw CG perpendicular to DH and produce it to meet 
liie circumference in K ; draw a tangent to the circle at K : draw CG, 
and produce CB, CG to meet the tangent in L, M, then MK may be 
shewn to be treble of LK. 

66, The triangles ACD, BCE are similar, and CF is a mean propor- 
tional between AC and CB. 

66. Let any tangent to the' circle at E be terminated by AD, BC 
tangents at the extremity of the diameter AB. Take O the center of the 
cir<3e and join OC, OD, OE ; then ODC is a right-angled triangle and 
0£ is the perpendicular from the right angle upon the hypotenuse. 

57. This problem only differs from problem 69, infra, in having the 
given point without the given circle. 

58. Let A be the given point in the cfrcumference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to 
BD in the given ratio : from D draw a line to touch the circle in E, 
which is the point required. From A draw AF perpendicular to DE, 
and cutting the circle in G. 

59. Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that BA is to AD in the given ratio. 
Join AC and produce it to meet the circumference in E, F. Then EF 
is a diameter. Draw BG, DH perpendicular on EF : then the triangles 
BGA, DHA are equiangiilar. Hence the construction. 

60. Through E one extremity of the chord EF, let a line be drawn 
parallel to one diameter, and intersecting the other. Then Uie three 
angles of the two triangles may be shewn to be respectively equal to one 
another. 

6 1 . Let AB be that diameter of the given circle which when produced 
is perpendicular to the given line CD, and let it meet that line in C ; and 
let P be the given point : it is required to find D in CD, so that DB 
may be equal to the tangent DF. Make BC : CQ :: CQ : CA, and join 
PQ ; bisect PQ in E, and draw ED perpendicular to PQ meeting CD in 
D ; then D is the pomt required. Let O be the center of the cfrcle, draw 
the tangent DF ; and jom OF, OD, QD, PD. TheBkQD may be shewn 
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to be equal to DP and to DP. When P coincides with Q, any point D 
in CD nilfils the conditions of the problem ; that U, there are innume- 
rable solutions. 

62. It may be proTed that the yertices -of the two triangles which are 
similar in the same ttegment of a circle, are in the extremities of a chord 
parallel to the chord of the given segment. 

63. For let the circle be described about the triangle FAC, then by 
the converse to £uc. iii. 32 ; the truth of the proposition is manifest. 

64. Let the iigure be constructed, and the similarity of the two tri- 
angles will be at once obvious from Euc iii. 32. ; £uc. i. 29. 

66. In the arc AB (fig. Euc. iv. 2) let any point K be taken, and 
ttom K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec- 
tively, produced if necessary, abo let LM, LN be joined, then MLN may 
be shewn to be a straight line. Draw AK, BK, CK, and by Euc. lu. 31, 
i2, 21 ; Euc. I. 14. 

66. Let AB a chord in a circle be bisected in C, and DE, FG two 
chords drawn through C ; also let their extremities DG, FE be joined 
intersecting CB in U, and AC in K ; then AK is equal to HB. Through 
E draw MHL parallel to EF meeting FG in M, and DE produced in L. 
Theq by means of the equiangular triangles, HC may be proved to be 
equal to CK, and hence AK is equal to HB. 

67. Let A, B be the two given points, and let P be a point in the 
locus so that PA, PB being joined, PA is to PB in the given ratio. Join 
AB and divide it in C in the given ratio, and join PC. Then PC bisects 
the angle APB. Euc. vi. 3. Again, in AB produced, take AD to AB 
in the given ratio, join PD and produce AP to £, then PD bisects the 
angle BPE. Euc. vi. A. Whence CPD is a right angle, and the point P 
lies in the circumference of a circle whose diameter is CD. 

68. Let ABC be a triangle, and let the line AD bisecting the vertical 
angle A be divided in E, so that BC : BA+ AC : : AE : ED. By Euc. 
VI. 3, may be deduced BC : BA+AC :: AC : AD. Whence may be 
proved that CE bisects the angle ACD, and by Euc. iv. 4, that E is the 
center of the inscribed circle. 

69. By means of Euc. iv. 4, and Euc. vi. C. this theorem may be 
shewn to be true. 

70. Divide the given base BC in D, so that BD may be to DC in tke 
ratio of the sides. At B, D draw BB', DD' perpendicular to BC and 
equal to BD, DC respectively. Join B'D' and produce it to meet BC 
produced in O. With center O and radius CD, describe a circle. From 
A any point in the circumference join AB, AC, AO. Prove that AB is 
to AC as BD to DC. Or thus. If ABC be one of the triangles. Divide 
the base BC in D so that BA is to AC as BD to DC. Produce BO and 
take DO to OC as BA to AC : then O is the center of the circla 

71. Let ABC be any triangle, and from A, B let the perpendiculars 
AD, BE on the opposite sides intersect in P : and let AF, BG diawn to 
F, G the bisections of the opposite sides, intersect in Q. Also let FR, 
GR be drawn perpendicular to BC, AC, and meet in R : then R is the 
center of the circumscribed circle. Join PQ, QR ; these are in the 
same line. 

Join FG, and by the equiangular triangles, GRF, APB, AP is 
proved double of FR. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, RFQ are 
equiangular. 

72. Let C, C be the centers of the two circles, and- let CC the line 
joining the centers intersect the common tangent P]^' in. T, Let the 
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line joining the centers cut the circles in Q, Q\ and let PQ, P'Q' be 
joined ; then PQ is parallel to PQ'. Join CP, CT', and then the angle 
QPT may be proved to be equal to the alternate angle Q'P'T. 

73. Let ABC be the triangle, and BC its base ; let the circles AFB, 
AFC be described intersecting the base in the point F, and their 
diameters AD, AE, be drawn; then DA : AE : : BA : AC. For join 
DB, DF, EF, EC, the triangles DAB, EAC may be proved to be similar. 

74. If the extremities of the diameters of the two circles be joined 
by two straight lines, these lines may be proved to intersect at the 
point of contact of the two circles ; and the two right-angled triangles 
thus formed may be shewn to be siroilar by Euc. iii. 34. 

75. This follows directly from the similar triangles. 

76. Let the figure be constructed as in Theorem 4, p. 150, the tri- 
•ngle EAD being right-angled at A, and let the circle inscribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectively. 
Then AK is equal to AL, each beins equal to the radius of the inscribed 
circle. Also A^ is equal to GC, and AB is half the perimeter of the tri- 
angle AED. 

Also if GA be joined, the triangle ADE is obviously equal to the 
difference of AGDE and the triangle GDE, and this difference may be 
proved equal to the rectangle contained by the radii of the other two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the right angles 
in each triangle, and to the points where the circles touch these sides. 
Euc. VI. 4. 

78. Let A, B be the two given points, and C a point in the circum- 
ference of the given circle. Let a circle be described through the points 
A, B, C and cutting the circle in another point D. Join CD, AB, and 
produce them to meet in E. Let EF be drawn touching the given 
circle in F ; the circle described through the points A, B, F, will be 
the circle required. Joining AD and CB, by Euc. in. 21, the tri- 
angles CEB, AED are equiangular, and by Euc. vi. 4, 16, in. 36, 37, 
the given circle and the required circle each touch the line EF in the 
same point, and therefore touch one another. When does this solution 
&il? 

Various cases will arise according to the relative position of the two 
points and the circle. 

79. Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BC, 
meeting the circumference in E, F. Join AF, and take FG to the 
diameter FE, as FC is to FA. The circle described passing through the 
two points A, G and touching the line BC in B is the circle required. 
Let H be the center of this circle ; join HB, and BF cutting the 
circumference of the piven circle in K, and join EK. Then the tri- 
angles FBC, FBLE bemg eqiiiangular, by Euc. vi. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DK, KH be joined, DKH 
may be proved to be a straight line : — the straight line which joins the 
centers of the two circles, and passes through a common point in their 
circumferences. 

80. Let A be the given point, B, C the centers of the two given 
circles. Let a line drawn through B, C meet the circumferences of 
the circles in G, F; E, D, respectively. In GD produced, take the 
point H, so that BH is to CH as the radius of the circle whose center 
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is B to the radius of the circle whose center is C. Join AH, and take 
KH to DH as GH to AH. Throngh A, K describe a circle ALK touch- 
ing the circle whose center is B, in L. Then M may be proved to be a 
point in the circumference of the circle whose center is C. F<» by join* 
mg HL and producing it to meet the circumference of the circle whose 
center is B in N ; and joining BN, BL, and drawing CO parallel to BL, 
and CM parallel to BN, the une HN is jproyed to cut the circumference 
of the circle whose center is B in M, O ; and CO, CM are radii. By 
joining GL, DM, M m&j be proved to be a point in the circumference 
of the circle ALK. And by producing BL, CM to meet in P, P is 
proved to be the center of ALK, and BP joining the centers of the two 
circles passes through Lthe point of contact. Hence also is shewn that 
PMC passes through M, the point where the circles whose centers are P 
and C touch each other. 

Note. If the given point be in the circimiference of one of the circles, 
the construction may be more simply effected thus : 

Let A be in the circumference of the circle whose center is B. Join 
BA, and in AB produced, if necessary, take AD equal to the radius of the 
circle whose center is C ; join DC, and at C make the angle DCE equal to 
the angle CDE, the point B determined by the intersection of DA pro- 
duced and C£, is the center of the circle. 

81. Let AB, AC be the given lines and P the given point. Then if 
O be the center of the required circle touching AB, AC, in R, S, the line 
AG will bisect the given angle BAC. Let the tangent from P meet the 
circle in Q, and draw OQ, OS, OP, AP. Then there are given AP and 
the angle GAP. Also since OQP is a right angle, we have OP*— QO* 
= 0P" — OS*=PQ* a given magnitude. Moreover the right-angled tri- 
angle AOS is given in species, or OS to GA is a given ratio. Whence 
in the triangle AGP there is given, the angle AGP, the side AP, 
and the excess of OP' above the square of a line having a given 
ratio to GA, to determine GA. Whence the construction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the cen- 
ter of the given circle, and let the required circle touch the line AB, and 
have its center in BD. Draw CFE perpendicular to HB intersecting the 
circumference of the given circle in f , and produce CE, making £F 
equal to the radius CF. Through G draw GK parallel to AB, and 
meeting DB in K. Join CK, and through B, draw BL parallel to KC, 
meeting the circumference of the circle whose center is C in L ; join 
CL and produce CL to meet BD in O. Then is the center of the 
circle required. Draw GM perpendicular to AB, and produce EC to 
meet BD in N. Then by the similar triangles, GL may be proved 
equal to GM. 

83. (1) Jn. every right-angled triangle when its three sides are in 
Arithmetical progression, they may be shewn to be as the numbers 6, 4, 
3. On the given line AC describe a triangle having its sides AC, AD, 
DC in this proportion, bisect the angles at A, C by AE, CE meeting in B, 
and through E draw EF, EG parallel to AD, DC; meeting in F and G. 

(2) Let AC be the sum of the sides of the triangle, tig. Euc. vi. 18. 
Upon AC describe a triangle ADC whose sides shall be in continued 
proportion. Bisect the angles at A and C by two lines meeting in 
E. From E draw EF, EG parallel to DA, DC respectively. 

84. Describe a circle with any radius, and draw within it the straight 
line MN cutting off a segment containing an angle equal to the given 
angle, Euc. iii. 34. Divide MN in the given ratio in P, and at P draw 
PA perpendicular to MN and meeting the circumference in A. Join 
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AM, AN, and on AP or AP produced, take AD equal to the civen per- 
pendicular, and through D draw BC parallel to MN meeting AM, AN, 
or these lines produced. Then ABC shall be the triangle required. 

85. Let PAQ be the given angle, bisect the angle A by AB, in 
AB find D the center of the inscribed circle, and draw DC perpen- 
dicular to AP. In DB take DE such that the rectangle DE, DC is 
equal to the given rectangle. Describe a circle on DE as diameter 
meeting AP in F, G ; and AQ in F', G'. Join FG', and AFG' will 
be the triangle. Draw DH perpendicular to FG' and join G'D*. 
By Euc. VI. C, the rectangle FD, DG' is equal to the rectangle ED, 
DK or CD. DE. 

86. On any base BC describe a segment of a circle BAC containing 
an angle equal to the given angle. From D the middle point of BC draw 
DA to make the given angle ADC with the base. Produce AD to E so 
that AE is equal to the given bisecting line, and through E draw FG 
parallel to BC. Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB be the given base, ACB the segment containing the 
vertical angle ; draw the diameter AB of the circle, and divide it m E, 
in the given ratio ; on AE as a diameter, describe a circle AFE ; and with 
center^ and a radius equal to the given line, describe a circle cutting 
AFE in F. Then AF being drawn and produced to meet the circum- 
scribing circle in C, and CB being joined, ABC is the triangle required. 
For AF is to FC in the given ratio. 

89. The line CD is not necessarily parallel to AB. Divide the base 
AB in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point E in CD can be determined such that when AE, CE, 
EB, are joined, the angle AEB is bisected by CE, the problem is solved. 

90. Let ABC be any triangle having the base BC. On the same 
base describe an isosceles triangle DBC equal to the given triangle. 
Bisect BC in E, and join DE, also upon BC describe an equilateral 
triangle. On FD, FB, take EG to EH as EF to FB : also take EK 
equal to EH and join GH, GK ; then GHK is an equilateral triangle 
equal to the triangle ABC. 

fiLl. Let ABC be the required triangle, BC the hypotenuse, and 
FHKG the inscribed square : the side HK being on BC. Then BC may 
be proved to be divided in H and K, so that HK is a mean proportional 
between BH and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one 
of the given lines, through A draw AE parallel to BC. From B draw 
BE to meet AE in E, and such that BE is a fourth proportional to BC, 
BD, and the other given line. Join EC, produce BE to F, making BF 
equal to the other given line, and join FD : then FBD is the triangle 
required. 

93. By means of Euc. n. C, the ratio of the diagonals AC to BD 
may be found to be as AB.AD + BC.CD to AB.BE + AD.DC, 
figure, Euc. vi. D. 

94. This property follows directly from Euc. vi. C. 

95. Let ABC be any triangle, and DEF the given triangle to which 
the inscribed triangle is required to be similar. Draw any line de 
terminated by AB, AC, and on de towards AC describe the triangle d^ 
similar to DEF, join B/, and produce it to meet AC in F'. Through F' 
draw FD' parallel to fd, F'E' parallel to /<?, and join D'E*, then the 
triangle D'E'F' is similar to DEF. 
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96. The iqiiare inscribed in a right-angled triangle which has one 
of its sides coinciding with the hypotenuse, may be shewn to be less than 
that which has two of its sides coinciding with the base and perpendicular. 

97. Let BCDE be the souare on the side BG of the isosceles triangle 
ABC. Then bT Euc. vi. 2, ¥Q is proyed parallel to ED or BC. 

98. Let Ab be the base of the se^nnent ABD, fig. Euc. in. 30. 
Bisect AB in C, take any point E in AC and make CF equal to CE: 
upon EF describe a square JSFGH : from C draw CG and produce it to 
meet the arc of the segment in K. 

99. Take two points on the radii equidistant from the center, and 
on the line ioinine these points, describe a square ; the lines drawn from 
the center through the opposite angles of the square to meet the circular 
arc, will determine two points of the square inscribed in the sector. 

100. Let ABCDE be the given pentagon. On AB, A£ take equal 
distances AF, AG, join FG, and on FG describe a square FGKH. 
Join AH and produce it to meet a side of the pentagon in L. Drav 
LM parallel to FH meeting AE in M. Then LM is a side of the 
inscribed square. 

101. Let ABC be the given triangle. Draw AD making with the 
base BC an angle equal to one of the given angles of the paraHelogrsm. 
Draw AE parallel to BC and take AD to AE in the given ratio of the 
sides. Jom BE cutting AC in F. 

102. The locus of the intersections of the diagonals of all the 
rectangles inscribed in a scalene triangle, is a straight line drawn from tiie 
bisection of the base to the bisection of the shorter side of the triangle. 

103. This parallelogram may be proved to be a square. 

104. Analysis. Let ABCD be the given rectangle, and EFGH that 
to be constructed. Then the diagonals of EFGH are equal and bisect 
each other in P the center of the given rectangle. About EPF describe 
a circle meeting BD in K, and join KE, KF. Then since the rectangle 
EFGH is given in species, the angle EPF formed by its diagonals is 
given : and hence also the opposite angle EKF of the mscribed quadri- 
lateral PEKF is given. Also since KP bisects that angle, the angle 
PKE is given, and its supplement BKE is given. And in the same way, 
KF is parallel to another given line ; and hence EF is parallel to a third 
given Une. Again, the angle EPF of the isosceles triangle EPF is giv^ ; 
and hence the quadrilatertd EPFK is given in species. 

105. In the figure Euc. iii. 30 ; from C draw CE, CF making with 
CD, the angles DCE. DCF each equal to the angle CDA or CDB, and 
meeting the arc ADB in E and F. Join EF, the segment of the circle 
described upon EF and which passes through C, will be similar to ADB. 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius ; and five times the square inscribed ia 
.the semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square with 
segments of the sides of uie given triangle, may be proved to be similar* 
Whence by Euc. vi. 4, the truth of the prpperty. 

108. By constructing the figure, it may be shewn that twice the 
square inscribed in the quadrant is equal to the square on the radiiiSi 
and that five times the square inscribed in the semicircle is equal to four 
times the square on the radius. Whence it follows that, &c. 

109. By Euc. i. 47, and Euc. vi. 4, it may be shewn, that four times 
the square on the radius is equal to fifteen times the square of one on the 
equal sides of the triangle. 

110. Constructing the figure, the right-angled triangles SCT, ACS 
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may be proved to have a certain ratio, and the triangles ACB, CPM in 
the same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the arc of 
a quadrant. Bisect BAG by AE, and draw through D, the line HDGP 
perpendicular to A£ at G, and meeting AB, AC, produced in H, P. 
From H draw HM to touch the circle of which BC is a quadrantal arc ; 
produce AH, making HL equal to HM, also on HA, take HK equal to 
HM. Then K, L, are the points of contact of two circles through D 
which touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the 
radius of the circle which touches BA, BC in K, K' ; and similarly, AL 
is the radius of the circle which touches them in L, L'. Also, HAP 
being an isosceles triangle, and AD drawn to the base, AD* is shewn 
to be equal to AK . KL. Euc. ui. 36 ; ii. 5, Cor. 

1 1 2. Let E, F, G be the centers of the circles inscribed in the triangles 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, AC 
respectively, and join CE, EB ; BF, FA ; CG, GA. llien the relation 
between R, r, /, or EH, FK, GL may be found from the similar triangles, 
and the property of right-angled triangles. 

113. The two hexagons consist each of six equilateral triangles, and 
the ratio of the heicagons is the same as the ratio of their equilateral 
triangles. 

114. The area of the inscribed equilateral triangle may be proved to 
be equal to half of the inscribed hexagon, and the circumscribed triangle 
equal to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the 
same number of similar triangles. Euc. vi. 19. 

116. Let the sides AB, BC, CA of the equilateral triangle ABC touch 
the circle in the points D, E, F, respectively. Draw AE cutting the 
circumference in U- ; and take O the center of the circle and draw OD : 
draw also HGK touching the circle in G. The property may then be 
shewn by the similar triangles AHG, AOD. 
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Clare College. Cla. 
Pembroke College. Pern. 
Oonrille and Caius College. Cal. 
Trinity Hall. T. H. 
Oorpos Christi College. C. C. 
King's College. Ki. 
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St. Catharine's College. Cath, 
Jesus College. Jes. 
Christ's College. Chr. 
St. John's College. Joh. 
Magdalene College. Mag. 
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Emmanuel College. Emm. 
Sidney Sussex College. Sid. 
Donmlng College. Down. 

In the years the centuries are omitted, 
and the places are supplied by a comma 
prefixed, thus »45 means 1845. 



EXERCISES ON BOOK I, p. 



1 Emm. ,22. ,35. ,46. 
Sid. ,30. Trin. ,37. 

2 Trin. ,40. Cai. ,67. 
Chr. ,68. 

t Trin. ,32. ,37. ,60. 

T.H.,62. Joh. ,54. 

S. H. ,54. 
4 Sid. ,30. ,43. Jes. 

,60. ,68. Qu. ,34. 

Trin. ,40. Cla. ,47. 

Emm. ,66. 

6 Emm. ,21. Qu.,23. 
,40. ,42. Trin. ,26. 
,27. ,29. C. C.,30. 
,65. Pem. ,32..38. 

€ S. H. ,17. Trin. 
,24. ,37. Qu. ,26. 
Emm. ,27. ,48. 
Cath.,29.,48.Pem. 
,39. ,47. Sid. ,40. 
Chr. ,46. Cla. ,66. 

7 S. H. ,19. Trin. 
,29. Qu.,36. Pem. 
,44. Jes. ,49. B. S. 
,56, 



8 Qu. ,26. ,28. S. H. 
,49. ,60. Pet. ,66. 
Enmi. ,50. C. C. 
,67. Cai. ,65, 

9 Mag. ,38. Joh. ,68. 

10 Emm. ,34. 

11 Cai. ,40. Joh. ,60. 

12 S H. ,40. ,64. 

13 Cath.,31.S.H.,50. 
14 

16 Pet. ,67. 

16 Cath.,22.,33. Trin. 
,37. 

17 Cai. ,67. 

18 Chr. ,66. 

19 Emm. ,66. 

20 T. H. ,61. 

21 Jes. ,68. 

22 S. H. ,60. 

23 Qu.,19. T.H..61. 
Emm. ,61. Pem. 
,67. 

24 Jes. ,68. 

25 S. H. ,14. Cla. ,55. 

26 Cai. ,41. 



69, &c. 

27 Chr. ,26. ,41. ,62. 
Jes. ,62. Joh. ,81. 
Pet. ,38. Trin. ,39, 
,60. Mag. ,61. 

28 S. H. ,68. 

29 C. C. ,63. S. H. 
,69. 

30 C.C.,63. Qu.,64. 
Chr. ,66. 

31 Trin. ,31. 

32 S.H.,36.,48.Mag. 
47. Chr. ,64. 

33 Emm. ,26. 

34 Joh. ,19. Qu. ,2.5. 
36 Chr. ,28. Pem. ,42. 

Jes. ,61. 

36 Trin. ,26. Sid. ,43. 
C C. ,67. 

37 Pem. ,29. B. S. 
,48. Qu. ,62. 

38 Qu. ,60. 

39 Qu. ,31. Cath.,35. 
Emm. ,36. Sid. 
,38. B. S. ,40. 
Trin. ,27. 
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40 Trin. ,34. 

41 S. H. ,55. 

42 S. H. ,04. C. C. 
,23. Chr.,29. ,6C. 
Cath.,36. Je8.,62. 
Pet. ,36. Qu. ,39. 
Trin. ,37. ,49. Cai. 
40. Pern. ,48. 

43 Trin.,54. Emm.,64. 

44 Trin. ,68. 

45 Cai. ,55. 

46 Pet. ,58. 

47 Chr. ,55. 

48 Cai. ,49. 

49 Jes. ,54. 

50 S. H. ,53. 

61 Trin. ,39. ,61. Pern. 

,51. 
52 Trin. ,43. 
6a Joli.,26. Pein.,47. 

Chr. ,52. ,53. 
54 Cai. ,46. Qu. ,48. 
66 Cai. ,31. Joh.,30. 
66 
57 Jes. ,62, Cai. ,56. 

68 Jes. ,55. 

59 Pet. ,51. 

60 Chr. ,39. 

61 Pet. ,36. 

62 Trin. ,62. ,54. T.H. 
,52. 

63 Pet. ,51. 

64 Trin. ,51. 

65 Jes. ,54. 

66 Pet. ,51. 

67 S. H. ,48. 
68 

69 T. H. ,64. 

70 Trin. ,40. 
71 

72 Cai. ,33. Qu. ,33. 

73 Trin. ,49. 

74 Qu. ,31. Chr. ,66. 
Sid. ,36. Pet. ,53. 

76 Qu. ,19. 

76 Qu. ,24. 

77 Cla. ,51. 

78 Qu. ,32. Jes. ,36. 
S. H. ,49. ,50. 

79 S.H.,49.Mag.,52. 

80 Qu. ,37. 

81 Trin. ,48. 

82 Chr. ,58. 

83 Chr. ,52. 

84 Trin. ,62. 
86 Cath. ,49. 



86 Cla. ,67. 

87 Pet. ,46. 

88 C. C. ,60. Cai. ,63. 

89 Mag. ,51. ,68. 

90 Jes. ,54. 

91 Cath. .49. S. H.,64. 

92 Jes. ,65, 

93 Cai. ,46. 

94 Jes. ,41. 

95 Chr. ,43. 

96 Joh. ,31. 

97 Cai. ,36. Cath. ,55, 

98 Emm. ,30. Cath. 
,67. 

99 Trin. ,59. 

100 Pet. ,51. 

101 Qu. ,29. ,36. ,37. 
B. S. ,39. 

102 

103 Mag. ,52. 

104 Chr. ,47. Cla. ,48. 
106 Pet. ,61. 

106 Sid. ,46. Chr. ,47. 
Emm. ,47. 

107 S. H. ,52. 

108 Emm. ,67. 

109 S. H. .04. Cai. 
,34. Emm. ,39. 

110 Qu. ,25. Trin. 
,25. ,38. Pet. ,39. 
Jes.,52.P«n. ,42. 

111 S. H. ,03. ,18. 
Trin. ,25. ,44. Cla. 
,31. ,36. 

112 Qu. ,29. ,37. ,26. 
Trin. ,27. ,33. ,36. 
,40. ,49. ,50. Chr. 
,44. Pem. ,46. 
Cath. ,58. Emm. 
,54. Je8.,52.S.H. 
,60. C. C. ,58. 

113 Emm. ,32. 

114 Qu.,19.,37.Emm. 
,25. ,63. Mag. ,29. 
,32. Cai. ,34. Trin. 
,37. ,38. Pet. ,44. 
,52. 

116 S. H. ,48. 

116 Qu. ,39. Mag. ,54. 
S. H. ,59. 

117 Trin. ,29. 

118 Emm, ,22. C. 0. 
,58. 

119 Pet. ,46. 

120 S.H.,35.,48.J6h. 
,37. 



121 Pet ,38. Chj.,39. 

122 S. H. ,63. 

123 Joh. ,68. 

124 C.C. ,46. 

125 Pem. ,46. 

126 S. H. ,64. 

127 Emm. ,31 Chr. 

38 

128 Trili.,48.Cath.,46. 
129 

130 Pem. ,47. 

131 Cla. 

132 Ki.,48. S. H.,53. 
Chr. .55. ,67. 

133 Qu.,30. Chr. ,46. 

134 Pet. ,68. 

135 Jes. ,57. 

136 Mag. ,57. 

137 Cai. ,52. 

138 Trin. ,37. ,60. ,52. 
Joh. ,47. Emm. 
,62. ,63. ,56. Chr. 
,50. T.H. ,52. 

139 Cla. ,36. 

140 Mag, ,49. 

141 Cla. ,36. 

142 Joh. ,58. Chr .',68. 

143 Trin. ,53. ,64. 

144 Joh. ,16. Qu.,30, 
Pem. ,33. ,49. Jes. 
,46. Trin. ,47. ,58. 
C. C. ,58, 

146 Pet. ,27. 

146 S. H. ,36. 

147 Chr. ,54. 

148 Cla. ,56. 

149 Jes. ,20. Qu. ,32. 
,48. Cath. ,36. 
S. H. ,59. 

150 Trin. ,40. 

161 Pet. ,32. ,86. 

162 Pet. ,49. 

153 S. H. ,66. 

154 Jes. ,63. 
165 Chr. ,66. 
156 T. H. ,62. 

167 Joh. ,20. Emm. 
,26. 

158 Sid. ,46. Mag. ,68. 

159 Cai. ,37. 

160 Emm. ,32, Qu. 
,35. ,59. C. C. 
,36. ,59. Mag. ,39. 
B. S. ,47. 

161 Trin. ,21. ,60. 

162 Jes. ,36. 
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INDBX. 



EXERCISES ON BOOK H, p. 118, &c 



1 S.H.,14.,50. Joh. 
48. Trin. ,85. Chr. 

2 Joh. ,17. 

I 8. H. ,16. ,69. Trin. 

,27. ,30. .87. ,47. 

,48. Mag. ^1. .43. 

Pet .29. ,38. Sid. 

,84. Bmm. ,21, ,27. 

,37. ,44. Cai. ,48. 

Qa.,37. T.H. ,66. 
4 Emm. ,84. Fein. 

,46. Mag. ,61. 
6 S.H.,03. Joh., 18. 

Qu. ,21. Trin. ,87. 

Sid. ,42. Chr. ,46. 

,46. ,48. 

6 Pet. ,62. 

7 Pet. ,68. 

8 Jes. ,64. 

9 S. H. ,50. 
10 Cai. ,58. 
U Jes. ,53. 

12 Pet. ,26. 

13 Chr. ,40. 

14 Trin. ,42. 
16 Pet. ,37. 

16 T. H. ,40. ,54. 

17 Qu. ,37. 

18 S. H. ,88. 

19 Chr. ,48. ,54. Jes. 
,48. Sid. .49. Pel. 
,65. Pern. ,58. 



20 Emm. ,56. 
21 

22 Qu. ,50. 

23 Qu. ,24. 

24 Chr. ,49. 

26 S.H.,10.,04. Trin. 
,29. 

26 Pet ,43. 

27 Chr. ,49. 

28 Qu. ,55. 

29 Qu. ,57. 
80 Qu. ,51. 

31 Mag. ,57. 

32 Cai. ,59. 
38 Chr. ,57. 
34 Cai ,44. 
36 Joh. ,44. 

36 Trin. ,49. Cai. ,57. 

37 Joh. ,18. Emm. 
.25. ,36. Trin. .32. 
Mag. ,33. ,40. Pet 
,52. S. H. ,53. 

38 Joh. ,21. S. H. 
,50. Pet. ,54. 

39 Joh. ,25. 

40 Cai. ,42. 

41 S H. ,53. 

42 T. H. ,58. 

43 Joh. ,26. Jes. ,37. 
Mag. ,42. 

44 Pet. ,44. 



46 Emm. .23. ,26. ,28. 
,43. ,61. Trin. .27. 
,44. ,49. ,50. Pet 
,30. Mag. .33. ,43. 
.46. .52. B. S.,38. 
C. C. ,61. Chr. 
,41. ,47. ,60. 

46 Emm. ,28. Sid. 
,88. C, C. ,39. 

47 Joh. ,19. Qu. ,29. 
,30. ,48. 

48 Chr. ,30. Emm. 
,36. S. H. ,46. 
Cath. ,52. 

49 8. H. ,07. T. H. 
,44. Pem. ,52. Joh. 
,41. Trin. ,63. 
Emm. ,52. S. H. 
,59. 

50 Emm. ,28, ,46. 
Trin. 32. Pem. ,47. 

51 Chr. ,51. 

52 Pet. ,53, 

53 Cai ,28. 
54 

55 
56 

57 Jes. ,58. 

58 S. H. ,59. 



EXERCISES ON BOOK ni, p. 160, &c. 



1 Chr. ,28. S.H.,36. 
,59. Cai. ,44. 

2 Qu.,23. T.H. ,54. 
Mag. 53. 

3 Trin. ,27. 

4 Mag. ,53. 

6 S. H. ,04. Sid. ,41. 
6 Trin. ,19, .23. Qu. 

,21., 22. Pem. ,30. 

,39. Sid. .36. Pet 

,31. Emm. ,34, ,42. 

,44. T.H. 54. 
•7 Emm. ,22. Pem. 

,36. Joh. 67. S. H. 

,o3. 
8 Pet. ,29. Cla. ,46. 



9 Qu. ,56. 

10 Mag. ,46. 

11 Mag. ,47. 

12 S. H. ,43. 

13 S. H. ,48. 

14 Cath. ,63. 
15 

16 

17 Joh. ,57. 

18 Trin. ,19. Sid. ,33. 
Cai. ,34. Emm., 34. 
Qu. ,36. S. H ,53. 
Chr. ,56. Joh. ,67. 
,68. 

19 Emm. ,24. 

20 C. C. ,42. 



21 Joh. ,21. 

22 Trin. ,52. 
,68. 

23 Joh. ,17. 

24 Joh. ,21. 

25 Chr. ,27. 

26 S. H. ,48. 

27 Pet ,47. 

28 S. H. ,49. 

29 Trin. ,39. 
50 Emm. ,54. 

31 S. H. ,63. 

32 S. H. ,59. 

33 Qu. ,57. 

34 Pet. ,66, 



T. H. 



d by Google 



INDEX. 



859 



35 Trln. ,30. ,39, C. C. 
,36. ,45. Emm. ,37. 
Chr.,39. Pern. ,40. 

36 Sid. ,35. 

37 Joh. ,30. 

38 Joh. ,20. Emm. ,26. 
89 Cath. ,31, 

40 Qu. ,36. 

41 Joh. ,28. Qu. ,35. 

42 Emm. ,56. 

43 Trin. ,57. 
44 

45 Qu. ,58. 

46 Pern. ,45. 

47 S. H.,14. Qu. ,20. 
,32. Joh. ,25. 
Emm. ,32. Chr. ,45. 
Cai. ,44. 

48 Pet. ,56. 

49 Trin. ,57. 

60 Trin. ,34. 

61 Cai. .32. ,41. 

52 Emm. ,21. Pem. 
,32. Cla. ,36. Cai. 
,46. 

63 S. H. ,63. 

64 Cla. ,66. 
66 S. H. ,65. 

66 Cla. ,66. 

67 Emm. ,57. 

68 Trin. ,43, 
69 

60 Trin. ,11. 

61 Qu. ,36. 

62 Cai. ,44. 

63 Jes. ,33. 

64 Joh. ,22. 

65 S. H. ,29. 

66 Joh. ,42. Chr. ,53. 

67 S. H. ,25. 

68 Cai. ,43. Emm. 44. 

69 Joh. ,14. Chr. ,26. 
C. C. ,65. 

70 Trin. ,29. Sid. ,46. 
S. H. ,50. 

71 Jes. ,68. 

72 Chr. ,48. Sid. ,52. 

73 Trin. ,39. 

74 S.H. ,36. Jes. ,67. 
76 S.H. ,02. Pem. ,32. 

T. H. ,44. 

76 Trin. ,45. 

77 S. H. ,04. ,59. 

78 Pet.,39. Emm.,56. 

79 Joh. ,30. Cai. ,36. 
Cla. ,46. 



80 Trin. ,35. 

81 S.H. ,59. 

82 Ki. ,50. 

83 S. H. ,03. Qu. ,22. 
Emm. ,27. Sid. ,30. 
Cath. ,30. ,35. 
Mag. ,34. ,37. ,46. 
B.S.,39.,43. C.C. 
,67. 

84 Pet. ,37. 

85 Qu. ,33. 

86 Joh. ,47. 

87 Cai. ,48. 
88 

89 Joh. ,19. Qu. ,26. 

90 S. H. ,58. 

91 Qu. ,62. 

92 Qu. ,39. Pem. ,43. 

93 Joh. ,30. 

94 Trm. ,24. 

95 Qu. ,64. 

96 Joh. ,17. 

97 Sid. ,35. Pem. ,42. 

98 Qu. ,38. 

99 Cai. ,31. 

100 S.H. ,48. Qu.,67. 

101 S. H. ,60. Qu. 
,64. Pem. ,50. 

102 Cai. ,47. 

103 Cai. ,40. 

104 Emm. ,56. ,57. 
106 T. H. ,58. 

106 Pet. ,62. 

107 Cai. ,39. Jes. ,26. 
C. C. ,38. 

108 Pet.-,39. Pem. ,45. 

109 Chr. ,40. 

110 Trin. ,29. ,32. ,38. 
S. H. ,08. Pet. 
,19. ,20. ,21. Qu. 
,20. ,28. Mag. ,30. 
B.S.,39. Chr., 61. 

111 S. H. ,49. 

112 Joh. ,31. 

113 Emm. ,28. 

114 Joh. ,25. 

116 S.H.,20.Trin.,22. 
,25. Mag.,37. Qu. 
,39. 

116 S. H. ,03. 

117 Trin. ,20. 

118 Jes. ,64. 

119 Cai. ,61. 

120 Cai. ,37. 

121 Cai. ,42. 

122 Cai. ,36. 



123 Pet. ,48. Joh. ,58. 

124 Qu. ,54. 

125 Pet. ,52. 

126 Trin. ,42. 
127 

128 S.H. ,04. Joh. ,16. 
Qu. ,20. ,36. ,29. 
Trin. ,22. ,23 Pet. 
,31. B.S. ,30.,34. 

129 Pet. ,43. 

130 Trin. ,33. 

131 Pem. ,44« 

132 Trm. ,20. 

133 Sid. ,36. 

134 T. H. ,58. 
136 Qu. ,49. 

136 Qu. ,64. 

137 Joh. ,68. 

138 Emm. ,47. 

139 Jes. ,49. 

140 Joh. ,41. ,42. ,49. 

141 Qu. ,33. 

142 Joh. ,20. 

143 Joh. ,25. T. H. 
,66. 

144 T. H. ,58. 
146 S. H. ,48. 

146 Cath. ,58. 

147 T. H. ,54. 

148 Cla. 
149 

160 Jes. ,66. 

161 Mag. ,49. 

152 Joh. ,18. ,19. Qu. 
,26. ,39. Mag., 29. 
Emm. ,30. Pem. 
,44. 

153 Mag. ,35. 

164 Cath. ,30. 

165 Joh. ,34. 

166 Trin.,26. Pem.,34. 
157 C. C. ,46. 

168 Joh. ,36. 

169 Trin. ,38. Joh.,19. 
Chr. ,39. Jes. ,43. 
S. H. ,42. T. H. 
,63. 

160 Jes. ,38. C.C. ,38. 

161 Jes. ,44. 

162 C. C. ,33. 

163 Pet. ,32. 
164C. C. ,26. B. S. 

,28. Mag. ,45. 
166 Cath. ,30. 
166 Joh. ,36. 
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IKORX. 



EXERCISES ON BOOK IV, p. 196, &c. 



1 S.H.,08.,12. Chr. 
,33. Pet. ,34. tZS, 

• Trin. ,49. 

2 Qu. ,20. Emm. ,27. 
Cath.,34. lVin.,44. 
Jes. ,46. Ki. 37. 
Joh. ,67. 

3 Qa. ,20. ,30. ,34. 
Trin.,29.Emm.,30. 
C. C. ,36. B.S. ,36. 
Pern. ,40. ,48. ,52. 
Jes. ,62. 

4 Joh. ,16. Pet. ,36. 
6 Trin. ,31. ^ 

6 Emm. ,24. Qu. ,32. 

r Trin. ,37. Jes. ,47. 

8 

9 Trin. ,23. Sid. ,39. 

,47. Qu.,4l. O.C. 

.46. 

10 Chr. ,27. 

11 S. H.,16. Qu. ,20. 
,27. C.C. ,28. Joh. 

39 

12 Joh. ,29. 

18 S.H.,13. Trin,,22. 

14 S. H. ,38. 

15 Chr. ,46. 

16 Cai.,38. 

17 Cai. ,36. 

18 Joh. ,28. 

19 Trin. ,21. Chr. ,30. 
.34. 

20 Trin. ,44. ,48. 

21 Cai. ,42. 

22 CaL ,32. 

23 Mag. ,36. 

24 Joh. ,22. 

25 Trin. ,30. S.H. ,36. 



26 Pern. ,29. C.C. ,41. 

27 Pern. ,31. 

28 Joh. ,42. 

29 Jes. ,33. 

30 Trin. ,41. 

31 Qu. ,20. 

32 Joh. ,30. 

33 Joh. ,31. 

34 Pem. ,29. ,35. 

36 S.H.,13. Qa.,19. 
Emm. ,21.,33. B.S. 
,26. Cai. ,36. Pem. 
,36. 

36 Jes. ,31. 

37 Trin. ,40. 

38 Joh. ,18. 

39 Joh. ,17. Trin. ,36. 

40 Pet. ,26. 

41 Qu. ,31. 

42 Pet. ,43. 

43 Joh. ,26. 

44 Trin. ,29. 

45 Cai. ,37. 

46 Trin. ,26. Qu. ,32. 
Chr. ,40. Pem.,49. 

47 Trin.,23. Emm.,23. 
,32. ,36. 

48 Emm.,21.Trin.,36. 
Pem. ,42. 

49 Chr. ,26. ,42, 

60 Emm ,21. ,25. ,40. 
,45. Chr. ,39. Pet. 
,35. B.S. ,41. 

51 Cai. ,38. Jes. 49. 

52 Trin. ,21, 
63 Emm. ,24. 

54 Joh. ,18. Jes. ,49. 

65 Pet. ,25. 

66 Trin. ,37. 



57 Trin. ,23. Qu. ,37 

58 Qu. ,21. ,26. ,36. 
69 

60 Emm,25.Mag.,42 

61 Qu. ,26. 

62 Cai. 33. B. S. ,40 

63 Joh. ,14. ,16. ,37. 
S. H. ,44. 

64 Sid. ,29. Qu. ,43 
66 Trin. ,31. 

66 C. C. ,38. 

67 Chr. ,32. 

68 C. C. ,44. 

69 Qu. ,44. 

70 Cath.,30. Mag.,33, 
,37. 

71 Cai. ,40. 

72 Sid. ,38. Trin. ,39, 

73 Cai. ,41. 

74 Trin. ,33. 

75 C. C. ,24. 

76 Trin. 22. B.S. ,27. 

77 Pem. ,36. 

78 Trin. ,36. 

79 Jes. ,19. Trin. ,22. 
,25. ,27. Qu. ,36. 
Pem. ,37. Mag. ,46. 

80 Qu. ,31., 40. 
Trin. ,42. 

81 Jes. ,38. 

82 Trin. ,27. Mag. ,43. 

83 Cai. ,38. 

84 Trin. ,19. 
86 Trin. ,24. 

86 Joh. ,26. 

87 S.H. ,03. Trin. ,24. 
,30. Qu. ,31. ,36. 
Cai. ,85. 



EXERCISES ON BOOK VI, p. 302, &c. 



1 Qu. ,38. Jes. ,46. 

2 C. C. ,31. 

3 Jes. ,19. Trin. ,32. 
.44. 

4 Qu. ,23. Sid. ,34. 
C. C. ,40. 

5 KL ,45. 

6 Pet. ,38. 

7 Cath. ,51. 

8 S. H. ,60. 



9 Pem. ,46. T.H.,46. 

10 Joh. ,23. 

11 Cath., 30. Emm. 
,34. Sid. ,44. 

12 Trin. ,23. Cai ,35. 
Mag. ,37. 

13 Trin. ,30. S.H. ,04. 
Mag. ,44. 

14 Qu. ,20. ,26. ,32. 
16 Joh. ,26. 



16 Cai. ,31. 

17 Trin. — 

18 Qu. ,38. Chr. ,43, 
IVin. ,33. ,44. 

19 Emm. ,23. ,30. B.S. 

29. 

20 Chr. ,36. 

21 Joh. ,20. 

22 Joh. ,15. 

23 Joh. ,14. Trin. ,27. 
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,28 ,d2. ,34. ,41. 
,44. Cath.,34.Chr. 
M. 

24 Job. ,19. 

25 Qu.,30. C.C.,40. 

26 Job. ,28. 

27 Qu. ,38. 

28 Qu. ,34. 

29 Qu. ,24. 

30 Pern. ,83. 

81 Trin, ,11. ,28. ,43. 

Jes. .19. Qu. ,21. 
. .23. ,26. CO., 26. 

Pern. ,32. ,34. ,43. 

Cai. ,33. Emm. ,21. 
!32 Job. ,26. 

33 Qu. ,48. 

34 Pet. ,28. ,35. 

35 Job. ,19. 

36 Cai. ,36. 

37 Job. ,26. 

38 Job. ,15. C.C.^7. 

39 Trin. ,25. 

40 Job. ,17. 

41 Job. ,42. 

42 ISmm. ,47. 

43 Pet. ,25. 

44 Trin. ,38. 
46 Job. ,21. 

46 Pet. ,32. 

47 Job. ,20. 

48 Job. ,14. 

49 Qu. ,36. 

50 Qu. ,25. 

51 Pet. ,54. 

62 Cai. ,44. 

63 Job. ,15. 

64 Cbr. ,41.. 



66 S. H. ,50.- 

56 Mag. ,41. 

57 Pet. ,25. 

58 Job. ,17. 

59 Qu. ,2% 

60 Qu. ,21. 

61 Tritt. ,26i 

62 Pet. fS6,. 

63 Job. ,19. 

64 Sid. ,30. 'Emm. ,49. 

65 Pern. ,30. S.F. ,42. 
6$ dsu. ,35. ,36. Pern. 

37. 

67 Trin. ,21. 

68 Job. ,35. 
69^ Pfet. ,26. 

70 S.S, ,18. Qu.,20. 

71 Job. ,18. Catb. ,31. 

72 Cai. r45. 

73 Trin. ,35. 

74 Pem^. ,31. ,43. Qu. 
,19. ,26. ,43. Trin. 
,22. ,37. Cai. ,43. 
Mag. ,32. 

75 Cbr. ,48. 

76^ S.H. ,39. Pern. ,43. 

77 Qu. ,41. 

78 Trin. ,22. Qu. ,39. 
Cbr. ,42. 

79 Qu. ,22. ,38. Trin. 
,42. ,44. 

80 Qu. ,29. ,35. ,41. 
S. P. ,43. 

81 Qu. ,40. 

82 Qu. ,23. ,36. ,38. 

83 Job. ,13. Trin. ,20. 
Emm. ,24. Cbr. ,37. 
,45.Qu.,36.,22.,44. 



84 Trim y44. 

85 Trin. ^2. 

86 Qu. ,37. 

87 Job. ,29. Qu. ,43. 

88 Job. ,18. 

89 Qu. ,21. 
80 Trin. ,36. 

91 S. H. ,25. 

92 Pet ,33 

93 JTob. ,19. 

94 Job. ,22. Emnk ,26. 

95 Pern., 34. C.C:,30, 

96 Job. ,38. 

97 Catb. ,31. , 

98 Emm. ,46. 

99 Job. ,13. ,21. 
Trin. ,29. ,34. 
Qu. ,43. ,38. 

lOOCC. ,28. Pern. ,42, 

101 C.C.,35.S.H.,11. 
Pem.46.T.'H. ,46 

102 Qu. ,41. ,42. 

103 S. H. ,09. B. S. 
,30. ,31. 

104 S. H. ,36. 

105 Sid. ,29. 

106 Pet. ,36. 

107 Cai. ,39. 

108 Trin. ,11. ,20. ,32. 
,33. Cbr. ,35. 

109 Pet ,37. 

110 Cai. ,31. 

111 Job. .31. Qu. ,44. 

112 C. C. ,30. 

113 Job. ,20. 

114 Emm. ,37. 

115 'IVin. ,20. 

116 Gatb;,4»t 
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Edited by R. POTTS, M.A., Trimty College. 



Euclid*8 Elements of Geometry (The University 
Edition) with Notes, Geometrical Exercises from the Senate-House 
and College Examination Papers, and an Introduction containing a 
brief outlme of the History of Geometry. Svo. Together with the 
Appendix. Pric 10«. 

The Appendix consiste of some additional notes on. the Elements, a more complete. 
Exposition of the Geometrical Analysis, a Short Tract on Transversals, and Remarks, 
Hints, &c., for the Solution of the Problems, &c., in the Geometrical Exercises. 

Euclid's Elements, The First Six Books (The School 
Edition, theffth), with Notes, Questions, Geometrical Exercises, and. 
Hints for the Solution of the Problems, &c. 12mo. Price 45. 6c?. 

Brief Hints for the Solution of the Problems, dkc, 
in the First and Second Editions of the School Euclid. 12mo. Price Is. 

Euclid^s Elements. A Supplement to the School 
Edition, containing the Portions read at Cambridge, of the Eleventh 
and Twelfth Books, with Notes, a Selection of Problems and Theorems,, 
and Hints for the Solutions. 1 2mo. Price Is, 

Euclid^s Elements, The First Three- Books, reprinted 
from the School Edition, with Notes, Questions, Geometrical Exer- 
cises, and Hints for the Solution of the Problems, &c. 12mo. Price 3s. 

Euclid's Elements, The First Two Books, with the 
Notes, Questions, and Geometrical Exercises. 12mo. Price Is. (yd. 

Euclid's Elements, The First Book with the Notes, i 
Questions, and Geometrical Exercises. 12mo. Price la. 1 

Euclid's Elements, The Definitions, Postulates, audi 
Enunciations ©f the Propositions of the First Six, and of the Eleventh 
and Twelfth Books. 12mo. Price 9c?. I 

In addition to its extensive use in the Universities of Oxford and 
Cambridge, and the Principal Grammar Schools, Mr. PoTTs' Euclid is 
on the Catalogue of Books suf)plied at the Depositories of the National 
Society, Westminster, and of the Congregational Board of Education, 
Homerton College, &c. ; and the Books may be obtained through 
those channels at reduced cost for purposes of National Education. 

It may be added that the Council of Education at Calcutta have 
been pleased to order the introduction of these Editions of Euclid's 
Elements into the Schools and Colleges under their control in Bengal. 

John W. Parker and Son, West Strand, London. 
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** In my opinien Mr. Potts has made a yaluable addition to Geometri- 
eal literature by his Editions of Euclid's Elements." — W» Whewell^ D,D., 
Master of Trinity College , Cambridge. 

** Mr. Potts' Editions of Eitclid*8 Geometry are characterized by a due 
appreciation of the spirit and exactness of the Greek Geometry, and an 
acquaintance with its history, as well as by a knowledge of tjie modem 
extensions of the Science. The Elements are given in such a form as to 
preserve entirely the spirit of the ancient reasoning, and, having;been ex- 
tensively used in Colleges and Public Schools, cannot fail to have the 
effect of keeping up the study of Geometry in its original -purity.**— James 
Challisf M,A., Plumian Professor of Astronomy and Expei^' mental Philosophy 
in the University of Cambridge, 

"By the publication of these works, Mr. Potts has done very great 
service to the cause of Geometrical Science : 1 have adopted Mr. Potts' 
iwork as the text-book for my o^n Lectures in Geometry, and I believe 
^hat it is recommended by all the Mathematical Tutors and Professors in 
^is University." — Robert Walker ^ M,A., F.R.S., Reader in Erperimental 
Philosophy in the University ^ and Mathematical Vutor of Wadham College^ 
Oxford. 

"The plan of this work is excellent."— 5j9ecte<cr. 

"We must be content with giving a short, but emphatic- approval of 
the book as a beginner's X.2xUhoo\i." —Athenceum. 

" Mr Potts has maintained the text of Simson, and secured the verv 
spirit of Euclid's Geometry, by means which are simply Mechanical. It 
consists in printing the syllogism in a separate paragraph, and the mem- 
bers of it in separate subdivisions, each, for the most part, occupying a 
single line. The divisions of a proposition are therefore seen at once 
without requiring an instant's thought. Were this the only advantage of 
Mr. Potts's Edition, the great convenience which it affords in tuition would 
give it a claim to become the Geometrical text-book of England. This, 
aowever, is not its only merit." — Philosophical Magasdne^ January ^ 1848. 

"If we may judge from the solutions we have sketched of a few of 
them [the Geometrical Exercises], we should be led to consider them 
admirably adapted to improve the taste as well as the skill of the Student. 
A.S a series of judicious exercises, indeed, we do not think there exists 
Dne at all comparable to it in our language— viewed either in reference to 
ihe student or teacher.** —Mechanics*' Magazine, No. 1175. 

•* The * Hints* are not to be understood as propositions worked out at 
length, in the manner of Bland's Problems,, or like those worthless things 
Jailed *Keys,' as generally 'forged and filed,' — mere books for the diill 
md the lazy. In some cases references only are made to the Propositions 
)n which a solution depends ; in others, we have a step or two of the 
process indicated ;. in one case the analysis is briefly given to find the 
jonstruction or demonstration ; in another case the reverse of this. Oc- 
casionally, though seldom the entire process is given as a model; but 
most commonly, just so much is suggested as will enable a student of 
iverage ability to complete the whole solution— in short, just so much 
[and no more) assistance is afforded as would, and must 6c, afforded by a 
iutor to his pupil. Mr. Potts appears to us to have hit the * golden mean' 
)f Geometrical tutorship.**— Mechanics* Magazine, No. 1270. 

" We can most conscientiously recommend it [The School Edition] to 
>ur own younger readers, as the best edition of the best book on Geometry 
?ith which we are acquainted." — Mechanics* Magazine. No. 1228. 
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A VIEW 

OF THE 

EVIDENCES OF CHRISTIANITY, 

IN TUBEE PARTS: 

AiKD TUB 

HORJ: PAULINiE, 

BY 

WILLIAM PALET, D.I>., 

AaOKDBHOOM OF OABLISLX ; 
VOBIiSSLT VBLLOW AHO T17T0& OP CHRI8T*8 COLLXOE, CAMBRIOOIC^ 

A NEW EDITION, 

WITK NOTESj AN ANALYSIS, 

ANIV A SELECTION OF QUESTIONS FROM THE SENATE^OUSB- 

AND COLLEGE EXAMINATION PAPERS; 

DESIGNED FOR THE USE OF STUDENTS,. 

BT 

ROBERT POTTS;. MA^ 

TBIXmr COLLBOE. 

The University of Cambridge tacitly affimra the ^eat importance of the Blfltorical 
ETidences of ChrisUanity at the present day, b^ requiring every candidate for a degree 
to be subjected to an examination in^ this subject^ three times as long as h«ret(rfbre.— 
Freface^ p. xiii. 

** It has long been deemed the glory oftSocratesj that>he brought Philoeoiphy from the 
Schools of the learned to-the habitations of men— t^ stripping it of its techniouities, audi 
exhibiting it in the ordinary langna^ of life. There is no one, in modem times, whoi 
has possessed the talent and disposition, for achievements of this kind, to an equa 
extent with Paley ;. and we can scarcely conceive any one tohave employed such qoali 
ties with greater success. The transmutation of metals into gold was the supreme <M>Jeol 
of the alchemist's aspirations. But Paley had acquired a more enviable power. Know< 
ledge, however abstruse, by passing through his nund, became plain common sense- 
stamped with the characters whichcnsnred its currency in the world."— -y«< wo/ Theolog% 
eontideredt &c. by the Right Reverendt T« Turton, DjD:, Lord Bishop of Ely. PrefiAooi 
p. 4. 

" Paley*s Treatise and that of Chalmers, on the oral' testimony in favour of Christ^i 
Mission ; and Paley's Examination of the writings of the Apostle Paul, are, we an 
assured, the best models extant for forming the habit of examining oral and doeu 
mentarv evidence. These are subjects on which it is of vital importamce, in a aectDlc 
view, that a lawyer's habits should be right : in a spiritual view, the importanoe i 
unspeakable." — OreenleaTs Laios of Evidence, 

CAMBRIDGE: 

PRINTED AT THE UNIVERSITY PRESS. 

LONDON: 
LONGMAN, BROWN, GREEN, AND LONGMANS. 

Digitized by VjOOQIC 



Digitized by VjOOQIC 



.^^_v|! by Google 



d by Google 



d by Google 



BIBLIOTECA DE CATALUNYA 




1001925964 



A 51-8 
407 




Biblioteca de Catalunya 




